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1 Introduction

Let (2, F, P) be a complete probability space and Fo C F; C ... C Fy = F
a sequence of o-algebras containing all sets in F of measure zero. For each
t=0,1,...,N, let X;(w) be a closed cone in an m;-dimensional linear space
R™ and for each t =1, ..., N, let (w,a) — A¢(w,a) be a set-valued operator
assigning a non-empty set A;(w,a) C X;(w) to each w € Q and a € X;_1(w).
Throughout the paper, the following conditions of homogeneity and convexity
will be imposed on the operator A;(w,-). For each w, we have

Mi(w,a) C A (w, Aa) (1)
for all @ € X;_1(w), A € [0,00) and
0A; (w,a)+ (1 —0)A; (w,d) C Ay (w,0a+ (1 —6)d) (2)

for all a,a’ € X;_;(w) and 6 € [0,1]. (A linear combination of two sets in a
vector space is the set of pairwise linear combinations of their elements.)

The o-algebra F; (t =0, ..., N) is interpreted as the class of events occur-
ring prior to time t. Vector functions of w € {2 measurable with respect to
F; represent random vectors depending on these events. Denote for short-
ness by L¥ the space Lo, (Q, Fi, P, ]Rk) of essentially bounded JF;-measurable
functions of w € Q with values in R*. We say that a vector function x(w)
is a random state of the system at time t and write x € A; if v € L™
and z(w) € Xy(w) almost surely (a.s.). The mappings (w,a) — Ay(w,a)
generate a multivalued stochastic dynamical system over the time interval
t=1,2,...,N. A sequence of random states xg € Xy, 1 € XY, ..., xy € Xy
is called a path (trajectory) of this dynamical system if

r(w) € Ap (w,x1-1(w)) (a.s.). (3)
Relation (3) can be written in the form
(20 1(), 2(w)) € Zi(w) (a5, (4)

where

Zi(w) ={(a,b) € X;_1(w) x X¢(w) : be A(w,a)} (5)

is the graph of the set-valued mapping A; (w,-). Clearly conditions and
hold if and only if Z;(w) is a cone contained in X;_;(w) x X;(w). Since
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Ay (w,a) # D forall a € X;_1(w), the projection of Z;(w) on X;_1(w) coincides
with X;_j(w). It is assumed that the cones X;(w) and Z;(w) depend F;-
measurably{|on w, which means that they are determined by events occurring
prior to time £.

The dynamics of the system under consideration can equivalently be de-
scribed both in terms of the mappings A; (w,-) and in terms of the cones
Zi(w). A sequence xy € Xy, x1 € XY, ..., xx € Xn is a path if and only if

(.Tt_l,l’t) S Zt, t= 172, ...,N,

where
Zi={(z,y) € X_1 x X (2(w),y(w)) € Z1(w) (a.s.)}. (6)

Such dynamical systems were first considered in the context of the model-
ing of economic growth by von Neumann [42] and Gale [18]. Important con-
tributions to the field were made by Rockafellar [37], Radner [33], McKenzie
[23], Nikaido [24], Makarov and Rubinov [22] and others. For reviews of this
field see [22] and [16].

The classical theory of von Neumann-Gale dynamics was purely deter-
ministic. First attempts to build its stochastic generalization were under-
taken in the 1970s by Dynkin [9] 10, [11], Radner [34] and their collaborators.
However, the initial attack on the problem left many questions unanswered.
Substantial progress was made only in the late 1990s, and final solutions to
the main open problems were obtained only in the 2000s — see [17].

At about the same time it was observed [7] that stochastic analogues
of von Neumann-Gale dynamical systems provide a natural and convenient
framework for the modeling of financial markets with frictions — transaction
costs and portfolio constraints. This observation not only gave a new momen-
tum to studies in the field and posed new interesting questions, but also made
it possible to find a key to the solution of old problems. The new, financial
interpretation of the mathematical notions and objects at hand amazingly
suggested the way of proofs in [17] that could not be found earlier.

In the present work, we examine the structure of paths of stochastic von
Neumann-Gale dynamical systems focusing primarily on questions of their
growth. Our main goal is to single out and investigate a class of trajectories
which grow faster in a certain sense than other trajectories over each time

4A set A(w) C R¥ is said to depend F;-measurably on w if the graph {(w, a) : a € A(w)}
of the set-valued mapping w + A(w) belongs to the o-algebra F; x B(RF), where B()
stands for the Borel o-algebra.


https://academic.oup.com/restud/article/13/1/1/1543455
https://www.jstor.org/stable/j.ctt1b9x27g
https://bookstore.ams.org/memo-1-77
https://www.jstor.org/stable/pdf/2295707.pdf
https://ac.els-cdn.com/S1573438286030084/1-s2.0-S1573438286030084-main.pdf?_tid=437a9a82-117a-496a-91ad-81d112fc2541&acdnat=1546515873_a5ee8a9b25622bb6a400865f04d36700
https://www.elsevier.com/books/convex-structures-and-economic-theory/nikaido/978-1-4832-3003-0
https://www.springer.com/gb/book/9781461298885
https://www.springer.com/gb/book/9781461298885
https://www.researchgate.net/publication/226456016_The_von_Neumann-Gale_Growth_Model_and_Its_Stochastic_Generalization
http://iopscience.iop.org/article/10.1070/SM1972v016n04ABEH001437
https://www.springer.com/gb/book/9781461567486
https://link.springer.com/chapter/10.1007/978-3-662-24667-2_5
http://www.ams.org/journals/tran/2008-360-06/S0002-9947-08-04445-0/
https://link.springer.com/article/10.1007/s10436-006-0042-2
http://www.ams.org/journals/tran/2008-360-06/S0002-9947-08-04445-0/

period t — 1,¢. The central notion here is that of a rapid path. Let us give
its definition. To this end we will first define the important notion of a dual
path.

Let X/ (w) denote the dual cone of X;(w):

Xi(w)={peR™: pa>0, ac X;(w)},

where pa is the scalar product of the vectors p and a in R™. For shortness,
we will use the notation P¥ = L,(Q, F;, P,R¥) for the space of integrable
F,-measurable vector functions with values in R*. Put

]:N-I—l = FN.

A dual path (dual trajectory) is a sequence of vector functions py(w), pa(w), ...,
me—1

pn+1(w) such that p, € ;7! and for almost all w,
nw) € X j(w), t=1,2,..,N+1, (7)

and
Prr1(w)b < pr(w)a for all (a,b) € Zy(w), t=1,2,..., N. (8)

Here, pi11(w) := Eyprr1(w) and Ey(-) = E(-|F;) is the conditional expectation
given Fy.
Let us say that a dual path py,ps, ..., pni1 Supports a path zg, xq, ..., TN
if
e =1, t=0,1,..., N (a.s.). (9)
A trajectory is called rapid if there exists a dual trajectory supporting it.
What matters in @ is that p;.1x is constant (independent of time and
random factors). The value 1 for this constant is chosen only for the sake of
convenience.
The term "rapid” is motivated, in particular, by the fact that for each
t=1,..,N, - -
x
Etpt+1yt _ Pr+1Yt < P12t 1 (as.) (10)
PtYi—1  DPiYi—1 PtTi-1
for all paths yo,y1, ..., yn with pyyz—1 > 0 (a.s.). This means that the path
Xo, 1, ..., £y Mmaximizes the conditional expectation given F; of the growth
rate pi1Y:/Piye—1 over each time period (¢t — 1,¢], the maximum being equal
to 1. The growth rate is measured in terms of the dual variables p;, which
in economic and financial applications typically represent prices.
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In the financial applications (on which we focus in Section 6), paths in
the dynamical system at hand represent self-financing trading strategies. The
cones X;(w) and Z;(w) specify portfolio admissibility constraints and self-
financing constraints, respectively. Rapid paths, the main object of our study,
are counterparts of benchmark strategies (Platen [31], Platen and Heath [32])
or numeraire portfolios (Long [21]). For a detailed discussion of these notions
in the context of von Neumann-Gale dynamics we refer the reader to [2]. An
authoritative reference for various aspects of capital growth theory is Gyorfi
et al. [19].

This paper concentrates on the case of a finite time horizon. It generalizes
to general random cones X;(w) the results obtained in [15] (also for a finite-
horizon case) in a setting where X;(w) are standard non-negative cones R'".
A central result of this work is Theorem 1 establishing for each N the exis-
tence of a path xg, x1, ..., £y maximizing a functional of the form Fln(xy)
(log-optimal path) and showing that this path is rapid. Extensions to an
infinite time horizon, substantially relying upon the results of the present
paper, are considered in [2].

The plan of the paper is as follows. The main assumptions and results
are formulated in Section 2. In Section 3 we discuss general properties of
rapid paths. Section 4 contains some auxiliary results needed for the proof
of the main result, which is given in Section 5. Section 6 analyzes a model
of a financial market with transaction costs and portfolio constraints which
is based on von Neumann-Gale dynamical systems and to which the results
of this paper can be applied.

2 Main results

Let |-| denote the norm of a vector in a finite-dimensional space defined as
the sum of the absolute values of its coordinates. For a finite-dimensional
vector a, we will denote by B(a,r) the ball {b: |b—a| < r}. Throughout the
paper it will be assumed that conditions (A1) - (A4) we list below hold.

(A1) For every t = 0,1,..., N, there exists an F;-measurable random
vector ¢;(w) € X;(w) satisfying

Hy(w) Ya| < g(w)a < Hy(w)|al, a € X;(w), w € Q, (11)

where H;(w) > 1 is an Fp-measurable function with E'ln H; (w) < oo.


https://doi.org/10.1111/j.1467-9965.2006.00265.x
https://www.springer.com/gp/book/9783540262121
https://doi.org/10.1016/0304-405X(90)90012-O
http://hummedia.manchester.ac.uk/schools/soss/economics/discussionpapers/EDP-1815.pdf
https://www.worldscientific.com/doi/pdf/10.1142/9781848168145_fmatter
https://link.springer.com/article/10.1023/A:1008606332037
http://hummedia.manchester.ac.uk/schools/soss/economics/discussionpapers/EDP-1815.pdf

This condition implies, in particular, that the cone X;(w) is pointed, i.e.,
if a € Xi(w) and —a € Xy(w), then a = 0.

(A2) For every t = 1,.... N, w € Q and a € X;_;(w), there exists b €
X;(w) such that (a,b) € Z;(w).

(A3) There exist constants K; (t = 1,...,N) such that |b| < K, |a| for
any (a,b) € Z;(w) and w € Q.

(A4) Foreach t = 1,2, ..., N, there exists a bounded F;-measurable vector
function z; = (2, y;) such that for all w € Q, we have

(@e(w), v (w)) € Zi(w), (12)
and

B(@t(c‘))?gt) g Xt<w)7 (1?))
where ¢; > 0 is some constant.

For a real-valued function ¢ (w, a) of w € Qand a € Xy(w) (t =0,1,..., N),
denote by 1 (w, a) the function of w € Q and a € R™ defined by

_ ‘ Y (w,a) if a € Xy(w),
¥ (w,a) = { oo ifaeR™\ X(w),

where ”"o00” stands for a one-point compactification of R. Denote by ¥, the
class of real-valued functions ¢ (w,a) > 0 of w € Q and a € X;(w) meeting
the following requirements:

(1.1) The function ¢ (w,-) is continuous in a € X;(w) for each w and
Vr (w,a) is Fy x B (R™)-measurable in (w,a) € Q x R™.

(1.2) For all a,a" € X;(w), we have ¢ (w,a +a') > ¢ (w,a) + ¢ (w,d’).

(1.3) The function v (w, a) is positively homogeneous (of degree one) in
a € Xi(w):

Y (w, Aa) = A\ (w,a) for any A € [0,00) and a € X;(w).

(1.4) There exists a random variable H,, (w) > 0 such that £ |In Hy (w)| <
oo and
Hy (W) a] < ¢ (w,a) < Hy (W) ]al, a € Xy(w). (14)
Conditions (¢.2), (1.3) and inequality are supposed to hold for every
w e Q.
Remark 1. From the non-negativity of ¢ and requirements (1.2), (.3),
it follows that the function ¥ (w,a), a € X;(w), is concave and monotone
in a with respect to the partial ordering induced by the cone X;(w):

Y(w,a) <Y (w,d) ifd —ae Xy(w). (15)
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Indeed, we have

U (w,d) =19, (a —a)+a) 2 Y(w,a —a) +¥(w,a) = P(w,a).

Remark 2. It follows from (¢.4) that the expectation E'lnv (w,x) is
well-defined and takes values in [—o0, 00) for any x € &;. Furthermore, we
have

E|lnt¢ (w,z(w))| < oo for any x € intA;. (16)

We write z €intA; (the interior of &}) if B(z(w),e) € Xi(w) (a.s.) for some
constant € > 0. If z €intA;, then |z(w)| > € (a.s.) (since the cone X;(w)
is pointed), which yields Eln¢ (w,z(w)) > —oo by virtue of (14). On the
other hand, Elnv (w,x(w)) < +o0, by virtue of and because z(w) is
essentially bounded.

Remark 3. Observe that the function ¥ (w, a) := ¢ (w) a, where ¢, (w) €
X/ (w) is the random vector described in (A1), belongs to the class V;. Ex-
amples of nonlinear functions in W, can be constructed as follows. Let v (w, a)
be an F; x B (R™*)-measurable function of (w,a) € Q x R™ such that v (w, -)
is a norm in R™ for each w. Since all norms in R™ are equivalent, there
exists an F;-measurable function H(w) > 1 such that

H(w) " a] < v(w,a) < H(w)la| for all w € Q and R™. (17)
Assume that Eln H (w) < co. Define

Y (w,a) =q (w)a—0(w)v (w,a), (18)

where 6(w) > 0 is some Fi-measurable function. Clearly, the function (18))
satisfies (¢.1) - (¢.3). Condition (¢.4) holds if #(w) is small enough. For
example, take some F;-measurable function 0 < §(w) < 1 with E |In | < oc.
If0 <0< (1—8H"H, where H, is defined in (A1) and H in , then
condition (¢.4) holds with Hy := §'H,. Indeed, we have

S 1H, la| > Hyla| > (H; — Qﬁ) la| > qa — Ov (a) > (H[1 — Hﬁfl) |a|

> [Hy' = (1= 8)H; ' H - H ]| = 6H;  |al.

Let xy be an Fy-measurable vector function such that B(zo(w),e9) C
Xo(w), where g > 0 is some constant. The random vector zy will be
fixed in the remainder of the paper. Denote by II (zg, N) the set of paths



= (zo,...,xn) starting from the given initial state xy. Fix some function
(o.; x) in Uy and for each path & = (zg, ...,zx) € Il (x9, N), define

F()=FEhnyy(w,zy(w)). (19)

The main result of this paper is as follows.

Theorem 1. There exists a path & = (Zg, Z1,...,Zn) in 11 (zo, N) that
mazximizes the functional F(§) over all paths & = (xq,...,xn) € I (zo, N).
This path is rapid.

Let us say that a path is log-optimal if it maximizes a functional of the
form ([19) with some 1y € ¥y. Theorem 1 shows that any log-optimal path
is rapid and thus provides an efficient method for constructing rapid paths
over a finite time horizon.

3 General properties of rapid paths

The first result of this section provides several equivalent definitions of a
rapid path.

Fix some t > 1, p; € P/, pry1 € P and (241, 2¢) € Z; satisfying for
almost all w

pr(w) € X7 (W), pry1(w) € X{ (w) and pury—y = praa; = 1. (20)

For any pairs (z,%) of functions in £;""" x L™ such that (z(w),y(w)) €
Zi(w) (a.s.), consider the following four assertions.
(I) If piz > 0 (a.s.), then

E (pe+1y/pix) < 1. (21)

(II) If prz > 0 (a.s.), then

Eln (pi1y/piz) < 0. (22)

(This expectation may be a non-positive real number or —oo; the function
Inr is defined as —oo for r = 0.)
(ITI) The inequality
Epi1y < Epix (23)

holds.



(IV) With probability one, we have
E (prn(w) | F1) b < pi(w)a (24)

for all (a,b) € Zi(w).

Observe that the inequalities in - hold as equalities if (x,y) =
(41, 24).

Proposition 1. All assertions (1) - (IV) are equivalent.

Proof. (I)=(II). Let (z,y) € L x L such that (z(w),y(w)) €
Zi(w) (a.s.). By applying Jensen’s inequality to the concave function Inr,
r > 0, and to the integrable non-negative random variable p;1y/px, we find
Eln (pei1y/pexr) <InE (peay/pex) < 0, which yields (22).

(I1)=(III). For any € > 0, we have (z;—1 + Oz, z; + 0y) € L] x L]* and
(-1 (w) + 0x(w), (W) + Oy(w)) € Zy(w) (a.s.) because Zy(w) is a convex

cone. By and ,
EIn[(1+0p1y) /(14 0px)] = Elnpeq (2 + 0y) [pe (241 + 02)] < 0.

Consequently, " *E'In (1 + 0p;11y) < 07'EIn (1 + Opz). In the limit as 6§ —
0, we arrive at .

(III)=(IV). By virtue of the measurable selection theorem (see, e.g., [1],
Appendix I), there exists a sequence ((z,(w),y,(w)), n = 1,2,..., of mea-
surable vector functions such that (z,,y,) € £ x L™ and for all w the
sequence ((z,(w), yn(w)) forms a dense subset of Z;(w). By applying (23] to
(@, yn) for every n, we obtain Epy1y, < Epix,. Since Z;(w) is a cone, this
inequality also holds if we replace (z,,y,) by xr(Zn, yn), where I' is any set
in F;. Then for all (x,,y,), with probability one we obtain

E (prsa | Fo) yn < pron (25)

Let (a,b) € Zi(w). Since the sequence ((z,(w),y,(w)) is dense in Z;(w), it
has a subsequence (7, (w),y(w)) converging to (a,b) and satisfying with
probability one

E(pe1 | Fo) yw < peow (26)

for each n’ = 1,2, .... By passing to the limit in as n’ — oo we obtain
with probability one.

(IV)=-(I). By applying to any pairs (x,y) of functions in £ x L}
such that (z(w),y(w)) € Zy(w) (a.s.) we have



E (pi1 | F)y < pix (as.).

If pyz > 0 (a.s.), we can divide both sides of the above inequality by p;z and
obtain

E((pray/per) | Fi) < 1 (as.)

(since p;z and y are Fy-measurable), which implies (21)).

The proof is complete.

Proposition 2. Replacing (@ by any of the inequalities E (piy1y/prx) <
1, Eln (piry/px) <0 or Epiy < Epgx for any pairs (x,y) of functions in
L x L such that (x(w),y(w)) € Zi(w) (a.s.), we obtain an equivalent
definition of a rapid trajectory.

When writing the inequalities F (p;r1y/pix) < 1 and Eln (py/prx) <
0, we assume that the scalar product p;x is strictly positive. This assumption
is not needed when dealing with the inequality Ep; 1y < Epiz.

Proof of Proposition 2. The assertion is a direct consequence of Proposi-
tion 1.

Proposition 3. Let py,pa, ..., pn+1 be a dual path. For any path yo,y1, .- Yn,
the random sequence (piy1y:)X.y s a supermartingale with respect to the fil-
tration Fi C Fo C ... € Fny1 and the random sequence (Pyi1yi)l, is a
supermartingale with respect to the filtration Fo C F; C ... C Fu.

Proof. This is immediate from the relations:

Epei1ye = el < pelfe—r (a8.), t=1,..., N,
and
Ei 1Dy < Eoapi—1 = Dy (as.), t=1,..., N,

following from .
Proposition 4. A path (x;)Y, is rapid if and only if there exists a
sequence (1,)N+1 of random vectors such that

liy1 € X[ (w), Eln (l17)] < 00, lpy1/liaze € Py (27)
forall t=0,1,..., N, and
Eln (lt+1y/lt$> S Eln (lt+1xt/ltxt—1) (28)

for any t = 1,2,...,N and for any pairs (x,y) of functions in L, x L™
such that (z(w),y(w)) € Zy(w) (a.s.) with lx > 0.
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This proposition characterizes rapid trajectories as those maximizing the
expectation of the logarithm of the growth rate. It is important to note that
the sequence of random vectors [; involved in this characterization does not
necessarily satisfy the normalization condition /12y = 1 (a.s.). This is in
contrast with the original definition of a rapid path, dealing with the max-
imization of the expectation of the growth rate, where the above-mentioned
normalization condition is required.

Proof of Proposition 4. If the trajectory (x;)Y, is rapid, then we can
set I, = p;, where (p)X+! is a dual path supporting (z;)~,. The conditions
contained in hold since pyy1 € X;(w), pry12: = 1 and piyq € P for any
t=0,1,...,N. Relation turns into the inequality F'ln (pi1y/per) < 0,
which is true by virtue of Proposition 2.

Conversely, suppose conditions and are fulfilled. Put p, 1 =
liv1/lisaze (= 0,1,..., N). Note that [, 12, > 0 (a.s.) because E|In(l;112;)| <
0o. Then for any t = 0,1,..., N, we have pip1 € X} (w), piy1 € P/ and
per1xy = 1. Since E|In (124 /lixy—1)| < 00, it follows from that

FE [h’l (ltHy/ltx) —1In (lt+1l't/ltxt_1)] S 0,

which implies E'In (py11y/pix) < 0. This yields by virtue of the implica-
tion (II)=(IV) proved in Proposition 1.
The proposition is proved.

4 Auxiliary results

Before proving Theorem 1 we establish several lemmas.

Lemma 1. The functional F (&) attains its mazimum over the set Il (zq, N)
of paths (xg, ..., xN).

Proof. Let us regard the class II (zg, N) of paths as a subset of the space
L:=L"P LEP... PLY". The subset II(xg, N) is bounded in £ by
virtue of (A3). Furthermore, II (2o, N) is convex and closed in £ with re-
spect to a.s. convergence because the cones Z; (w) and X;(w) are convex
and closed for each w. The functional F' (§) = E¢y (w, xy (w)), defined for
¢ = (zo,...,xn) € Il (g, N), is concave (which follows from the concavity
of ¥ (w,-)) and upper semicontinuous with respect to a.s. convergence by
virtue of condition (¢.4) and Fatou’s lemma. This is sufficient to conclude
that F' achieves a maximum on IT (zg, N); see, e.g., [1], Appendix III, Theo-
rem 5.
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The lemma is proved.
Define:

U = {u € L w(w) € Xy 1(w) (as)}, t=1,2,...N+1;  (29)

Vii={v € L": n(w) € Xi(w) (as)} =X, t=0,1,...,N; (30)
Wy = {(ug,v) €Uy X Vs 2 (g (w) , 0 (w)) € Zy (w) (as.), t=1,..., N, (31)
and denote by W the set of sequences

C: (U07u17U17"'7uN7UN7uN+1) (32>
with vg = x( such that
V¢ GVt, t:0,...,N, (33)
Ut - Ut7 t = 1,2, ,N+ 1, (34)
(Ut,Ut) GWt ,t: 1,...,N, (35)
and
Elnyy (W, una(w)) > —oo. (36)

Observe that the set U;, as well as X;_;, consists of random vectors wu;(w)
whose values belong to X;_;(w) (a.s.), but these random vectors are measur-
able with respect to JF; rather than F;_1, so that U4; D X;_1 = V;_1. Also,
note that we defined Fy,1 as Fu, therefore Uy 1 = Xy = Vy.

Lemma 2. For every u € Uy, there exists v € V; such that (u,v) € W,.

Proof. Consider some u € U;. Since u(w) € X;—1(w) (a.s.), we can
change u(w) on a set of measure zero and obtain an F;-measurable vector
function v'(w) such that v/(w) = u(w) (a.s.) and v'(w) € X;_1(w) for all
w. It follows from (A2) that for each w, there exists b € X;(w) for which
(v (w),b) € Zi(w). Therefore we can apply the measurable selection theorem
and construct an Fi-measurable vector v(w) such that (u(w),v(w)) € Z;(w)
(a.s.). It follows from (A3) that v(w) is essentially bounded. Consequently,
v eV, (u,v) €Wy, and therefore (u,v) € W,. The proof is complete.

Lemma 3. Let ¢ = (vg,us,v1,...,un,UN,Un+1) De a sequence in W
satisfying

v —u €U t=1,..., N + 1. (37)

Then there is a path (yo, ..., yn) such that yo = vy and

y—v €X,, t=0,1,...,N.

12



Proof. Let us proceed by induction. Put y, = vy. Suppose we have
constructed yo, Y1, .., Yn (0 < n < N) satisfying

(Yi—1,%) € 21, 1 <t <y (38)

yt—’UtGXt,OStSTL. (39)

(In the case of n = 0, the constraint in is absent.) Let us construct
Yns1 for which the inclusions in and (39) hold for t = n 4+ 1. Define
Jn+1 ‘= Yn — Ups1. By virtue of , we have vy, — v, € &, C U,,1. From
(37) we get v, — upy1 € Upyq. Therefore

In+1 = Yn — Upy1 = (yn - Un) + (Un - un+1) S un—i—l'

By applying Lemma 2, we construct h,y; € V,y1 such that (g,i1,hni1) €
Wit

Put yni1 = vpg1 + hpgr. We have (tnq1,0n41) € Wiga, (Gnr1, hnta) €
Wii1, and so

(ym yn+1> = (unJrla UnJrl) + (gn+17 thrl) € Whit.

Since y,, is Fy,-measurable, this means that (y,, Yni1) € Zni1, 1€, holds
for t = n + 1. Furthermore

Yn+1 — Ung1 = hn+1 S Vn—l—l - Xn—i—h

which gives for t = n+1. Arguing by induction, we construct the desired
path yo, ..., yn-

The lemma is proved. .

Lemma 4. There exists a sequence ¢ = (Ug, Uy, U1, ..., Un, On, Unt1) € W
such that vy = xg,

'lc}t,1 - ﬁ/t S il’ltut ,t = 1, ,N+ 1, (40)

and Uy, €EintXy. Furthermore, there exists a path f = (%9, Z1,...,TN) €
I (xg, N) for which z; €intX;, 1 <t < N.

Here we denote by int U; the interior of the set i in the topology of the
space L£;""'. Clearly, a vector function u € L]~ belongs to intl; if and
only if there exists a constant € > 0 such that B(u(w),e) € X;_1(w) (a.s.).
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Proof. Let us argue by induction. Put 9 = xy. Suppose we have con-
structed random vectors vy € V;, t =0,...,n (0 <n < N — 1) such that

1315 S intZ/ltH, t= 0, ceey 1 (41)
and for some u; € Uy, t =1, ...,n, we have
(/I?Lt,'lc}t> € Wt, ’(O]t,1 - QOLt € int?/{t, t= 1, o, n. (42)

(For n = 0, condition does not make sense and is omitted.) Let us
construct 0,41 € Vyy1 and 41 € Uy4q for which the inclusions in and
(42) would hold with t = n + 1.

Consider the pair of random vectors (2, 41(w), ¥nt+1(w)) described in (A4).
Since %,11 € U,y1 and v, €intl,, 1, there exists a sufficiently small num-
ber A\ > 0, for which v, — A%, 1 €intU, 1. Indeed, if v, €intif, 1, then
B(0n(w),0) € X, (w) (a.s.) for some § > 0. By setting A = §/2H, where H
is a constant satisfying |z,.1| < H (a.s.), we obtain that

B(0,(w) — AZpy1(w),d/2) C B(0,(w),d) C X, (w) (a.s.),

ie. U, — ATp1 €intl,, 1. By defining 0,11 := A1 and U, 1 = AT,p1, We
obtain (41) and fort =n+ 1.

By applying the above induction argument, we construct a sequence
Vg, U1, V1, ..., U, Uy satisfying and with n = N. It remains to define
tUns1 := Un/2. Then tyy; €intXy and so Elnyi (w,tys1(w)) > —o0,
see Remark 2. Thus (09, U1, 01, ..., Un, On, Uns1) € W,

By virtue of Lemma 3 there exists a path (2g, 21, ..., 2x) € I (2o, N) for
which 29 = g and z; — v, € A}, t = 0,1,..., N. Since 0,1 — u; €int U, (t =
1,.., N+ 1) and u; € Uy, we have v;_; €int Uy, and so v;_; €intX;_;. Thus

L%t - ﬁt € Xt, 'lcjt € iIltXt, t= 0, 1, ...,N,

which yields z; = ( ; — ;) + vy €intX; for t = 0,1,..., N.
The proof is complete.
For each sequence ¢ = (v, u1, vy, ..., un, Un, un4+1) € W define

G(¢) = Elnyn (w, un1(w))

and
h(C) = (UO — Uy, ..., UN — UN+1)'

14



The mapping h acts from the set VW into the linear space
V=L X L3 x .. x LY.

Put
U= L{1 X Z/{Q X ..o X UN+1.

We will show that the path & constructed in Lemma 1 is rapid by analyzing
the following stochastic optimization problem:
(P) Maximize the functional G (¢) over the set of sequences

g: (U()aulvvl) "‘7uNaUNaU’N+1) S W

satisfying
h(¢) e U. (43)

The following lemma shows that the path £ generates a solution to this
problem.

Lemma 5. Let £ = (Zo,Z1,...,Tn) be a path mazimizing the functional
F(§) = ElnyYy (w, xn(w)) over the set I1 (xg, N) of paths & = (zg, x1, ..., TN).
Then the sequence ( = (To, To, T1, T1, ..., IN-1, TN, Tn) € W is a solution to
the optimization problem (P), and F(&) = G(().

Proof. First of all, ( € W since (Z;_1,7;) € Z; for t = 1,2, ..., N and

— — o

G(0) = F(€) = Elndhy (w,2y(w)) > F(€) = Elnvy(w, dy(w)) > —oo

(see Lemma 4 and ) Furthermore, h (f ) =0 € U, so that the constraint
is satisfied. Consider any sequence { = (vg, U1, V1, ..., Un, Un, Un1) i W
for which h (¢) € U, i.e. constraints hold. By virtue of Lemma 3, there
is a path n = (yo, ..., yn) such that yo = 29 and y; — v, € X, t =0,1,..., N.
For this path, yy — vy € Xy, and so

YN —un+1 € Xy (44)

because vy — uys1 € Xy. Using the monotonicity of ¢y (w,-) (see (15))), we
obtain

G(CQ) = B (w, un1(w)) < By (w,yn(w)) = F(n) < F(§) = G(C),

which proves the lemma.
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5 Existence of rapid paths

Proof of Theorem 1. The existence of the path £ = (Z¢, Z1, ..., Zn) maximizing
the functional was established in Lemma 1. To show that ¢ is rapid we
will apply to the optimization problem (P) a general version of the Kuhn-
Tucker theorem established, e.g., in [20], Theorem 5.3.1. The set W is convex.
The set U is a convex cone. The mapping ¢ is linear. The functional G (¢),
¢ € W, is concave and takes on real values. Thus, in order to justify the use
of the Kuhn-Tucker theorem we have to check Slater’s condition:

(S) There is an clement ¢ € W such that g(¢) belongs to the interior intl/
of the cone ¢ in the topology of the space Y.

This condition holds because the sequence ¢ € VW constructed in Lemma
4 possesses the properties listed in (S): relations mean that ¢(¢) €intid.

By the Kuhn-Tucker theorem applied to problem (P), there exists a con-
tinuous linear functional = on the space ) such that (m,y) > 0 for y € U
and

G Q)+ (mh(Q) <G ()

for any ¢ € W. The functional © can be represented in the form © =
(71, ..., TN 11), Where m; is a continuous linear functional on the space £~ =

Loo(Q, Fi, P,R™-1) such that m; € (Uy)", i.e.,

(me,ug) > 0 forug €Uy (t=1,...,N+1). (45)
Thus we have
N+1
ElnvYy (w,uyp1(w)) + Z (T, V1 — uy)
=1
< Elnyy (w,7n(w)) [=G(C) = F(§)]. (46)

for any C = <U07 U1, V1, -y UN, UN, uN+1) eW.

By virtue of the Yosida-Hewitt theorem [43], each of the functionals 7,
can be decomposed into the sum m = 7+ 7} of two functionals 7, 7} €
(L"), where 7@ is absolutely continuous and 7% is singular. According

me—1

to the definitions of 7f and 7}, there is a vector function p, € P, =
L1(82, Fi, P,R™~1) such that

(i y) = Epy, y € L7, (47)
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and there exist sets '} D I'7 D ... in JF; for which P (I'}) — 0 as k — oo and

<7Tf, yxp§> =(m,y), y € L, (48)

where xpx is the indicator function of the set I v

Observe that relation remains valid if we replace m; by 7. Indeed,
the inclusion u; € U; means that u, € L7 and w(w) € X;_1(w) (a.s.).
This implies uyxar € L™ and u(w)xar(w) € Xi1(w) (as.), where Af =
Q\ T'*. Consequently, we have

0< <7TtautXAf> = <7r?7UtXAf> + <7T{:S>UtXA§> = <7T?autXAfg>a (49)

where <7Tf,utXAf> — (7w, uy). By passing to the limit in 1} we obtain
that
Eppuy = (mf,ug) > 0, uy € Uy. (50)
Since U; consists of those functions u; € £ for which us(w) € X;_1(w)
(a.s.), inequality implies py(w) € X} ;(w) (as.), t =1,2,...., N + 1, ie.
condition holds.
Furthermore, if holds, then

(mf,ug) > 0 foruy €Uy (t=1,..,N+1). (51)

Indeed, by virtue of we have

0< <7Tt,UtXF§> = <7T?7Uter> + <7Tf>Uter;> = <7T§17UtXr{;> + (7], ue)

and so
<7T1f7ut> > — <7T?7utXFf> — 07

which proves .

Let us show that relation (46| remains valid if we replace m; by 7. We will
prove this by way of induction. Fix some ¢ = (vg, u1,v1, ..., Un, Un, Unt+1) €
W and consider the inequality

N+1

Elny (w, un (@) + D (7, v1 — )

t=1
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M
+ D {m v — ) < By (w, 23 ()

t=1

(52)

where M € {0,..., N + 1}. If M = 0, then the second sum in is formally

defined as 0. For M = N + 1, relation (52)) is equivalent to (46]).

Suppose

inequality is true for some M € {1,.... N 4+ 1}. Let us show that this

inequality is true for M — 1.

Since P (I'};) — 0 as k — oo, we can find a sequence of real numbers

e € (0,1) such that ¢, — 0 and
P (F%) Ine, — 0
(e.g., we can define ¢ := exp(—p, 1/2)). Put
Afp = Q\ T vy (w) = exxrr, (W) + xak, (W);

(ug,vy) = Yar(ug, vr), M <t <N, unyr = Yy
ve =1 vy, (U 0F) = (ug,vy), 1 <t < M;

and

N S E k k .

¢" = (vg,uy, vy, ., uy, Uy, Uy ) (B=1,2,.0).
We can see that

(ut (W), vf (W) € Z¢ (W) (as.),

and so (uf,v¥) € W,. Furthermore,

o

k
Up = Vo = To, Upyy = Vasunt1 € U1 = Xy =V,

and

Elnyy (W, U]fvﬂ(w)) = Bl (w) + Elngy (w, un 1 (w))

=P (Th) Inep + Elnvy (w, untr(w)),

(53)

(54)

therefore Flnvyy (w,uﬂ“\, +1(w)) > —oo. Consequently, the sequence ¢* be-

longs to W, and we can apply inequality to this sequence.
This yields

N+1

M-1
Elnyy (w uNJrl +Z<7Tt,vt 1 +Z Ty, V1 — Up) +
=0

<7T7\47UM—1 - u’]cw> S EIH'QDN (wvjN(w)) :

18
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Here, the vectors u¥, vF are uniformly bounded, and we have uf — u;, vF — vy

(a.s.). Consequently,

(mi,vfy —uy) = Ep (vf_y — uf) = Ep; (vi—1 — wy)

for each ¢. By virtue of and 1} Elnvyy (w, u?\,(w)) — Elnyy (w,uy(w)).
Furthermore,

<7T}S\/1,UM71 - U]fv1> > - <7Ti4>’u’1€w> = <7T§47erg4uﬁ4> = —ep (T, unr) = 0,

where the inequality in this chain of relations follows from because
vy—1 € Vi1 € Uy Thus, by passing to the limit in , we conclude
that inequality remains true if we replace M by M — 1.

We have constructed a sequence of functions p; € Py, t = 1,..., N + 1,

such that
N+1

Elny (w0, uni1(w) + D Epel(vi1 — )
t=1

< Elnyy (w,2n(w)) [= G(¢) = F(E)] (56)

for any ¢ = (vo, w1, v1, ..., un, Un, uny1) € W. Let us show that (py, ..., pn11)
is a dual path supporting the path £&. We can write the sum in as

N+1 N
Z Epi(vi—1 — uy) = —Epnjiunss + Z E (pry1ve — pruy) + Epyvy,
t=1

t=1
where Epivg = Epixg = Ep1Zo, and since

N

—EpyiiZy + Z E (piy1%e — piZi—1) + Ep17o = 0,
=1

we can see that inequality implies

N

Elnyy (w,uni1(w)) — Epyiiunsr + Z E (proi—1 — prus) + Eprxg
=1

N
< Elnty (0,25 (w)) = Epxaa@n + Y E (pa®i — piia) + Epua.
t=1
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In turn, this yields

E (prive — pruy) < E(pe1®y — &), (ug,v)) €Wy, t=1,..,N, (57)
and

Elnyy (u) — Epyyiu < ElntYy (Ty) — EpniiZn, u € Uy = Xy (58)

Recall that W consists of (ug, v;) € £, x L™ for which (u,(w), vi(w)) €
Zy(w) (a.s.). The set Z; (w) is a cone, consequently, inequality will remain
valid if we multiply (u;, v;) by any positive constant. This and the fact that
(T4—1 (W), 7Tt (W) € Z¢ (w) (a.s.), yields

Epiive — Eppuy < 0= Epip1 %y — EpiZy g, t=1,..., N, (59)

for all pairs (ug, v¢) of functions in £"™' x L™ such that (u; (w),vs (w)) €
Z; (w) (a.s.). By virtue of Proposition 2, this means that (pi,...,py11) is a
dual path.

It remains to prove that the dual path we have constructed supports the
path &. To this end let us show, by using , that py11Zy = 1 (a.s.). Put

V= PNy1TN, O 1= [7 + kfl]fl, uk = OLTN-

The random variable v is a.s. non-negative, Fy-measurable (because Fy =
Fn.1) and integrable because py, 1 is integrable and Z y is essentially bounded.
The random variable 0y is Fy-measurable and satisfies 0 < 0, < k (a.s.).
Consequently, u*(w) € Xy(w) (a.s.), and we can apply inequality (58) to
u = u*. We have

Elnyy (uk) — Epyu® = Elné, + Elnvy (Zn) — Edpy.
Since —oo < Flny (Zn) < +o0, it follows from this equality and that
Elné, < Eépy — En.

We have 0 < 6y = y[y + k7171 <1 (a.s.), and so lim £,y = 1. By using
Fatou’s lemma, we obtain

—FElny = Fliminflnd, < liminf Flnd, <1 — E~.
The use of Fatou’s lemma is justified because

Indy=—In(y+ &1 >—In(y+1)> —7,
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where « is integrable. Thus we obtain —FEln~vy < 1 — E~, or equivalently,
E(y —1—1Inv) < 0. At the same time, we always have vy — 1 —Invy > 0.
Therefore py1Zy =7 =1 (a.s.).

By virtue of the equality in (59), we have

Ep1zg = EpoTy = ... = Epn TN, (60)

We can replace in (ug, ve) by xr (ug, ve), where T' is any set in F;. This
yields
E(pive | F) — prug <0 (as.) (61)

for all (u,v;) € L' x L such that (u; (w),v; (w)) € Z; (w) (a.s.). By
using and , we obtain E (p12¢|F;) = pi&—1, t = 1,..., N. Since
pNi1Zn = 1, we conclude that py1Zny = pNTIN_1 = ... = p1To = 1.

Theorem 1 is proved.

In the course of the above proof, we used a procedure for deriving neces-
sary conditions for an extremum based on the Yosida-Hewitt theorem [43].
Apparently the first who applied such methods in optimization (in the con-
text of continuous-time optimal control) were Dubovitskii and Milyutin [§].
Analogous techniques were used in the analysis of discrete-time stochastic
models of economic dynamics and related problems of stochastic program-
ming by Radner [35 36], Evstigneev [12, [13, [14], and others. For a com-
prehensive review of early literature in the field see the book by Arkin and
Evstigneev [I]. In that strand of literature, the results are typically formu-
lated in terms of Lagrange/Kuhn-Tucker multipliers (shadow prices), with-
out explicitly invoking the considerations of duality. Foundations of convex
duality theory for discrete-time stochastic dynamic optimization problems
were laid in the seminal work of Rockafellar and Wets [38], [39], [40], [41].
For recent developments in the field see Pennanen [25], [26], [27], [28], [29],
Pennanen and Perkki6 [30], and references therein. Related questions in
continuous-time models were considered by Czichowsky and Schachermayer
[4], [5], Czichowsky et al. [6], and others.

6 A financial market model
In this section we give an example of a model for a financial market with

transaction costs and portfolio constraints that can be included in the frame-
work of von Neumann-Gale dynamical systems. We provide conditions that
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guarantee the validity of assumptions (A1)-(A4) introduced above, which
makes it possible to apply in this context the results of the present paper.
As regards the aspect of growth-optimal investments, the model under con-
sideration extends the one studied in Bahsoun et al. [3]. In the latter,
portfolio constraints are specified by the cones X; = R, i.e., short-selling
is not allowed. Here, short sales are permitted, but are subject to certain
constraints—margin requirements (see below). In this paper, we only briefly
discuss the financial aspects, referring the reader for details to [3].

We consider a market where m assets are traded at datest =1,2,..., N.
Random vectors a(w) € R™ are interpreted as (contingent) portfolios of as-
sets. Positions a;(w) of the portfolio a(w) = (a1 (w), ..., ap(w)) € R™ are mea-
sured in terms of their values in the market prices. For each t =0,1,..., N
and ¢ = 1,...,m the following F;-measurable random variables are given:
asset prices S;;(w) > 0 and transaction cost rates for selling and buying as-
sets 0 < Afj(w) < 1, A\j;(w) > 0. We denote by Ry; = S;;/S;-1, the (gross)
return on asset ¢ at time . We omit w in the notation where it does not lead
to ambiguity.

The portfolio constraints in the model are specified by the cones

Xi(w) = {a eR™: Z(l — A(w))al > Z(l + )\m(w))ai} . (62)

i=1 =1

where p; > 1 are constants (independent of w). The inequalities in ((62)
express margin requirements: for an admissible portfolio, the total value of
its long positions must cover a margin i, (in the U.S. equity markets p; = 1.5)
times the total value its short positions. These values are computed taking
into account transaction costs for buying and selling assets.

Trading in the market proceeds as follows. At each datet =1,2,..., N a
trader can rebalance her portfolio a(w) € X;_;(w) purchased at the previous
date t — 1 to a new portfolio b(w) € X;(w). The possibilities of rebalancing
are specified by the inequality 1;(w, a,b) > 0, where

m m

Ye(a,0) = (1= N )(Rega’ =) = > (14 A;) (Reaa’ —b).

=1 i=1

The first sum represents the amount of money the trader receives for selling
assets, the second sum is the amount of money she pays for buying assets,
including transaction costs. The inequality vy(a,b) > 0 means that the
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trader does not use external funds to rearrange her portfolio, and so it can
be regarded as a self-financing condition.
Define

Zi(w) = {(a,b) € X;_1(w) x Xi(w) : Yy(w,a,b) > 0}. (63)

Observe that Z;(w) is a cone. Clearly it contains with any vector (a,b) all
vectors A(a,b), where A > 0. Also it is convex, since the function ¢y (a,b) is
concave, which follows from the representation

m m

Yr(a,b) = Y (1= M) (Reaa’ = 6] = Y (A + N5 (Beaa’ = )],

=1 i=1

where the first sum is a linear function of (a,b) and the second sum is a
convex function of (a,b).

The model of a financial market we deal with corresponds to the von
Neumann-Gale dynamical system with the cones X;(w) specified by and
the cones Z;(w) given by[63] Paths in this dynamical system are self-financing
trading strategies. Rapid paths generalize benchmark strategies [31), 32] and
numeraire portfolios [21].

We provide conditions that guarantee that the present model satisfies
conditions (A1)-(A4), and so Theorem 1 is valid for it. Define A, (w) =
1 =X/, and Ay (w) = 1+ A7, Let us introduce the following conditions.

(B1) For each ¢, there exist constants R,, Ry, A,, A; such that 0 < R, <
Rii(w) < Ry, 0 < Ay < Af(w), Af;(w) <A, for all i, w.

(B2) For each t, we have y; > 1, where

V1= max{(xt+1§t+1)/(At—l—lﬁt—i-l); Kl‘/At}'

Proposition 9. Let conditions (B1) and (B2) hold. Then the cones
Xi(w) satisfy condition (A1) and the cones Z;(w) satisfy conditions (A2)-
(44)

To prove Proposition 9 we need the following auxiliary result.

Lemma 1. Let conditions (B1) and (B2) hold. Then

(a) For each t there exists a constant C} > 0 such that for every a €
Xi(w) the inequality |ay| — vi|la_| > C}|a| holds.

(b) For each t there exists a constant C? such that if a € X; 1(w),
be Xi(w) and |b| < C?lal, then (a,b) € Zy(w).
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Proof. (a) By virtue of , we have X, (w) € X; = {a € R™ : jyla_| <
lay |}, where X, N (—X;) = {0} since p; > 1. Observe that the continuous
function fy(a) = |a.| — v|a_| is strictly positive on the compact set X, :=
X,N{a: |a] = 1}. Indeed, since hy(a) > (s — v)|a—| on X, the equality
hi(a) = 0 would imply |a_| = 0, and hence |a| = hi(a) = 0, so that |a| = 0.
Then hy(a) attains a strictly positive minimum on X,, which can be taken as
Ccl.

(b) Let b € Xy(w). It is straightforward to check that for any numbers
x,y we have (x —y); > 2y —y, and (z —y)_ < z_ +y,. Using this, for any
a € X;_1(w) we obtain

Vy(a, b) > Z(A:fiRt,iai — Aj;Rya’) — Z(AL + Ap)bY

> A RJay] — MRila_| — 27|by| > AR, (lay| — ve—1]a—]) — 2A4[0]
> Ctl—létEt’a‘ - ZKt\b].

Assertion (b) will be valid for the constant C? := C} A, R,/(2A;), since if
b| < C?|al, then ¢y (a,b) > 0, implying (a,b) € Z,.

The proof is complete.

Proof of Proposition 9. Let us check (A1l). Consider the non-random
cone X; = {a € R™ : jyla_| < |ay|}, so that Xy(w) C X;. Put ¢ = e,
where e = (1,...,1) € R™. We can see that ¢ € X;(w) since for any a =
(a',...,a™) € X;(w), we have

o= a' = lay] —Ja_| > (4 ~ Dla—| > 0.
=1

Observe that the continuous function g;a = Y, a’ is strictly positive on the
compact set X; = X; N {a: |a| = 1}. Indeed, since ga > (1 — 1)|a_| on X,
the equality ¢;a = 0 would imply |a| = 0. Then ¢a attains a strictly positive
minimum Q; < 1 on X;. Define H, = Q; *. Hence, for any a € X,(w) we get

Ht_1|a’| < qa < Ht|a|7

which implies that assumption (A1) is satisfied.

Condition (A2) follows from statement (b) of Lemma 1 since for any
a€ Xy 1(w), 0 < C?la|] and so (a,0) € Zy(w).

To prove (A3), let (a,b) € Z;(w). Since for any numbers z,y we have
(x—y)s <z, +y_and (r —y)_ >y, —xy, we obtain
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0 < ¥(a,b) < (A + ARy dal + ) (AFD — AjbY)

< 2N Rlal + Rilo-| — Ajfbs] < 2K, Rilal - CIA B, (64)

where in the last inequality, we used that b € X;(w) and according to state-
ment (a) of Lemma 1, we have A,|b, | — Aib_| > A (|by| — v |b_|) > CIA,]D].
This implies the validity of (A3) with the constant K; = 2A,R;/(C}A,).

Now we will prove condition (A4). Let * = (1,..,1) € R™. Put
% = (x,9;) with g, = (C?/2)z. Observe that there exists §; > 0 such
that B(%,d;) C R2™ and therefore B(%;, 0;) C X;—1 x X;. Since |g;| < C7|z|,
statement (b) of Lemma 1 implies z; € Z;. Hence, z; and ¢; satisfy condition
(Ad)

The proof is complete.
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