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Abstr act

A 2-club professional sports league model is priegewhere gate revenues are the
revenue source and expenditure on players (“quplgyhe only cost. Clubs choose
quality and the ticket price for a match at thémdsum (of given capacity).
Performance of clubs and leagues is studied uhdee tlub objectives, profit, quality
and fan welfare maximization, the last two subjeaton-negative profits. Results
suggest that fan welfare maximization is intergspositively (in explaining black
markets for tickets and empirically observed pnedasticities) and normatively.
Profit maximization does not find strong normatstgport.



1. INTRODUCTION

The paper presents a basic industrial organizatimael of a professional sports
league with two professional clutfielding teams that play each other twice, once at
their home stadium and once away. Clubs make desison expenditure on the
perfectly elastic supply of playing talent (“quglX, and on the ticket price for
admission to their home match where attendanceois\ded above by the given
stadium capacity. The resulting gate revenuesherenly source of club income, and
expenditure on playing talent is the only cost.leelcib has an exogenously given set
of “fans” who derive utility from attending its hamatch (fans do not travel to away
games, so a club is a monopolistic seller of tieketits fans). The consequences for
ticket price, team quality and social welfare ofemiative club objectives are
addressed by studying club best responses andddadibria in leagues where clubs
operate independently but with the same type otdalye, namely either profit
maximization, or quality maximization (equivalentrhaximizing the probability that
the club wins the league) or fan welfare maxim@atishort for maximization of the
aggregate utility of their fans), the last two jgabto a non-negative profit constraint.
Thus we investigate how the performance of clulilaagues varies with the type of
governance within clubs.

As far as we know, this is the first formal modeltie sports literature to address the
club objective of fan welfare maximizatidn an objective suggested by club
governance that allows a significant influence friams, for example members clubs
in European soccer where fans elect club officetg] the emerging and growing role
of supporters trusts in UK socéeExisting analyses of the industrial organizatidn
professional sports leagues have mostly assumédid maximizing clubs, with some
attention to the quality maximization alternatiaad almost all of these suppress any
analysis of the ticket price decision, taking as gnimitive concept a club revenue
function that depends only on qualities of the ipgréting teams. In this literature
there are numerous papers that look at the consegsi®f regulatory policies, gate-
sharing in particular, for team qualities and cotitppe balance in leagues of (usually)
profit-maximizing club8. However detailed utility microfoundations, and Ifaee
analysis, are absent from almost all of these, s cmnsiderations of match
attendances and stadium capacity constraints. Aseption to “almost all” is
Falconieri et al. (2004) who study a model wheeredhly revenues are from TV with
focus on collective versus individual bargainindgween clubs and the broadcaster,
using a utility and welfare specification that i&dly similar to that used here. We
bring this broad framework to bear on a more basmn-cooperative setting,
providing analyses of ticket prices, team qualjtiescial welfare, and the resulting
match attendances relative to stadium capacitiesoomd in the existing studies of
similar settings, and our regulatory focus is pum the club governance question

When capacities are large, so stadiums are nellerafuanalogy is suggested that
provides the perspective taken here behind the Wnuglef the leagues. We think of
a match as a pure excludable public good, excledalice stadium entry can be
controlled, and plausibly non-rival (at least asrst approximation — the addition of
an extra fan to the crowd allows all to enjoy thatch as before the addit®)nThe

literature on excludable public goods is large,hwstuggested applications to the



economics of galleries, museums, parks, the penfgrrarts, transport, zoos, and so
on (e.g. Brito and Oakland (1981), Cornes and $andl996), Fraser (1996,2000),
Traub and Missong (2005)). However the differeneeveen these applications and
the match in a sports league is that whereas tmei®iof a zoo (say) do not need the
animals from another zoo to make their facilityicdsle, the analogue is not true in a
sports league. There is a payoff complementaritgferlity whereby one club’s
output (its team) is only of value when combinethwhat of another club in a match;
without this our model would be exactly a monopekgludable public good model.

Sections 2-5 restrict attention to the large capamase, section 3 focusing on price
and quality best responses of the three differemten types, section 4 applying these
findings to study social welfare in the simpler,darying excludable public good
model and section 5 deriving and comparing Nasliibga in the leagues. Section 6
looks at binding capacity constraints and sectigorcludes.

2. THE FRAMEWORK

Two clubs and their teams comprise the professiepatts league. The exogenous
league rules are that each team plays the otheetwhnce at home and once away.
Club i=1,2 has a stadium where its team plays its homehn#te stadium has a

given “large” (for now) capacitk,, and we abstract from all stadium costs. Clubs

hire players andQ, = Odenotes the expenditure on talent by tegmQ. is
alternatively referred to as the quality of teém

Club i sets the ticket admission prige for its home match and receives all gate

revenue from this match; no price discriminatiorp@ssible. There are disjoint sets
F.,i =12 of fans ofi, who feel an (exogenously given) affinity to cluand are the

potential spectators fals home match. We can think of clulas located in region,
and F, consists of people living in that region with amerest in watching the

region’s team, and with travel to away games infdasFans in regiom are located
at distancesxJ[0,c; Jrom the stadium iri, and are uniformly distributed over

[0,c;] with densityy. . ¢ is “large”, indeed we assume throughout that/.c. so
that the total number of fans exceeds stadium dgpac

A fan of i located at distance from its stadium derives (ex ante) utility from
attendingi’s home match given by(Q,,Q;) - p, — X, wherex is referred to as the

heterogeneity parameter an(Q,,Q,) is the (common) valuation functidn It is
assumed throughout thafQ,,Q;) is C?and strictly increasing in both arguments,

reflecting the desire of fans to see better qualigtched Also v(Q, ,Qj)zappears in

the objective function of many of the subsequeninupation problems and we
assume that it (and hene€Q,,Q;) itself) is strictly concave and satisfies the Inada

conditions. For some of our arguments we need tmbee specific with the Cobb-
Douglas valuation functiony(Q,,Q;) = Qi”Qf where a,>0 and o+ <1/2.

Thene=a +  measures a fan’s elasticity of willingness to faya match ticket



with respect to (linear increases in) team qualitidlso f =a/e measures the

fraction of a given amount of talent that a fan ldoallocate to their own team for
their optimal match;f is referred to as the degree of fan bias, the ubias

suggestingf > 1/2, with f =1/2 the case of completely non-partisan fans and
f =1 the completely partisan case. For their TV audierk@lconieri et al. assume
f =1/2 (with the Cobb-Douglas valuation function).

The fan ofi at x will demand a ticket ifx < v(Q,,Q;) — p, so thati’s ticket demand
(=match attendance with large capacities) DSQ,,Q;, p;) = 4[V(Q,Q;) — p/]
yielding gate revenuep, D, (Q,,Q;, p,) .

Each club makes independent decisions about hairtglent @Q,) and ticket prices
('p,) to fulfil their objectives, to be specified lateédnce talent has been hired and
tickets sold, matches are played and a winner esselgx ante, before the play of
matches, the probability thatis the winner is some functioR(Q,,Q,), increasing in
Q, and decreasing i1Q; , perhaps the contest success funct@n(Q, +Q;) ,
although the exact specification is irrelevantdar purposes.

The timing of the interactions, and further discossof the assumptions are as
follows.

Stage IClubs hire talenfQ, = Gimultaneously, incurring cost3,. These are the

only costs, abstracting from all stadium costsjristance.

Stage Il Clubs set pricesp, O[0v(Q,Q;)] and earn gate revenues of

P4 [V(Q;,Q;) — p]. These are the only revenues; we abstract fromspuhsorship,

merchandise, gate-sharing and prize revenuesnftarice. Notice that there is no
direct strategic interaction in ticket price segtirclubi is a monopolistic seller of
tickets to its fans.

Once these stage | and Il decisions on team qualidiyticket prices have been made
(according to the owner objectives) the matchegpkaged and a winner emerges. To
complete the 2-stage game specification we neeatksoribe owner objectives, and
we study 3 alternatives.

PROFIT MAXIMIZATION
The owner payoff function is;

M(Q.Q;,p)=pPuIvQ,Q)-pl-Q

This is the most common assumption in the exidttegature.

QUALITY MAXIMIZATION
The owner payoff is nowQ, . The owners wish to produce the best team, or

equivalently (as it is a monotone increasing tramsftion) they wish to maximize
the probability that they win the leaguQ,,Q;) . In Fort and Quirk’'s (2004)

terminology this objective is maximization of théwpercentage (WPM, where PM is



the previous profit maximization). Of course thhes to be a budget constraint on the
achievement of this objective which we take torbg€Q,,Q;, p;) =0 10

FAN WELFARE MAXIMIZATION
Again there is a budget constraint taken td1b€Q,,Q;, p,) =0. Subject to this

constraint, the owner now wishes to maximize thgregate utility of their fans, or;
v(QQ))-P,

W(Q.Q.p)=f " A4IVQ,Q) P, ~Xdx

= 4 [V(Q,Q)) - p1%/2

Notice that this is a monotone transformationv(®,,Q,) — p;, which is what each

fan of clubi would choose to maximize if they were in contrélatub choices,
restricted by non-negative profits. If the club govwance structure allowed fans to
vote for a representative to influence decisionsualp, and Q. (subject to non-

negative profits), then fan welfare maximizationukbbe an unbeatable platform in
the election of this representatite.

3. PRICE AND QUALITY BEST RESPONSES

We consider the pricef{) and quality Q.) best responses of a clupWith given
characteristics £ k;,c;) to the quality Q) chosen by the other team i the league,

and how this varies with the club’s objective (jr¢f1), quality (Q) or fan welfare
(W) maximization). The other team’s pricg,() does not affect the answer in any of

the 3 casesyf; has no affect oiis payoff or constraints). Best responses for
X =T1,Q,W are denotedp,, (Q;), Qy (Q;). Capacity constraints are ignored in this
section.

It is helpful to start with quality maximization,here the best response problem is:

T%XQi st upv(Q,Q)-pl-Q =0 (3.1)
Figure 3.1 illustrates the feasible set for (34 }te shaded region.

The constraint for (3.1) can be writtgsf — p,v(Q ,Q;)+Q, /44 20, and the roots of
the quadratic are:

PL(Q.Q) =5UQ.Q) -2 MQ.Q) ~4Q /4

P (Q1Q) =5¥(Q1Q) + 5 MQ. Q)" ~4Q /4

The roots are real @, 0[0,Q(Q;)], whereQ(Q,) is the unique positive solution
inQ; (given the strict concavity and Inada properties)aov(Q,,Q;) =4Q / 4. We
refer to p, (Q,,Q;) asthe low break-even pricand p,, (Q,,Q;) asthe high break-



even price with graphs shown by L,H respectively in Figurel.3 Notice
thatp,, (Q,Q;) is strictly concave under our assumptions. Betwheri,H branches

in Figure 3.1, labelled as M, we hate monopoly pricep,, (Q;,Q;) =Vv(Q;,Q,)/2,
which maximizes gate revenue (given, Q). Recall that elasticity of ticket demand

A
P;
H
M Q
e
Q) Q

Figure 3.1

is unity along M, higher than one (elastic) aboveaht lower than one (inelastic)
below M. The solution to (3.1) is clear from Figl®&4, atQ:

Lemma 3.1 In the absence of capacity constraints the pese and quality
responses of a quality maximizing cluére:

(@ Qu(Q)) =6(Qj) where Q(Qj) is the unique positive solution iQ, to
v(Q.Q;) =4Q [ u;;

() Po(Q) =3¥QQ).Q).

With profit maximization, the best response probleswomes:
Tg—x M B, [V(Qi !Qj ) - pi] - Qi (3.2)

The solution is found in 2 steps. First, gig@n(andQ) the best choice of; for the
objective is always the monopoly prige=p,, (Q,,Q;). Secondly the problem (3.2)
now reduces to:

1 2
mQIaXZﬂiV(Qi Q)" —Q (3.3)



Given the strict concavity and Inada properties \3f , and denoting
vi(Q,Q;)=0v/0Q (Q,Q;), (3.3) has a unique positive solution@ defined by

marginal revenue equals marginal cost:

MR(Qi,Qj)%uiv(Qi,Qj)vi (Q.Q) =1 (3.4)

Lemma 3.2 In the absence of capacity constraints, the lpese and quality
responses of a profit-maximizing clulre:

(a) Q(Q,) defined by the solution i@, to (3.4);
(b) pPir (Q)) = pPu (Qn (Q)).Q))-

Figure 3.2 illustrates, where we have added the usloc
on,; 10Q, = 4 pvi(Q;,Q;) -1=0, an upward sloping curve going from the origin to

the maximum point of the H curve in Figure 3.1, @nolssing M at the overall profit
maximum (shown a$l). C is a typical profit contour for a profit levieétween 0 and
the optimal value.

P 4

Figure 3.2

The fan welfare maximizer’'s best response problambe written:
T%XV(Qi 7Qj ) - P Stoup [V(Qi ’Qj) - pi] _Qi 20 (3-5)
Feasibility demand€, [ [O,Q(Qj )] . Proceeding again in 2 steps, f@rQ] [O,@(Qj )]

the optimal price is clearlyp; = p, (Q,Q;). AsV(Q.Q;) - p.(Q.Q;) =pi (Q.Q;).
the problem reduces to:



max p,, (Q,Q;) $t-Q010.Q(Q;) (36)

Given the strict concavity of?, the objective function in (3.6) is strictly conea(as
the sum of strictly concave functions) with derivas +« asQ, — 0 and—o as

Q - C_Q(Qj), from the Inada assumption. The solution to (3%)therefore
characterised by the conditi@p,, /0Q, = , @hich produces:

Lemma 3.3 In the absence of capacity constraints, the Ilpese and quality
responses of a fan welfare maximizing ciae:

(a) Qu (Q,) is the solution inQ, to; vV, = 4 Qv,* =1,
or, 2MR (Q,Q;)-4Q°AR(Q,Q))=1

where AR (Q, ’Qj):%:uiv( Q 'Qj)Z/Qi ;
() pw (Q;)=P (Qw (Q;). Q).

Proof (Omits arguments@;,Q,) of v, andv)
1

op,, 10Q, :%vi +%(v2 -4Q. //Ji)_E (2vv, —4) =0 if and only if

-w , which holds if and only ifgzvv —zQv,° =1, as

1
Vi ( V2_4Qi/:ui )E:i

claimed. The definitions oMR , AR produce the alternative statemenQ.E.D.

The following observations facilitate diagrammaggpresentation of the solution:
(1) Contours of the fan welfare maximizer's objectiveav@ equations
v(Q,Q;)—p, =U. Letu* denote the value ai at the solution to (3.5). For
U O[0,u *] the utility contour intersects the zero proftirdour in Figure 3.1
where the following hold:
v(Q.,Q;) —p =U andy p (V(Q,Q;) - p)-Q =0
At any intersectiony, p;u = Q. and all such intersections are collinear withahgin.
(2) At U =0 there is a unique intersection, the origin.
(3) For u I (0,u™), intersections are wherg, W(Q;,Q;)-U)u =0, and the strict

concavity and Inada properties\oénsure 2 intersections.
(4) At Uu* there must be tangency between the utility contout the zero profit
contour, and the common tangent goes through tganor

Figure 3.3 illustrates the solution at W, and corgdar u=0, u J (0, U*) andu*.

We can now compare the price and quality choiceguafity, profit and fan welfare
maximizers when faced by the same club charadtexigys, ,k;,c ) and the same

choice by the rest of the leag(®,) . We can also compare match attendances that
would  result, A, (Q;) = £4[V(Qx (Q;),Q;) — Pk (Q))] , X =Q,MMW , noting that



attendance is a monotone increasing transformatidan welfare, so the attendance
contour map is merely a re-labelling of that fan faelfare in Figure 3.3.

I
o

< a0 O,u¥)

Figure 3.3

From Figures 3.1 and 3.3 ticket price and team quare higher for a quality
maximizer (Q in Figure 3.1) than for a fan welfareximizer (W in Figure 3.3). The
quality maximizer’s price and quality are also leglhan a profit maximizer'sf{ in
Figure 3.2). In addition the quality chosen by a faifare maximizer is higher than
that of a profit maximizer (compaif@ in Figure 3.2 and W in Figure 3.3). On the
other hand attendance is highest under fan utiéximization and lowest with profit
maximization (the attendance/fan welfare contowough Q in Figure 3.1 has slope
v, (Q,Q;) which exceeds the slope of M at that point). Anthwespect to elasticity

of ticket demand at the solutions, both quality @ndfit maximizer’'s price at unit
elasticity, whilst the fan welfare maximizer gerteminelastic pricing. We have
proved:

Theorem 3.1In the absence of capacity constraints, besoresgs of a clubwith the
same characteristics/{,k; , ¢;) and facing the sam@,, depend on the club’s

objective, with the following consequences:
(@) Qu(Q;)>Qw (Q))>Qr (Q));
(b) Pio (QJ) > Pin (Q,) and Pio (QJ ) > P (QJ )
(c) AW(Q])>AQ(Q]') > An (Qj);

(d) ticket demand is unit elastic at the bestoasp of a profit maximizer or a quality
maximizer, and inelastic at the best responsefain avelfare maximizer.

10



The missing comparison in Theorem 3.1 is betwggnQ,;) and p,, (Q;), and
indeed this is generally ambiguous — it may be @a(Q;) is so far belowQ,, (Q;)

that the profit maximizer’s price is lower than tfen welfare maximizer's price,
despite their monopoly (rather than low break-eywiting*?

The reason for reporting part (d) of Theorem 3.tha there is considerable empirical
evidence consistent with inelastic pricing of titskdor sports matches — see Fort
(2004) for an extensive account of this literat(mad see Alexander (2001) for an
alternative view). Fort (2004) argues that profiama@ization can be consistent with
such observations (and discusses related eartygiments) provided one leaves our
gate-revenue (only) scenarioAn investigation as to which objective providés t
“better” explanation of the facts is certainly bagahe scope of our paper. However
within the confines of our model, our result shawat the fan welfare maximizing
objective provides the only explanation. Moreouas tresult is strengthened in the
later capacity constrained analysis, where botfitprad quality maximizers choose
prices strictly in the elastic part of the demandve (Theorem 6.1).

4. THE UNDERLYING MONOPOLY EXCLUDABLE PUBLIC
GOOD MODEL

The sports league perspective of this paper hag tiebs as monopoly providers of
matches involving its team to its fans, where actmas an excludable public good.
The model is not merely one of separate monopoblipgood provision problems,

because of the externality thi& match is only of value to the fans when bothbslu

participate. In this section we explore the undegymonopoly public good problem,

abstracting from the externality. We do so becatlse analysis produces clear
statements about social welfare consequences @fative monopoly objectives,

providing a benchmark for the later welfare analysithe sports league.

Consumers (instead of fans) again make a dichoterobaice as to whether or not to
“visit” the “facility” at (uniform) entry pricep. Q denotes owner expenditure on
quality of the facility, and consumers, with hetgeaeityx (distributed as earlier with
densityu ) derive utility from a visit ofv(Q) — p— x, wherev(Q) is strictly increasing

and v(Q)® is strictly concave and satisfies Inada conditio¥e study the

consequences of the 3 previous owner objectiveschwhenerate the following
optimization problems (again ignoring capacity ¢omsats) for, respectively, profit,
quality and (now) consumer welfare maximization;

max7i(p,Q) = u(v(Q) - p) -Q (4.1)
rrg%xQ s.t.n(p,Q)=0 (4.2)
rrg%xv(Q) -p stna(p,Q)=0 (4.3)

These optimization problems parallel completelysthetudied in the last section, and
their solutions (Q;, p,),(Qq. Po).(Qw . Py) are characterised by the following,

whereVv'(Q) denotes the derivative of

11



Pa =5W(Q) aNAMR(Qn) =3 v(Qq)V(Qn) =1 4

Pq = 5U(Qq) and ARQq) = M(Qq)*/Qq =1 (4.5)
Py = 2V(Qu) =5 MQ)7 4Q T4 and2MR(Q,) ~4Q5 ARQ,) =1 (4.6)

Figures 3.1, 3.2 and 3.3 continue to serve, remadip,,Q ) with (p,Q)
v(Q,,Q;) with v(Q) and Q, (Q;) with Q,,X =I,QW. HenceQ, >Q, >Q; and
Po > Pn: Po > Py » €xactly analogously.

Our main interest is in ranking the social welfpegformances of profifS; ), quality
(S,) and consumer welfar€s,, maximization, all of which produce second-best

outcome¥’. It is fairly obvious in the present context i will be the largest of the

three, as follows. With qualit and entry price, aggregate surplus is
V(Q)-p

S@Qp) =] HMvQ - p-xdx+ pv(Q) - p]-Q (4.7)

0

47" 14v(Q) - XJax-Q 4.8)

The first term in (4.7) is consumer surplus, the& producer surplus. With low break-

even pricing,p=p, (Q) :%V(Q)—%q/V(Q)Z —4Q/ u, producer surplus is zero and,
since maximization of consumer surplus equatesd@onsumer welfare maximizer’'s
objective, it follows immediately the, >S,, since quality maximization produces
low break-even pricing also. In additids), exceeds the value of social welfare at
Q, when p=p, (Q,); but this latter exceedS;, since the higher monopoly price of
the profit maximizer, givenQ, , further reduces social welfare from (4.8).
ThusS, > S, also.

However, the ranking ofS, and S is ambiguous:

Theorem 4.1In the monopoly excludable public good model with capacity
constraints:
(a) social welfare is always highest under consumerfane&l maximizing

provision of the good, i.€S, > S, and S, > §;;
(b) if v(Q)=Q°0< e<%, So — Sy has the sign oé-1/4.
Proof (a) has been shown in the text.
(b) With v(Q) =Q° and p=Vv(Q)/2, (4.8) becomes;
v(Q)/2 3 ’ 3 %
J,  HvQ-Xdx-Q=2m(Q)F -Q= 2" -Q,

0

and (4.4) and (4.5) produce;

12



1

I 1
Qu = G4 andQ, = (3 1),

1,15 3.1 L
Hence SQ——( )22 ut?e and S, = ut 2e[ ( e)12e (Ee)lze] . After some

2e

manipulation,S, > S, if and only if1> (3—4e)(2e)ﬁ, which is true if and only if
e>1/4. Q.E.D.

Thus, naturally in this model, consumer welfare mmézation performs best, and, as
is also intuitive, quality maximization is bettenah profit maximization if the
elasticity of willingness to pay for quality is tigthe reverse when it is lot¥.

5. PRICE, QUALITY AND WELFARE IN LEAGUE NASH
EQUILIBRIA

In this section we assume the Cobb-Douglas valoatmction v(Q;,Q;) :Qi”Qj”’

(with elasticitye = a + £ and fan biasf = a/e), and investigate Nash equilibria in 3
games; d1-league (2 profit maximizing clubs), a Q-leagueg(fality maximizers)
and a W-league(with 2 fan welfare maximizers). Agahere are no capacity
constraints and club best responses follow frongtreeral analysis in Section 3 :

Lemma 5.1In the absence of capacity constraints and witlh @obb-Douglas
valuation function, best responses are:

(@) Qn(Q) =G auQ) ™, Pa(@) = Qn(Q)’Qf
(B) Qo (Q)=(; Q)™ Po(Q)) =5 Q0(Q)Qf
(c) QiW(Qj):[a(l_a),uinzﬁ]E’ piw(Qj):ain(Qj)aQ}B

Proof Quality formulae follow from Lemmas 3.1, 3.2 an@8 @ith v(Q. ,Q].)=Qf’Qf.
The prices in (a) and (b) are the monopoly pricemmfLemmas 3.1 and 3.2. For the

fan welfare maximizer price is=p, (Q,Q,) :% Q'Qf - % \/QiZ”QjZ"j -4Q, 1 4,

=% Q'Q’ [1—\/1—4Qi [ 1,Q2 Q% 1. But with Q=Q,, (Q,),

4Q, I 4, Q*Q¥=4a (1~ a) and sop, :% Q7Qf[1- (1-2a)] Q.E.D

Notice that all 3 games entail global strategic pmentarity — ag’s quality
increasesi’'s best response is to increase its own expendimrelent® All 3 games
have a unique Nash equilibrium which can now be mated (with qualities, prices
and attendances denot€ , p,, A ,i =12, X =1,Q,W). The conditions for all 3

equilibria can be written:

13
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=Ty ,ulex ) =Ty ,uzQ (5-1)
for X=11, Q, W withr :%a, o :%, w=al-a).

Hence, in all Nash equilibria we have:
1

Qi / Q= (/»’1//'12)1_2%2[3 (5.2)

Q. /Q,, measures the league equilibrium competitive imida (6.2) shows that
this imbalance is the same in all 3 leagues, arfdvaur of the club with the bigger
fan-base f,>u, = Q. >Q,,); the bigger club will have the higher quality team

and be more likely to win the league. Substituti®g@) into (5.1) gives the following
equilibrium qualities:

Lemma 5.2In the absence of capacity constraints and wid @obb-Douglas
valuation function, league Nash equilibrium tearaldgies are, fori = 12,i # j:
1-2a 2 1

1 20+ 2026 \1-20-28 .
(@) Qn :(Ea,uil ? Zﬁfujl 2avepyieaes,
1-2a 2p3 1
(b) Qin (Z Iuil—2a+2/3 ’U}I.—20/+2ﬂ)1—20/—2/3

1-2a 28 1
(C) QiW :[a(l_ a)'uil—2a+2,8/jjl—2a+2ﬁ]1_2[,_2[;

We now compare equilibrium outcomes, both withi doetween leagues. Within
leagues we have:

Theorem 5.1In the absence of capacity constraints and with @obb-Douglas
valuation function, forX =T11,Q,W:

@ le - sz has the sign (ﬂul _:uz);

(b) P = Pox has the sign dff —1/2)(1, = 1,);
(©) Aix — A,y hasthe sign &, — 4,).

Proof (a) follows from (6.2), as already remarked.
(b)For X=M,Q,W, from Lemma 6.1;
Pix _ V(Q,Qox) _ Q1>< sz _ (le ) B _ (/11)1+ez(§(;—_;)f)
p2X V(Q:LX ’QZX ) QZX QlX QZX
The result follows.
(€) Ax = 1[v(Qx Q) — px ] and for X=1,Q,W;

1+e(l-2f)

AiX — iul (le )a B — (:ul)l+2e(1 2f)
AZX 2 QZX 1u2

This ensures the result. Q.E.D.

Thus the bigger club in thé, Q or W-league will not only have the better telamt
will also have larger match attendances and (wieh usual fan bias of >1/2)

charge the higher admission price. For the betwesgue comparisons we have first:
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Theorem 5.2In the absence of capacity constraints and with @obb-Douglas
valuation function, for i=1,2:

(a) QiQ> W >Qir| ;
(0) Po>Pw and po> P
(©) Ao>An. Aw> An and A, > A, if and only if1> 2(ef)"(ef)°.

Proof (a) follows from Lemma 5.2 sinc%>a(1—a)>%a whena OO (01/2) .

a-2a%+2/3% B 1
(b)Using Lemma 5.2 and the abbreviatigr= [y, *>*%* yjl-20+2ﬁ]1-2a—2/3 _we have:
a+f

1 1,195 ~

Pio ZEV(QiQ’QjQ) :E(Z)l 2 Zﬂ,ui )
a+p

1 1,1 iotos

Pin :EV(Qin ann) = E(Ea)l ? Zﬂﬂi ,

a+p
Pw =aVv(Qy 7ij) =ala@-a)" £ -
Po> Pw and p,> py, follow immediately sincex O (O1/2) .
1 1
(c) Aq :EluiV(QiQ’QjQ) v An = E:uiV(QiI'I ’le'l) and A, = (1_a)luiV(in'ij) :

Ao > AL immediately from (a). From Lemma 5.3,, > A is;

1—Z;—ﬂ2/3 1.1 1—35:5;2;3
A-a)a@-a)] > 5(50/)

This becomes @-a) >1, which always holds as<1/2. Again from Lemma 5.2,

Aqg>Aw is;
1.1 1—Z;f?2ﬁ 1—g;—ﬁ2ﬂ
E(Z) > (1-a)al-a)]

which rearranges into the claimed inequality sulbstig o + S = eand a = ef
Q.E.D.

The result mirrors the earlier best response coispar(Theorem 3.1), with one
exception. It can now be tha,>A,,, and this has important consequences for

welfare. The following is the general formula foggaegate surplus in a league
equilibrium with qualities and pric€$, p,,i = 12

S(Ql’QZ’ Py, p2) = .[;/(QLQZ)_M/Jl[V(Ql’Qz) -p. - X]dX+
'[V(QZle)_pz ,UZ[V(Qz,Ql) _p,- X]dX

0

+ pllul[V(Qlle) - pl] + pzluz[V(Qlel) - pz] _Ql _Qz (53)

Here the first 2 terms are aggregate consumer farplus and the remaining terms
are aggregate producer (club) surplus. Considst tre comparison between the Q-
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league and the W-league equilibrium. In both cgseslucer surplus is zero (low
break-even pricing) and writing attendance Aas [ v(Q,,Q;) - p] ., (5.3)

abbreviates to:

S(ALA) = A12/2,u1+A22/2,uz

Thus the league which produces the higher attemdapooduces the greater social
welfare. Writing S, , X =Q,W (or N later) as the value ofS(Q,,Q,, p,, p,) at the
X-league equilibrium, Theorem 5.2(c) produces:

Theorem 5.3In the absence of capacity constraints and with @obb-Douglas
valuation function,S, > S, if and only ifl > 2(1-ef)**(ef)".

We return later to the condition @nfin the last 2 theorems but note now that, unlike
the monopoly excludable public good model, the(faansumer) welfare maximizing
owner objective no longer necessarily producesbtst outcome of the three under
investigation. In Section 4 the consumer welfare im&er’s objective reduced to
aggregate consumer surplus, so such an owner atitattyagenerated the highest
social welfare with low break-even pricing, domingt the choice of a quality
maximizer in particular. Now in the W-league eadhbts objective reduces to
maximizing consumer surplusf their own fans but they overlook the beneficial
impact of increases in their team quality on famsthe other club. There is no
corresponding difference in the Q-league, and tHeaQue equilibrium can now be
socially superior as a result. Nevertheless, thee&dgue qualities are still higher than
those of thd1-league and the W-league equilibrium is alwaysaltycsuperior to the
-league. The following Lemma facilitates the renrancomparisons in Theorem
5.4 (see appendix for proofs):

Lemma 5.3
1

(@3, =Qy, (% ~D[L+ (‘;—j) 226

Slo (g Hayiaes
(6) Sy =5 Qui(, ~DIL+ (2]
1 zﬁ

(©) sQ=§Q1Q[1+(z—1) 7]

Theorem 5.4In the absence of capacity constraints and with @obb-Douglas
valuation function:

(&) Sv>Sq;
(b) S,>S; if and only ifl > (3- 4ef)"* (2ef)*.

Figure 5.1 summarizes the welfare comparisons.
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Figure 5.1

Thus the lower quality and (relative) high pricdglee I -league continues to mean
that it produces always socially inferior outcomesthe W-league, but it may
dominate the Q-league when the elasticity of wglliess to pay for quality is low,
similar qualitatively to the excludable public goooihclusion of section 4. Returning
to the comparison between the W-league and thea@ukein the light of Figure 5.1,
notice that wheri=1 the sports league externality disappears, andreveffectively

back in the excludable public good model; as intisec4, S, is then always the

largest. Although not realistic, it is helpful toresider the other extreme whdre®.
Here fans have an interest only in the quality id away team, and there is no
incentive for clubs in a W-league to invest in taeleading to zero quality
equilibrium — see Lemma 5.2(c). But the quality maxer still has incentives to
invest and the Q-league (Lemma 5.2(b)) producesradegenerate positive quality
equilibrium which is now always socially the begttbe three. Asf falls from 1
towards O and the externality impact of away teamality on home fan utility
increases, the social attractiveness of the W-kagompared to the Q-league
gradually diminishes.

6. CAPACITY CONSTRAINTS

Supposé; < A, (Q;), so that the unconstrained best response of ayjo@ximizer

is infeasible. Figure 6.1 illustrates the feasilde reow facing the quality maximizer.
In the downward shaded region, profits are non-tiegi@and ticket demand does not
exceed capacity\(Q,,Q;) — p, =k / 4 is the contour where ticket demand equals

capacity). In the upward shaded region, ticket deimas above capacity and the
k, available tickets would have to be rationed amorfgss (in some way that is
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irrelevant for now); the region is bounded belowtbg capacity non-negative profit
constraintp.k, = Q

c pk =Q
R Q P =Vv(Q.Q))-

0 >

Q

Figure 6.1
The solution is clearly aB°shown, on the capacity ticket demand contour, soetfs

no rationing of ticket demand, and the optimal ckas on H, so chosen prices are
now in the elastic part of the ticket demand curve.

Consider next the constrained profit maximizer, andpose the configuration shown
in Figure 6.1 precludes the profit maximizer's unsgtoained optimum also. Profit

contours below the capacity ticket demand contoeiistraight lines parallel t0AQ°,
and the solution will occur again on the capacitkdat demand contour, now at a
tangency with a linear profit contour, shownla$ in Figure 6.2.

, , pk =Q
A .
P, ,,/ P, :V(Qi 1Qj ) )
QC
L7 WE
A

0 >

Q
Figure 6.2
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The solution is characterised by the conditioms =v(Q;,Q;)-k /4 and
kv (Q,Q;) =1, and again involves no rationing of ticket demamnd prices in the
elastic section of the ticket demand cutie.

Detailed calculations of capacity constrained leaggquilibria (as in section 5’s
unconstrained results) are intractable. Howeveralh@ve constrained best response
analysis allows the following statement:

Theorem 6.1n an equilibrium of the Q-league or thk-league in which capacity
constraints are binding on both clubs, there isratmning of ticket demand, and
prices are in the elastic section of the ticket dedicurve.

In the constrained welfare maximization case welrteebe precise about the nature
of demand rationing when it occurs, and the obviaggsassumption is:

Efficient Rationing The k tickets (price p; <v(Q;,Q;) —k; / & so there is excess

demand) are allocated to fans with the greatestuuatian, namely those
with xO [0,k /4] . Fans with xUO[k; / 4;,v(Q,,Q;) — p,] would like a ticket but

receive none.

Whenp, <v(Q,,Q;) —k; / 4, the fan welfare maximizer's objective functioraclges
to:
_ K/ 1
)

MIVQ Q) = P ~XIdx=K[V(Q,Q) - P12k / 1 6.)

However, this is still a monotone increasing transfation of/(Q,,Q;) - p;, and the

contour map remains as in section 3 (Figure 3.3Fid¢ure 6.2 the profit maximizer
wanted to shift the linAQ° vertically up, to tangency with the capacity tickeimand
contour. The fan welfare maximizer wants to shié tapacity ticket demand contour
vertically down to tangency witAQ°, as indicated in Figure 6.2. It is clear therefore
that fan welfare and profit maximizers choose tlaene quality when similarly

capacity constrained, but the fan welfare maximézeplution W° in Figure 6.2)
involves a lower price, and hence demand rationing.

The precise conditions characterisitg® arekv, (Q,Q;) =1 (as forM°) and

p. =Q /k , and the solution still entails inelastic pricifgs in the unconstrained
case. Quite differently from Theorem 6.1, we have:

Theorem 6.4Jnder the assumption of efficient rationing, inexquilibrium of the W-
league in which capacity constraints are bindingooth clubs, there is rationing of
ticket demand, and price is in the inelastic sectibthe ticket demand curve.

The efficient rationing assumption precludes achiack markets in tickets, common
at many matches, since the only fans prepared yompae than the official ticket

price receive tickets. In addition, it is not clghat it is a realistic assumption —
certainly one would not expect clubs to be abladquire the information to allocate
tickets in this way. If tickets are sold at a stexliticket office, or on-line, one would
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expect the allocation would be more random amoagglicants, opening up the
possibility of a black market. An alternative ratilng assumption is:

Random Rationing with a Black Markét stage 1 thex tickets (sold at the official
price p, <v(Q,,Q;) —k; / 14, so there is excess demand) are allocated randamly t
applicants. At stage 2 there is a black market elagplicants may re-trade their
initial allocation at a prick . If b > p,is anticipated, the set of applicants at stage 1
would be large. To simplify notation (it makes naafjtative difference) we assume
clubs allocate tickets at stage 1 only to applsamho are fans (precluding others,
professional ticket touts maybe). But still theiensetF, would apply at stage 1,
with intentions of attending the match or makinglack market profit. Of the fans
with heterogeneity parametef![0,c; ,]k/G would receive tickets in the random
stage 1 allocation, and the remainiggk/gwould be frustrated. At stage 2 fans

without a ticket buy on the black market if
v(Q,Q;)-b -x=0, or xO[0OVvQ,Q;)-b] ; black market demand

isB” = (4, —l;—i)[v(Qi ,Q;) —b]. Fans with tickets sell ¥(Q,,Q;) - p, —x<b - p,,

orx0[0,v(Q,Q;) -b] giving a black market suppB® =[c -(V(Qi,Qj)‘b.)]l;_i'

The black market clearing price lis=v(Q;,Q,) —k; / 1, and tickets end up with all
fans withxd[Qk/4 ] as under efficient rationind;/Gof them paying, and 4 —k/g
paying b ; a black market profit ofb, — p, accrues tok/g of the fans with
xOfk / g;,¢].

Under this assumption, when <v(Q,,Q;) -k /4 the fan welfare maximizer's
objective becomes:

W= [k /cMQ.Q)-p -xdx + [(u-k/e)VQ.Q)-p -Hdx +
fi, ke felb = pJdx= [k /ol ~ p o+ [ 4 [v(Q.Q)) ~by ~]x

=k [V(Q,Q;) - pi]_%kizllui (6.2)

This is exactly the same as in (6.1) and so therradtive rationing assumption does
not change the best response, which remains agumd=6.2. Hence:

Corollary to Theorem 6.2Jnder the assumption of random rationing with ackl
market, the conclusions of Theorem 6.2 hold. Intamidthe W-league equilibrium is
now characterised by an active black market.

We start the welfare analysis with capacity comstsafor the underlying excludable
public good model. If facility capacity is low ergluto be binding on both a profit
and consumer welfare maximize(tk(< A, (< A, ,))he above results (Figure 6.2)

imply that both these objectives produce the saewellof quality (defined by
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kv(Q) =1 so dQ/dk=-v'(Q)/v"'(Q) >0), attendances at capacity and different
prices. Given capacity attendance, formulae forat@eelfare in either case are:

S p.k) = [ MV(Q) - p~Kex+ 4p{v(Q) - Pl -Q= [ MV(Q) - Xldx

Since qualities are the same it follows ti&gt = S, now (the different prices change

the distribution of aggregate surplus but not @gel), and sinc&) increases witlk,
Syands; do so also. Whe\, <k < A, the capacity constraint binds only on the

consumer welfare maximizer, and again the aboveadtae show thag, increases
with k in this range. Hence, from Theorem 43,> S, if A, <k, and S, =S, if
k < A,, as shown in Figure 6.3(a).

A A
S <
' ' k: : ' k=
Ay Ay Ay Aw
Figure 6.3(a) Figure 6.3(b)

Social welfare can also be writteh= k[v(Q) — p] —k* /2u whenp is a low break-
even price, and again this is a monotone increasamgformation of/(Q) — p. It is
clear from Figure 6.3 tha, > S, continues to hold (as it did in Theorem 4.1 when
k> A,) when k <A, and capacity is binding on both the quality and stoner
welfare maximizer. Fok[A,, A, ), S, is increasing ink, as above, and Figure
6.3(b) follows.

Thus, whether capacity constraints bind or not,ahieome under consumer welfare

maximization at least weakly dominates the othgo2sibilities in the excludable
public good setting.
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In a N -league and a W-league (under either rationingnmeyiwhere capacity
constraints bind on both teams in both leaguesalseelfare can be written:

S(Qu Q. Py Pk ky) = [ 41W(Q1Q,) — py ~ Xldx+
Lkz,ﬂz ﬂZ[V(QZ’Ql) P~ XJdx+ plkl -Q pzkz -Q,
" ko ! 1y
=7 4Iv(Q Qp) = X+ [ 77 14, [W(Q;, Q) — Xclx (6.3)

In both leagues equilibrium qualities will be theenmge since both are defined by the
same 2 equations (namety, (Q;,Q;) =1i =12, j #i. It follows thatS, = S.

Theorem 6.3Social welfare is the same in the equilibrium dfVdeague and &l -
league if capacity constraints bind on both clubsboth leagues, and if there is
efficient rationing or random rationing with a bkamarket.

A full picture of the relation betwee), , S, andk,,k,is intractable, as is capacity

constrained analysis of the Q-league. Howeverdhewing does provide some more
information about the former (see appendix for proo

Theorem 6.4In aTll-league and a W-league, assume capacities are rpooab to
capacity unconstrained league equilibrium attendanc
(k,/k, =Ay Ay, X =W,I), assume the Cobb-Douglas valuation function and
assume either efficient rationing or random rangniith a black market. Then:
(@) If Ay, >k >A,,i=12, then social welfare in the W-league equilibrium
decreases witlk, and is strictly greater than in thié-league equilibrium;
(b) If A, =2k ,i =12then social welfare in the W-league equilibriunthe same

as in thell -league equilibrium, and decreases Wjth

Coupled with Theorem 5.4(a), this result shows Egtire 6.3(b) can be reinterpreted
with k ask, A,asAand A, asA,,, to show the relation between W afdleague

social welfare under the restrictions of Theorefh 6.
In the results so fafl -league equilibria are always at least weakly slyctlominated
by the W-league equilibria. We mention finally aeavhere this reverses.

Random Rationingrhe ticket allocation mechanism is just stage Xhef previous
mechanism — now there is no possibility of tickesale.
The objective function now becomes:

= .[OV(Q“QJ.)_Q v(Q (gi-)‘ P, V(Q.Q)) - p —Xdx=K[V(Q,Q) - p]/2 (6.4)

This is now lower than the value in (6.1) and (6l#cause of the inefficiency and
loss of consumer surplus of random rationing, rew mescued by the black market.
However, (6.4) is still a monotone increasing tfamsation ofv(Q;,Q;) - p;, and

constrained best responses are the same as umdethir rationing regimes. The
consequence of these two observations is:
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Theorem 6.5Social welfare is higher in thE -league equilibrium than in the W-
league equilibrium if capacity constraints bind lwoth clubs in both leagues, and if
there is random rationing.

The results of this section relate to the widegréitures on rationing and on black
markets. Finding explanations for why optimizing @igewith market power over
prices would make choices that lead to rationingthen other side of the market is
difficult when agents have “standard” objectivefieToest known such story is the
efficiency wage explanation for involuntary unempteent in the labour market
context (see also Kaas and Madden (2002), MaddeiSewvestre (1991, 1992)). Here
the explanation is simple and obvious — agentpseés so low that consumers are
rationed because they care about the welfare otémsumers. The fact that black
markets can rescue the inefficiency of “officialommarket-clearing prices is
certainly well-known. For instance, Polterovich (1p9fas provided an extensive
general equilibrium study, with exogenous pricek tre properties of our black
market mechanism and other mechanisms for dealitly such disequilibria. The
results of this section are of interest per sdyringing together an argument showing
how the strategic interaction of optimising agesda lead to equilibria with rationing
and active black markets, in a context where suatkets are seen in reality.

7. CONCLUSIONS

In a theoretical industrial organisation model girafessional sports league, the paper
has introduced the owner objective of fan welfaraximization, and studied its
consequences for club and league performance, corgpaith the more commonly
studied profit and quality maximization objectivé&hilst the model is basic in a
number of ways and begs further developments imraber of directions, it does
begin to address the issues of ticket pricing, hmatttendances, stadium capacity
constraints and social welfare, which are absemhfalmost all previous models.
Some of the findings suggest that fan welfare mazation can provide interesting
explanations for active black markets for matcltkets, and for the empirically
observed inelastic pricing of match tickets, pheapan that are not similarly
explicable in our model under profit or quality nraxzation. Of the three governance
mechanisms, fan welfare maximization provides dlycihe most desirable outcome
sometimes (when the fan bidsis high and/or the elasticity of willingness taypfor
tickets, e, is low), and quality maximization is the best stimes { low, e high).
Profit maximization does not perform socially aslw&he only case found where it is
not at least weakly dominated by fan welfare mazation is when stadium
capacities are small and the fan welfare maximaflecates tickets inefficiently.

The paper has suggested both positive and normati@sons as to why profit
maximization may be a less interesting objectiventlothers in the context. It is
perhaps not too surprising that an industry (asvee here) characterised by
imperfectly competitive firms producing outputs wiihave public good features
with between firm externalities should not be vgafved by profit maximizing firms.
Future research maybe should focus more on alteenakijectives.
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APPENDIX

Proof of Lemma 5.3
With monopoly pricing, the formula (5.3) for sociaélfare becomes;

3 3
S:§,LI1V(Q1,Q2)2 +§/'12V(Q11Q2)2 _Ql _Qz (Al)
Introducing the Cobb-Douglas valuation function #8@) into (A1) gives:
3 a 3 .
:§/’I1Q12 22’8 +§:“2Q12ﬁQ22 - Ql - Qz

3 w2t 3 1, i
. 2a+2B (12 \1-2a+2p3 += 20+2B (12 \1-2a+2p _ 1+ 2 \1-2a+2p
M) g1 ) QL+ =)

28 2a 1

:Ql{Qf”*”‘lgwﬁ)HM +py(Bzyreaany g (Faymeezsy (a2)
1 1 1
(a) Substituting Lemma 5.2(a) into (A2) gives;
28 2a
3 20425 2a+
8[u1(’;2)“ Z +u2(2’2)1 s
S|‘| = Qll'l - 1-2a 2/?1 -1- (_2) 1earzp
anll—2a+2ﬁﬂ21—2a+2,g Hy

1 1
=Q 3 @+ (&) raa2fy 1 - (&) 2a2f L which rearranges as required.
Aa H H

(b)Substituting Lemma 5.2(b) into (A2) gives;

3 ,U 23 ,U 2a
E[ul(i)l‘z‘”” + 1y (72)1‘2‘”2’3] =
Se = Qi i 7 —1= (25T
lu1—2a+2/3’u1—2a+2/3 Hy
1 2

1 1
=Qp §(1+ (&)1‘2"*25) -1- (&)1‘2‘”25 , as required.
2 Hy H

(c)With low break-even pricing and the Cobb-Douglatuation function, the social
welfare formula (5.3) becomes;

Sz%ﬂleQf[Qfo’f\/Qf" 20 = 4Qu ]+

%ﬂfoQé’[QfQé’ +Q Q" - 4Q,,] ‘%Ql ’%QZ'

Using (5.2) and rearranging gives;
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1 U 25 P 28
= _Ql :ul( 2 )1 2a+2ﬂ 2a+2ﬁ l[1+ \/ Qll 2a- 2,8( 1 )1 2a+2p ]
4 /’ll /’ll /j

2 1

1 /j 20 4 ﬂ 1-2a 1 1 /,I 1
- F2y12av2p y2av2pin 4 |10 Ql2a-2f(F2y12a+281 _ o _ = H2y1-20+28
2 QR QT J R R L S G
Substituting Lemma 5.2(c) gives;

SN =1Q1 { 1+ 1- 40'(1 a ]+ 1 /'12)1 2a+2ﬂ[1+m] 2 2(/'12)1 2a+2,8}

4 all-a) u

=%Q1W{3[1+(&)1‘2”+25]—2—2(&)1‘2‘”2‘3} , which becomes the required
a’

1

formula. Q.E.D.

Proof of Theorem 5.4(a) From Lemma 5.3,S, > S, if and only if

Qyd-a) > Qm(g—Za) . From Lemma 5.2 this requirement

become@(l-a)* 2% > (g - 2a)¥?*?F  which, witha =ef ande=a + S, in turn
becomes;
W(e f)=201-ef)>? - (g -2ef) >0.
Consider first the case whete=1,e1] (01/2). W(e) >0 is equivalent to;
3 ; 3
2(=-29)*°1-e)*>=-2e
(2 )*(1-e) >

But Z(E—Ze)ze (1-e)** >21-e)*1-e)** =2(1-¢° (since g—2e>1—e as
e<1/2), and2(1-e)? >g—Zeis equivalent to(%—e)2 >0 which is true. Thus the

required inequality holds whef =21el (01/2) . For anyf D[%,l],eD 01/2)
consider now¥ /of ;
W /0f =— 41— )e(l - ef)% + (L 2e)2e(g _2ef)? <0 if and only if

3

1-2e< (1-e)(1- ef)“e(E - 2ef)?

But this last inequality holds sinceg—Zef >1-ef,(ef <1/2) and
1-2e<(1-¢e)(1-ef) =1+e*f —e—ef , orel- f)+e°f > 0. Thus oW /af <0 for
any f D[% 1],el (01/2), and soW¥ (e, f)>0 for any sucle,f.

(b) Combining Lemmas 5.2 and 5.3 as in (&, > S, if and only if

1> (2a)?**** (3—-4a)"™>*** | which becomes the condition claimed with
a=efe=a+p. Q.E.D.
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Proof of Theorem 6.4a) An equilibrium of the W-league with capacitynstraints
binding on both clubs is characterised by the bessponse conditions;
kv, (Q.Q,)=1, p =Q/k;, for i=1,2, ] #i. With the Cobb-Douglas valuation
function equilibrium qualities are defined b@ ™ = akiQf’, i=1,2,j #1i, giving
1-a B

Qe =k ke (A1)
NoticeoQ, /0k;,0Q, /ok; >0. The capacity constraints bindufv(Q;,Q;) - p,] > k; ,
i=1,2,j #i, which after substitution, rearrangement and dste assumed capacity
restrictions become, for1,2,j #i;

1+2a°*-3a-25* B
ki1—20—2/? < a,0/+,8 (l_a,)l—a—,l? :ui 1-2a+2p83 ’uj1—20+2/j' )

Using Lemma 5.2 to compute unconstrained equilibrattendance shows that the
above inequality is the samelkas A,, . Thus under the capacity assumptions (Al)

there is indeed an equilibrium described by (Alwihich capacity constraints are
binding on both clubs in the W-league.
The social welfare formula in (6.3) becomes;

S= klv(QliQZ) - k12 /2/'11 + kzv(Qle) - k§ /2/Jz -Q,-Q,.

Hence,;

aS/aki = V(Qi ,Q,-)"' kivi (Q. !Qj)[aQi /aki +aQi /akj] - ki /,Ui _aQi /aki _an /aki
+V(Q,, Q) +k;v;(Q;,Q)[0Q; /ok; +0Q; ok ] —k; / i,

:V(Qi !Qj) _ki /,Ui +V(Q2’Q1) _kj /,uj +[0Qi /aki +6Qj /aki] >0.

Thus (generally) in equilibria where capacity coaisits bind on both clubs social
welfare increases with the capacity constraints.kiaw S, andS; are constant and

Syv> S, if ki 2 A, (from Theorem 5.4), tha§, is increasing irk;if k; <A, , that
Sy is constant ifk, 2 A, and thatS; =S, if k <A (from Theorem 6.3). This
ensures (a) and (b). Q.E.D.
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FOOTNOTES

1 We use the following terms solely with their sprogtmeanings; club, team, match,
player. However games and agents refer to thealusaanings in economic models.

2In one of the earlier papers in the literature 8&@L971) suggested multi-
dimensional club objective functions, with matcteatlance as one of the possible
arguments. As will be seen, in some cases (nornifgrchpacity constraints) this is
equivalent in fact to fan welfare

% Barcelona F.C. is the largest of the members’sluith over 100,000 members, and
such a constitution is pervasive in English pratesa cricket. Holt et al. (2005)
provide much detailed information on governanc&iéfsoccer clubs, and the role of
supporters trusts in particular.

* For instance, Atkinson, Stanley and Tschirha@8@), Feess and Muehlheusser
(2003), Fort and Quirk (1995, 2004), Hoehn and Sayski (1999), Kesenne

(2000,2004,2005), Marburger (1997), Quirk and EldiHo(1974), Sanderson. and

Siegfried (2003), Szymanski (2003,2004), Szymaiasid Kesenne (2004). A focal

issue has been the “invariance principle” whereltegharing has no influence on
the distribution of playing talent. Fort and QuifR004) compare (inconclusively)

competitive balance under profit maximization andlgy maximization.

® In our focus on the governance question we folkmat and Quirk (2004).

® A second step would be to generalise to incorpdi@mosphere” effects, whereby
fans perhaps get more enjoyment if attendancegsia

" Essentially talent is perfectly elastically suppliat constant marginal cost
normalised to unity. This assumption is more natuarée.g.) the context of European
soccer which is relatively “open” in that playeenanove freely between leagues,
rather than in the major US sports leagues whielmarch more “closed”, more or
less the sole employers of the specialised platglegt. Relaxing our assumption
would endow clubs with market power on both theutrgidde (buying talent) and on
the output side (selling tickets). Existing spditerature has studied both our open
(European) supply and the closed (US) alternagiltpugh the latter have largely
ignored the resulting input market power of clubis.exception is Palomino &
Sakovics (2004), who pick up on the further faett thighly talented players also have
labour market power. Hoehn and Szymanski (1999 tlamdubsequent discussions by
C. Matutes and P.Seabright) and Pomfret (2006)igeowide-ranging analyses of
European/US differences.

® Implicitly we are assuming that the full fan ugilfunction is quasi-linear, defined
over a numeraire (endowmagnand large) and the match ticket. Full utility ity
without the ticket andy - p, +Vv(Q,,Q;) — xwith the ticket. In the usual way, the use
of aggregate fan surplus as the appropriate wetf@a&sure is then legitimised. Notice
that our assumption of a perfectly elastic supplglaying talent (the “open” league
assumption in footnote 7) means that players gaiextra surplus from playing in our
league, and so do not enter the social welfareuatiah. Given the supply assumption,
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this seems appropriate, but differs from the sog@lfare specification of Falconieri
et al. (2004).

® The assumption that(Q, , Q) is increasing inQ, and Q; for a fan ofi seems

natural in our static, 2-club setting. A fan of@opteam would probably pay more in
a one-off decision to see their team play highlgrited opposition than a similar low-
level team. However (in a multi-club, dynamic s&j)iit is not so clear that this fan
would pay more for tickets through a season ofiptant defeats against highly
talented opposition than if their team was in aertmalanced, low-level league.

9In some of the underlying excludable good literatour “regions” are
“municipalities” or “jurisdictions” with powers ttax/subsidise residents, and
possibly in receipt of transfers from the resthef economy. Such powers do not
seem natural in our context, and we assume thafdhehas to be self-financing.

" This kind of objective, although new in the corteka sports model, is common in
the excludable public good literature — see, fetance, Fraser (1996, 2000), Traub &
Missong (20005).

2 The following can be shown (details omitted); With a Cobb-Douglas valuation
function, it is always the case thgf, (Q;) > py, (Q;) , but (ii) if v(Qi,Qj)zis
separable and dependence @nis piecewise linear and concave, the ranking is

reversed eventually as this dependence approadeesity; one can “smooth” this to
fit our assumptions.

13 Indeed Fort (2004, footnote 1) notes the possjhil alternative explanations of
these facts, along the lines of our story, ands@tlier references making a similar
point. Our contribution is a formal model of anetijve which confirms this
possibility.

4 The first best outcome is as follows. WhateverliguaQ is chosen, it will be
socially optimal for all consumers to visit the ifdg for whom x < v(Q). Thus the

maximum aggregate surplus from quaf@ys:

Q) = J-V(Q)

0

U(V(Q) - x)dx—-Q = % v(Q)* - Q. S(QJs a strictly concave function and

the Inada assumption ensures a unique, socialignaptjuality Qg , characterised by:
W(QV'(Qs) =1, or MR(Qg) =1/2 .The rankingQg >Q,, (>Q, )now follows.
HoweverQ, may be larger tha@s . For instance, iv(Q) =Q°,0<e<1/2, then

1 1

Qq = (u/4)? and Qg = (1e)> 2, s0Q, > Qs if and only if e<1/4; if consumers’

elasticity of willingness to pay for facility quali is low, the quality maximizer
produces too high quality relative to the socidiropm.

15 As a model per se the scenario of this sectiobaity fits best the zoo example.
Zoos are typically fairly spread out geographicatiyh plausibly non-intersecting
catchment areas of potential visitors; they do ltheemajor expenditure of
acquisition and care of the animals, which reaslyreduates to quality; and entry is
usually uniformly priced.
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' This property is a feature of the Cobb-Douglas#jpation. Whilst it is generally
true that the Q-league equilibrium will exhibitategic complementarity at least in
the neighbourhood of equilibrium, thle-league can have equilibria with local
strategic substitutability (e.g. with suitable C&Buation functions). In our sport
league context the complementarity seems more iplaus

Y The Lagrangean ik = M B, [V(Qi ’Qj) - pi] _Qi +/][ki —H (V(Qi ’Qj ) - pi] ,and a
necessary Lagrangean condition for a solutionasdh/odp, = O,which implies

p, —v(Q,Q;)/2=A/2. So if the constraint is binding, price exceedsrtionopoly
value.

' Sincev(Q,Q )?is strictly concave i, (Q,Q )*/Q >2v(Q.,Q)v(Q.Q;), so
Qv (Q,Q;) <V(Q,,Q;)/2. The conditions characterisivy® imply
P =Q 7k =QVi(Q,Q;), which is therefore below the monopoly price.

19 For instance: generalisation to more than 2 clabd,the dynamic issues associated
with sequential play of matches and the evolvingireaof fan utility; a deeper
investigation of the nature of fan utility, incomating ex post feelings of
happiness/sadness after victories/defeats; endsagam of fan affiliation and
analysis of competition between clubs for fanspmporation of stadium costs and
endogenous choice of stadium capacity; generalisati the current “zero-infinity”
congestion costs whereby additional fans at lems tlapacity have no impact on
others utilities; relaxation of the non-negativeffirconstraint to encompass the
behaviour of wealthy benefactors of clubs; studfhgbrid” leagues where objectives
are mixtures (weighted averages, e.g.) of thosietihere, or with differing intra-
league club objectives; labour market imperfectigaserally, “closed” leagues (as in
footnote 7) in particular; distributional issuetraafans, and between fans, owners
and players; regulatory policies other than themeadf club governance, such as
revenue sharing, salary caps, ticket price contro&lelling the regulatory authority.
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