GEOGRAPHICAL SEPARATION OF OLIGOPOLISTSCAN BE
VERY COMPETITIVE*

Paul Madden®

Abstract
A given number of single-product oligopolists locate in one of two separate
market-places, which consumers access at a cost. Firms set prices and the
CES consumers choose purchases at one or both market-places. Firm
agglomeration in one market-place produces positive profits because of
product differentiation. But under various assumptions, geographical
separation of firms produces prices analogous to homogeneous product
Bertrand, and is “very competitive’, the reverse of textbook Hotelling.
Agglomeration equilibria ensue, in a way that is dual to existing arguments
for “head-to-head” competition in product lines. Quantity competition and

search model aternatives are also investigated.

JEL classification: D43, L13, R3
Keywords. differentiated product Bertrand, homogeneous product Bertrand,

geographical separation

* Acknowledgement : | am grateful to Igor Evstigneev for invaluable help with
aspects of thiswork. Thanks also for helpful comments to seminar participants at
Birmingham, Manchester, Nottingham and St. Andrews Universities, and at the 2001
Conference of the Middle East Technical University, Ankara. Errors and
shortcomings remain the author's responsibility.

*School of Economic Studies, Manchester University, Manchester M13 9PL, UK,
e-mail: Paul.Madden@man.ac.uk



1 INTRODUCTION

The paper studies a situation where a given number of single-product oligopolists
locate in one of two geographically separated market-places or centres. Consumers
face fixed costs of accessing the market-places (e.g. transport costs) and have ataste
for variety over the products available; so they must choose whether to buy at one or
both of the market-places and how much of the goods available there to buy. Given
the resulting consumer demands each oligopolist sets a price for the sale of their
product (ala Bertrand), generating a 2-stage |location-price game which can have
various types of subgame perfect equilibria. In particular, at some parametersthereis
an equilibrium in which firms agglomerate in one centre because separation across the
two centres induces consumers to buy from just one centre and is “much more
competitive”, in a precise sense and in away which is the opposite of the standard
textbook, and many other Hotelling (1929) models’. Our main objectiveis to explain,
and elaborate on, this result.

A natural application is to the location of shops at out-of-town shopping centres.
Indeed our main model of consumer behaviour (section 2) is broadly that used by
Stahl (1982, 1987) in studies relating to the location of retail stores. We add CES
preferences and a complete analysis of the resulting consumer problem, including the
decision to buy at one or both centres. This allows (section 3) afull characterisation of
pure strategy equilibria of the duopoly location price game when consumers are
homogeneous in al aspects, including access costs. Agglomeration of the two firmsin
the same centre is thenthe only equilibrium possibility, but of two types. Our main
interest is type A agglomeration which occurs when goods are relatively substitutable,
and because separation is “much more competitive’. Type B agglomeration emerges
when goods are more complementary, because consumers now buy at both centres
when firms are separate, leaving prices unchanged but increasing access cost
expenditures and reducing profits compared to agglomeration. Although consumers
prefer type B agglomeration of firms to the alternative of geographica separation, the
same is (at some parameters) not true of the type A agglomeration —a planner
interested solely in consumer welfare and with powersto direct firm location may
want to veto agglomeration in one centre to alow consumers to benefit from the extra

competition of geographical separation.



The rest of the paper explores the type A equilibrium in various different contexts,
starting with oligopoly (Section 4) and heterogeneous consumers (Section 5), and
finishing (section7) with variations on Gehrig’'s (1998) model of competing financial
centres and Dudey’ s (1992) Cournot model; section 6 explains how our main model
achieves the inversion of the standard Hotelling logic.

There are several oligopolistic location price models which also provide explanations
of agglomeration of firms. Many of these (e.g. BenAkiva et a (1989), Gehrig (1998),
Stahl (1982,1987)? rely on sufficient complementarity between goods, and have
features more in common with our type B agglomeration. And in the standard
monopolistic competition model agglomeration is accompanied by prices which are
independent of firm locations (see Fujita et a. (1999), again akin to type B
agglomeration. Klemperer (1992) seemsto be the closest analogue for our main
focus, the type A agglomeration. In Klemperer’s duopoly, the geographical separation
(1 firm at each centre) is given and firms choose whether or not to differentiate their
physical product or “product line”. Think of consumers as heterogeneously and
bimodally located near the centres, with transport as the access cost. With identical
product lines consumers buy from their local centre and prices may be high (no-one
buys from both centres so firms have considerable local market power). With different
product lines, the emergence of consumers who buy from both centres toughens
competition, lowering prices and causing firms to “agglomerate”, that is, to choose the
same product line; they compete “head-to-head” . In a sense our type A explanation of
geographical agglomeration is dual to Klemperer’s explanation of head-to-head
competition. With homogenous consumers and given differentiated physical products
or product lines our firms choose the same geographical location. With appropriate
consumer heterogeneity and given separate geographical locations, Klemperer's firms

choose the same product line.

2. CONSUMER BEHAVIOUR

There are two centres which can be thought of aslocated at the opposite ends (0 and
1) of theinterval [0, 1]. N isthetotal set of firms, with n elements; subset No (no
elements) isat 0 and N; (n; elements) isat 1(N, E N, = N, ny +n, =n). These firm

locations are given here, to be endogenized in the following sections. Each firm sells



(at constant marginal production cost ¢) a single good with a given specification
whose priceisdenoted p;,iT No(i =1...n,) and q;,iT N, (i =n, +1...,n). Thereis
aunit mass of consumers who have CES preferences over the n goods available
represented by the utility function;
1
u(xh):geg_ a o L0<T <1, X, = (Xyy oo Xop,)
ezt @
So goods are always gross (r > 0) but imperfect (r < 1) substitutes. Each consumer
has income y to be spent on the n goods® and on the fixed costs of access to the
centre(s). For consumer h, ton, tin and toin (> ton, tin) are the costs of accessto centre 0,
centre 1 and both centres, respectively, leaving residual income (to be spent on the
goods available at the accessed centre(s)) of mon =y —ton, My =Y —tip and Moy =y —
toin, respectively.
Using the standard definitions of CES price indices for the two centres
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for the whole set of goods, consumer demands (xi») and indirect utilities(n, ) after

buying at centre O only (2.1), at centre 1 only (2.2) and at both centres (2.3) are;
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In the specia case where all firms are located in one centre (No = N, N; = & say) the
consumer problem is entirely textbook standard, generating the CES solutions of
(2.1). Otherwise (no, N1 3 1) the consumer problem becomes "norconvex” as they
must decide whether to buy at centre O, centre 1 or both. The optimum will be given

by (2.1), (2.2) or (2.3) depending on which of n,,n,, orn,,, isthelargest. Using the

function
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and notation w,, =m, /my,,i =01 lemmal provides an exact statement.

Lemmal For the consumer problemwhen N,, N, * /& thereisafunction g:
(1, ¥)?’® (0, 1) such that:

@ if r > g (Won, Wan) then there are no prices at which consumer h buys from
both centres, the unique optimal demands being given by (2.1) if P/Q < mop/my, and
(2.2) if P/Q > mpn/mup, with indifference between (2.1) and (2.2) if P/Q = mon/Myp,;

(b) if r < g (won, Wan) then there are prices at which consumer h buys from both
centres, the unique optimal demands being given by (2.3) if P/QT (f(r, won), f(r
win) ), (2.2) if PIQ < f(r, won) and (2.2) if P/Q > f(r , win) ™, with indifference
between (2.1) and (2.3) if P/Q = f(r , won) and between (2.2) and (2.3) if P/Q = f(r,

Wan) 4

(©) the signs of g(Won, Wan) - I, f(r, wan)> —f(r , Wwon) and w(fl +w1’?1 - larethe
same;

(d) if Won = Win =W then g (W, Wh) = £n 2//n (2wh).

Proof See Appendix.

Thefirst part of Lemma 1 shows that if goods are sufficiently good substitutes (r > g
(Won, Win)) then the consumer never buys from both centres — the taste for variety is
never strong enough to compensate for the extra access cost of two-centre purchase.
In this case the consumer spends all (residual) income at the centre offering the lower
price index, if mop = Myp; when mop > My, (Say) access costs are lower for centre 0,
consumer expenditure is still “all-or- nothing”, but now centre O wins this expenditure
whenever P/Q < mon/myn (> 1) because of the lower access cost, and vice versaif P/Q
> mon/myn. Conversely in Lemma 1(b) wherer < g (won, Wan) there is a nonempty
cone of priceindices (P/QT (f (r, won), f(r, wan)™)) at which the consumer would
purchase from both centres, with reversion to single-centre purchasing at prices
outside this cone.



Lemma 1 is concerned with individual consumer behaviour. 1n the sequel we focus
on the case of “homogeneous consumers’ in which access costs and residual incomes
are the same for al consumers and for both centres - for al h, mpn= My, = M, Mz =
M so wor = Win= W= nVM, say. Aggregate demands are then given by (2.4) below if
N1 =4, (2.5) if No = A and the statement in Lemma 2 if No, N1 A

1
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Lemma?2 In the homogeneous consumer case where, for al h, mop = My = m, Mgy =
M S0 Wop = Win = MVYM = w and where N, N1 * A&

(@ if r > g(w) then the aggregate demand for good i isgiven by (2.4) if P < Q, (2.5)
if P> Qand any convex combination of (2.4) and (2.5) if P = Q.

(b) if r < g(w) then the aggregate demand for good i is given by (2.6) if P/QT (f(r,
w), f(r, w)b), (24) if P/IQ < f(r, w), (2.5) if P/Q > f(r , w) ™%, any convex combination
of (2.4) and (2.6) if P/Q = f(r , w) and any convex combination of (2.5) and (2.6) if
P/Q = f(r, w)™.

Proof Theclaimsin (a) for P/Q* 1andin (b) for P/Q* f(r, w), f(r, w)™ follow
immediately from Lemma 1 and the consumer homogeneity assumption. The claims
in (a) and (b) for the remaining borderline cases follow similarly since all consumers

are then indifferent to the extremes of the convex combinations. [

3. DUOPOLY WITH HOMOGENEOUS CONSUMERS

There are n = 2 firms and access costs are the same for both centres and for all
CcoNSUMEr's, SO Mop = Mgy = M, Myr = M and Wop = Wip = MM = w say, for dl h.
Firms choose the centre (0 or 1) in whichthey locate at stage |, and prices for the sale



of their good at stage I1. Ultimately we provide a full description of the pure strategy
subgame perfect equilibria.
First suppose firms agglomerate at stage I, both locating in centre O (without loss of

generality), so No = {l 2} and N1 = A; (2.4) then describes consumer demands and
payoffs in the ensuing price subgame are p, (p,, p,) =(p; - ¢)x,i =1,2. The

equilibrium of this subgame is as follows.

Proposition 1 In the duopoly model with homogenous consumers, the unique Nash
equilibrium prices, profits and utilities in the price subgame following agglomeration

of the two firms at the same centre are;
p=p,=(2-r)rc; pi=py=m-r)@-r)*

-r

n“=mc'r(2-r)t2"

Proof The special case (n = 2) of Proposition 5 later. [ |

Proposition 1 reveals the standard positive profit outcome of Bertrand competition
when products are differentiated. Notice also that profits shrink towards zero as the
differentiation disappears.

When the firms further differentiate the products by choosing separate |ocations
(firml at O, firm 2 at 1, without loss of generality) the price subgame is quite different
and depends critically on the degree of substitutability (r). If r > g (w)(=g(w,w) for
short) , we know from lemma 2(a) that consumers will buy from just one centre/firm,
that offering the lower price, with indifference at equal prices. Assuming an equal
split of the market when prices are equal, the price subgame is now equivalent to the
classic, homogeneous product Bertrand game with the usual “Bertrand paradox” zero-
profit outcome:

Proposition 2 In the duopoly model with homogeneous consumers wherer > g(w),
the unigue Nash equilibrium prices, profits and utilities in the price subgame when
firms are geographically separated, are;

B,=d,=c ; §,=p,=0 ; i=mc’

The immediate consequence of Propositions 1 and 2 is;



Theorem1  Inthe duopoly model with homogeneous consumers wherer > g(w),
the unigue subgame perfect equilibrium of the location price game has the 2 firms
agglomerating at the same centre (leading to prices, profits and utilities of Proposition
1) because geographical separation causes consumers to buy from just one firm and is

as if there is homogeneous product Bertrand competition and so zero profits for both
firms.

We elaborate further on Theorem 1 in succeeding sections. For the time being
somewhat imprecisaly, we refer to the Theorem 1 equilibrium as “Type A
agglomeration”. First, however, the consequences of geographical separation are
quite different from Proposition 2 when r < g(w). From lemma 2(b) when prices
belong to the cone p1/agp 1 ((r , w), f(r , w)™*) consumers buy at both centres leading to
aggregate demands x; in (2.6) and corresponding payoffs. Apart from a change of m
to M these payoffs are the same as in the agglomeration subgame, and the argument of
Proposition 1 produces the following candidate Nash equilibrium (the unique
candidate in the price cone) for the current subgame, which has the property that

neither firm will wish to Nash deviate to prices that remain in the above cone;

p=d =2 r)r e 5 p=p, =Ml r)e- 1)
y (3.1)
. Lr !
A =Mctr(2-r)7 b
Clearly neither firm wishes to raise its price from this candidate value so that prices
are outside the cone, since this firm then loses the whole market and gets zero profits.

However firm 1 (say), by lowering its price from the candidate equilibrium to
p,<q,f (r ,W) will capture the whole market and can attain profits arbitrarily close

to:

6, =miL- dla, f(p.w)*) (32)
If follows that the candidate in (3.1) isindeed a Nash equilibrium of the current
subgame iff p, 3 61, an inequality which becomes:

wWi2-r-rf(r,w£1-r (3.3)

We have the following.



Lemma3 Thereisadecreasing function h: (1,¥)® (01) such thet forall w>1,0<
h(w) < g(w) and (3.3) holdsif and only if r £ h(w);as w® 1, h(W)® 1 andas

w® ¥,h(w)® o.

Proof See the appendix [ |

Hence we have;

Proposition 3 In the duopoly model with homogeneous consumers where

r £ h(w)(< g(w)), the unique Nash equilibrium prices profits and utilities in the price
subgame when firms are geographically separated are given by (3.1).

Since m>M,p; >p,,i =12, and geographical separation when goods are relatively
weak substitutes (r < h(m/ M )) lowers profits (without any affect on prices) since

consumers still buy from both the separated firms, the extra access cost expenditure

lowering profits.

Theorem 2 In the duopoly model with homogeneous consumers wherer < h(w)
(< g(w)) the unique subgame perfect equilibrium of the location price game has the 2

firms agglomerating at the same centre (leading to prices, profits and utilities of
Proposition 1) because geographical separation leads consumers to buy from both
firms, with no effect on prices but lowering profits because of additional consumer

expenditure on access costs.

The equilibrium in Theorem 2 is quite different from that in Theorem 1; we refer to it
as “Type B agglomeration”. Thus, so far, for any w > 1, if goods are strong
substitutes (r large enough) we have atype A agglomeration equilibrium whilst if
they are weak substitutes (r small enough) we have atype B agglomeration
equilibrium. Conversely, the properties of g and h in Lemmas 1 and 3 show that they
both possess inverses with domain (1, ¥), soforeach r T (0, 1) there will be Type A
agglomeration if w is large enough (so the cost of accessing two centres is much
larger than that for one) and Type B agglomerationif w is small enough. Either way
there is a parameter gap between Types A and B, in which there is no pure strategy

equilibrium.



Proposition 4 In the duopoly model with homogeneous consumers where

h(w)<r <g(w) or h"}(r )< w< g*(w), there is no pure strategy equilibrium in the
price subgame when firms are geographically separated.

Proof We know from Lemma 3 that the candidate equilibrium of (3.1) is not
an equilibrium when h(w) <r, and that there is no other equilibrium in the cone p1/q;
T (f(r ,w), f(r ,w)™1). We now show thereis no equilibrium outside this cone. Notice
first that p,,p, 2 O inany such equilibrium (so p;® c, i —1,2) since each firm i can
ensure zero profits by raising price enough (pi > f(r, w)™ ). Suppose (wlog) that
firm 1 isthelow price firm in an equilibrium outside the cone. If p1 = ¢, raising p; to
dightly more than f(r , w)p, takes us into the cone and produces positive profit for
firm 1. If f(r, w) p2 > p1 > c then firm 1 (still) gets the whole market and higher
profitsby raising p; alittle. If f(r , w) p2 = p1 > c then firm 1 would capture the whole

market and higher profits by a sufficiently small price decrease. [ |

The type A and type B equilibria have different welfare consequences. It is obvious
that both consumers and firms prefer the agglomeration in type B equilibrium to the
alternative of geographical separation — the extra expenditure on access costs lowers
utility as well as profits (0 <n " since M<m). However consumers prefer geographical

separation to type A agglomerationif A" >n", which is possible.

Theorem 3 In the duopoly model with homogeneous consumers where r > g(w),
consumers would prefer geographical separation of firms to the equilibrium type A
agglomeration if r >r @0.2737.

Proof n>n iff;

Ir

1>r(2-r)*2" =F(r) sy

1-r
Itiseasy to check that F(1) =1, F'(r)=r(2-r)t2" [p'1+(2- r)'l -r ‘Zﬁnz],
F'(1)=2-/n2>0, F'(r)=0at f =2/n2(2+/n2)*, F isincreasing (resp.

decreasing) to theright (resp.left) of ¥ andF(r)® + ¥ asr ® 0. It follows that

10



thereisauniquer T (0, 1) where F(r ') = 1 and so (4.2) is satisfied iff r T (r ", 1);
computation revealsr = @0.2737. m

The rest of the paper explores type A agglomeration in various different contexts.

4. OLIGOPOLY WITH HOMOGENOUS CONSUMERS

We start with oligopoly. To shorten exposition we assume an even number of firms?,
so we have n3 4 firms choosing to locate at one of the two centres. If al firms

agglomerate at the same centre, the following generalisation of proposition 1 emerges;

Proposition 5 In the oligopoly model with homogeneous consumers, the unique Nash
equilibrium prices, profits and utilities in the price subgame following agglomeration

of al firms at the same centre are;
p*=(n-r)n-1tric,i=1 =m{1-r)n-r)*i=1..,n
n*=mr(n-r)*(n- 1)n__r
Proof. From (2.4) the payoff to firm 1 may be written;
1 r 01
p, =m(p, - c)plﬁgas pjp_'1+
o
Differentiating and rearranging gives:

o

P m(- r)*(p, - ©)pTT ag%p,

a=1- 1- r)(p,- ©)p,- r pﬁg%p,—l

Differentiating again and using the stationary point condition a = 0 gives;

, ool
ﬂ p21 —_ m(l' r )-l(pl _ C) plr_]:l'l b%pjﬁg y Whae
ﬂp 1 8 4]

=- L-r)p—O "+ (@ r)p (O +r(@-r) pr - (1 1) -0t p

- @-r)tpct[A-(2-r) (i)t P ?

11



Expanding the quadratic bracket and rearranging leads to
b=(p1—-0)t-p*>0ifpr>c

Hence 1°p, / p7 < O at a stationary point of p;1 where p; > c (i.e. profits are positive).

So any positive profit stationary point of p; must (by continuity of p1) be unique and
the global maximum of pi. So a = 0 defines firm 1's best responses in this price
subgame, and the analogous condition for firm i produces the following Nash

equilibrium conditions,
r roal
piﬁ[l- @- r)(p - c)'lpi]:rg%pjﬁg i=1..,n

Since the left hand side is increasing in p; any Nash equilibrium must be symmetric.
Equating prices produces the required pi* which gives pi* when substituted into p1

above, and v* when substituted into von in (2.1). [ |

Again because of the product differentiation, agglomeration produces positive profits,
dissipatingas r ® 1.

Geographical separation of firms can now occur in many different ways, ranging from
the case where all firms but one are in the same centre to the case where firm numbers
are the same at each centre. Ifr > g(m/M) we know (lemmas 1(a), 2(a)) that in all
these cases consumers never buy from both centres, the chosen centre being that with
the lower price index which now in general depends on the size of the centres (np and

ny) as well as prices. For instance suppose that n, > n, 3 1 and that p (q) is the uniform

price at centre O (1). Then consumers are indifferent between which centre to buy
fromif P=Qorp=aq= (n0 /nl)LTrq > (; to the larger centre has an advantage

because of its greater variety — its prices can be higher than at the rival centre up to

Ir

themultiplea = (n,/n,)™ and yet it retains the whole market. Because of this, and

analogous to the usual treatment of homogeneous product Bertrand games with
asymmetric marginal costs (to avoid non-existence problems), we assume that centre
0 gets the whole market when P = Q and np > n;.

And with the same analogy, we exclude prices below their marginal cost from firms
strategy setswhen np > n; (to avoid implausible equilibria otherwise). The

consequences for price subgames are as follows.

12



Proposition 6 In the oligopoly model with homogeneous consumers wherer > g (w),

the set of Nash equilibrium prices, profits and utility in the price subgame with

geographically separate firms (Np 3 ny 3 1) is

@ If np > n; and assuming that centre O gets the whole market if P = Q and that
firms strategy sets exclude prices below margined cost,

(i) 7= (ng-r)ny,-2)"r ¢, il Noand @ 3 c, il N;

po=m(-r)no—r)t il Noadpi=0,iT N

1-r
V=mr(o—r)no-n " ¢t

ifac3 p

(i) andifac£ P (asdefinedin (a) (i) then

~

B, =ac,il Nyand G, =c,il N,

p, =(1-a)m;Lil Nyand p, =0,i1 N,

(b) Ifn,=n, P =cil N,,§ =c,il N,,p, =0,il N and V:mrlo}Trc'l

Proof

(@ (i) Notice from Proposition 5 that p, are the prices that would emerge if centre O
captures the whole market at any P (asif N = Np or N1 = Z&). The prices defined in the
statement imply P = Q, so centre 0 does get the whole market at these prices, and the
argument of Proposition 5 ensures that no centre O firm wishes to deviate to any other

price (since they do not wish to even when centre 0 always gets the whole market).
Thus for any feasible prices for centre 1 (ﬁi 3¢il Nl), centre O firms choose
p.,i1 N,and centre O firms get the whole market, ensuring the price claims in the

statement. The profit and utility claims follow.
(@ (i) The prices defined in the statement imply P = Q, and centre O gets the whole
market, and positive profits. No centre O firm wishes to deviate to a higher price since

centre 0 then loses the whole market, and they will neither wish to deviate to a lower

13



priceif (taking i =1, without loss of generality), Tp, /qp, 2 O for p, £ P, where

1 rol

pj = Bj’j tland P, :m(p1 - C)plﬁg%piﬁg '

From the proof of Proposition 5, the required derivative sign requires a£ 0, a

condition which becomes:

, -1
e = L.
rp Ec+r(p, - )@+, - D,/ p i

e

oOCC

A sufficient condition for thisto hold for p, £ 51 isthatrp, £c+ p(p1 - c)no'lwhen

p, £ ﬁl which becomes p, £ p, when p, £ El. Thisfollows since p, 3 El. Thus no

centre O firm wishes to Nash deviate from the prices in the statement. And clearly no
centre 1 firm can benefit from such a deviation (raising prices fails to gain any market
and lowering prices below c is not feasible). So the prices in the statement are Nash
equilibrium prices. Moreover there is no other equilibrium. If so Q > ¢ and the centre

0 firms best response would be either p, =a Q or p, = p. (asin (g)(i)), taking the

whole market in both cases. But then a small Nash reduction in price by some centre 1
firm will capture the market for centre 1 and be profitable.

(b) When ng = n; the entire market goesto centre 0 if P< Q, centre 1if P> Q
with equal sharesif P = Q. The usua Bertrand reasoning ensures that the statement is

the unique Nash equilibrium. [ |

Part (a) (i) prevails if np is sufficiently small relative to np. In this case the smaller
centre is so uncompetitive that it has no effect on the larger centre — the prices at the
larger centre are those that would also emerge with np firms at 0 and zero firms at 1.
The “within centre” competition at O produces prices at which the smaller centre
cannot compete — even with g = ¢, il Nj, centre O captures the whole market. As ny
increases relative to ng, (a) (i) eventualy gives way to (@) (ii) and margined cost prices
at centre 1 do now restrain prices at the larger centre, to the level at which it just keeps
the whole market. And when n; = ng we are back to the Bertrand paradox outcome, as
in Proposition 2 for duopoly.

There is a homogenous product Bertrand parallel for al these subgames, not just
when ng = n;. Define a 2 “firm” (0 and 1) homogenous but asymmetric product

Bertrand game, as follows. Let p(g) be the price chosen by firm 0 (1), and ¢ be the

14



constant, symmetric marginal production cost. Let D denote the market demand
function, let p™>c denote the monopoly price and assume monopoly profit is
increasing on [c,p™] and decreasing on [p", ¥). The 2 goods are perfect (linear
indifference curves) but asymmetric (indifference curve slope * 1) substitutes for all

consumers, so that firm O captures the whole market if p <aq wherea >1, and firm 1

has the whole market if p > aq. Asin asymmetric cost Bertrand games assume that
the firm offering the better product (0) takes the whole market if p = aq, and exclude
prices below marginal cost. Thus strategy setsare pl [c, ¥), ql [c,¥) and payoffs are

po(p.a)=(p- c)Dy(p.a)p, (p.9)=(a- c)D,(p.q) where:

_iD(p)if p£aq
%O if p>aq

_1D(g)if p>aq

D, (p, d D,(p,q)= .
o(p,q) .(p.q) {0 i ptag

Employing similar reasoning that used for part (a) of Proposition 6, one finds the
equilibria;
(i) if ac® pMthen p=p",q3c

(i) if ac£ p™then p=ac,q=c

1-r
The parald is that if a = (n0 /nl)r_ and one interprets p™ as the price that would

emerge at centre O if there were no firms at centre 1, then the equilibrium p and g in
the 2 firm homogeneous, asymmetric product Bertrand game are exactly the prices
that emerge in our oligopoly game, p for al firms at centre O and q at centre 1.

If ny3 nfirmsat 1 get zero profits whereas a switch to centre O would alow positive

profits. Thus,

Theorem 4 In the oligopoly model with homogenous consumers, wherer > g(w), the
unique subgame perfect equilibrium of the locationprice game has al the firms
agglomerating at the same centre because any geographical separation causes
consumers to buy from just one centre, and is as if there is (Symmetric or asymmetric)

homogenous product Bertrand competition and zero profits at one centre at least.

Type A agglomeration is now defined as an agglomeration subgame perfect

equilibrium in which any geographical separation of firms is as if there is symmetric
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or asymmetric homogenous product Bertrand competition. So, tautologically, r >
g(w) implies Type A agglomeration under oligopoly with homogenous consumers.

Turning to consumer preferences over alternative sized centres, it is easy to check that
fv/qn, >0 in proposition 6 so v/{n, <Owhere n, =n- n,. As n,increases from 0
in the range of (8)(i) n,declines, and the single-centre behaviour of centre O means

there is declining variety and declining within centre competition; thus Vv fals as

n increases. For large enough values of n,(En,) Proposition 6 (a)(ii) and (b) take
over and now Yv/qn, > 0; centre 1 now restrains prices at centre 0 to the extent that
consumers prefer alarger centre 1 in this range. Thus over the entire range n, 1 [O, %]
consumer utility is a “u-shaped” function of ny, attaining a maximum either at n, =0
(full agglomeration) or n, =4 (equal sized centres). As with duopoly, for r large

enough the latter is preferable.

Theorem 5 In the oligopoly model with homogenous consumers wherer > g (w) the
consumers most preferred location of firmsis two equal-sized centres, and not the

equilibrium type A agglomeration, if r >r *(n) wherer *(n) isincreasing in nand
r*(n)® % asn® ¥.

Proof

From the preamble the consumers’ most preferred location of firmsis either ng = n,
ng=0o0orng=n = n/2. Thelatter ispreferred (using v* in Proposition 5 and Vv in
Proposition 6(b)) if:

1-r

r(n-r)*n-Yn" <(n/2)

I-r
r

I-r

r

Alternatively: F(r,n)=r(n-r)*'(n-122" <1

I-r
r

Now F (Ln)=1andJF/qr =2 " r (n- 2)(n- r )'1[r Tae(n-r)ter '2£n2]
So,atr =1, F/r =1-/n2+ (n- 1)'1>0. Moreover forr T (0,1) the sign of F/r is

thesameasthat of r —n/n2/(n+ /n2),and F (r, n) ® ¥ asr ® 0. Thisensures that
for each nthereisauniquer T (0,1), r* (n) say, suchthat F (r, n) < 1iff

r1(r*(n),1). Since IF/n>0,r *(n) increaseswith n. Since r =r * (n)iffr <1
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1-r
andF (r,n)-1=0,andsinceasn® ¥,F(r,n)-1® r2" -1=0ar =1%,it

2 )

followsthat r *(n)® 1 asn® ¥ m

In terms of the shopping centre example, a town planner with interest only in the
townsfolk welfare and with powers over the location of shops at two out-of-town
shopping centres, may wish to exercise this power and force shops to spread across
the two centres, against their wishes. Although each consumer will shop at only one
centre, and lose some variety, the competition between centres will reduce prices to

such an extent that consumers benefit.

S. CONSUMER HETEROGENEITY

In this section we argue that the type A agglomeration emanating from the severe
competition of geographical separation is robust to small relaxations of the consumer
homogeneity assumptions used in Sections 3 and 4, prior to relating our model to
those of the traditional Hotelling literature in the next section; with the latter in mind
we adopt some Hotelling jargon. Theinterval [0] is now Main Street, but unlike
Hotelling, the only feasible locations for firms are at the extremes 0 and 1. Our
homogenous consumer model would emerge if the unit mass of consumers were all
located at the midpoint of Main Street®. We consider 2 perturbations of this
homogenous specification.

5.1  Oligopoly with Side Street Heterogeneity
Think of Main Street (M) asjoining the points (0,0) and (0,1) in R and let Side Street
(S) be any other compact straight linein R such that MCS= (0, ¥%). Consumers are

distributed over Swith some continuous distribution. Notice that Sintersects M only
at the midpoint of M. Consumers can travel within Sand M and hear the transport
costs. For each consumer h1 (0,1) there will be a shortest return route length s(h)
from the consumer’ s location to the midpoint of M and so shortest route lengths to
access centre 0 (s(h)+ 1), centre 1 (s(h)+1) and both centres (s(h)+2). Let consumer
transport costs be some continuous increasing function t of shortest return route

lengths, so that residual incomes of consumer h (assumed positive) are
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Mon = y-t[s(h) +%] M = y-t[s(h) +i2] and my, =y- t[s(h)+1] . Clearly for al h,
Mon = Min = My, say and for al h, won = Win = Wh = My/Mo1n (>1).

If firms agglomerate in one centre (0, say) then Proposition 5 continues to describe the
price subgame equilibrium, with m replaced by &' mndhinp;* and by my inv*.

When there is some geographica separation (ng 3 ny 3 1) Proposition 6 is also
maintained, as follows. Given the compactness and continuity assumptions, wy, attains
aminimum vaue as h varies over [0,1], w* say where w*>1. Since g is decreasing
(see Lemma 1(d)), it follows that r >g (wh,) for al h1 (0,1) and no consumer buys
from both centres if we assume r >g (w*). Then, since mgn, = myp, for al h, from
Lemma 1(a) all consumers buy from the centre offering the lower price index and
Proposition 6 carries through with r >g (w*) replacing r >g (w) and m replaced by

&' mydhinp; and by my inA . Theorems 4 and 5 then follow also, with w replaced by
w*. In short, the Type A agglomeration story of Sections 3 and 4 carries through more
or less unchanged with Side Street heterogeneity.

5.2 Duopoly With Main Street Heterogeneity

Consumers are now uniformly distributed over the middle subset [% -e,% +e] of Main
Street (there is no Side Street) and the centres are again at the ends (0 and 1). With

e =41 thisisthe standard Hotelling assumption on consumer locations. Here we are
interested in what happens when e is“small”, and in the limite ® Oin particular.

For consumer hat /1 [- e, 1 +e],where’ = - e+2eh, shortest return route
lengths are 2| for centre O, 2(1 —I) for centre 1 and 2 for both centres. Assuming linear
transport costs, h's residual incomes are mon =y —2t/, My =y —2t (1-¢) and mon =y —

2t (all assumed positive). As usual, if firms agglomerate then positive profits emerge.

Proposition 7 1n the duopoly model with Main Street locations, the unique Nash
equilibrium prices, profits and utilities in the price subgame following agglomeration
of the two firms at centre O (without loss of generality) are:

p*=p,*=(2- r)r *ep,*=p,*=(y- t)a- r)2-r)*

I-r

n,=m,cr(2-r)*2" ,hi[o]]
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Proof. After agglomeration at O (1 is symmetric) the duopoly game isthe same asin
the homogeneous case except individual residual incomes are mop and aggregate
incomeis now &' mydh=y—t, instead of min Proposition 1. Amending Proposition

1 formulae produces Proposition 7. [ |

Notice that the heterogeneity has no effect on these profits — varying e does not affect

aggregate residual income and so does not affect aggregate demands. But these profits
ghrinktoOasr® 1, as usual.

Under geographical separation (firm 1 at O, 2 at 1), and asin the last section, there are

no prices at which h buys from both centresif w71 +w, =+ <1. Now itiseasy to
r r ~
seethat w,, -1 +w, v atainsitsmaximumover hl [0,1] ath=0orat h= 1. Thus

the condition Wooﬁ + Wm# <1, now assumed, again ensures that there are no prices
at which any consumer buys from both centres, giving individual demands:
Xin =My, [ Py, Xon =0 if pa/op < Mon/Mmup
Xy, =0, Xy, =My, /q, if pa/d > mon/Mun
with indifference if pi/ap = myn/myn. Letting f (h) = mop/my, we have that f (0)>1,
f (1)<land f ' (h) <0, O<h<1, producing aggregate demands:
& (my, / p.)dh, X2 = 0 if pu/ag £ f (2)

Mo/ P)dh, 2= @, (my,/a,)dnif p /a1 [f @)1 (O]

X

'1(p1/q2)(

§
X = Q
d

X, =0,X, :(-e,(m1h /q,)dnhif p./q,3f(0)

Proposition 8 In the duopoly model with Main Street |ocations, assume

Wyo™T + Wy, 7T <1 wherewoo = [y - 2t(2 - e)]/(y- 2t) and wy, =
[y - 2t (% + e)]/(y - 2t). Then the unique Nash equilibrium prices, profits and utilities
in the price subgame when firms are geographically separated (firm 1 at O, firm 2 at 1)

are:
=0, = c(y- t+2et)’ /(y- t)?
p,=p,=2et(y-t+et)’ /(y- t+2et)’
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My, P, " if OEREL

V(h)—
t muatif LEREL

Proof
From the preamble, if pi/ap T [f (1),f (0)] then
pu(pa)=(- c/p)es™ [y- 2t(3- e +2eh)]n
=(1- clp)lf * (y—t + 2et) - 2et(f )7
where f ** = "*(p,/q,) =1 +(y- t)L- p./q,)/4te(l+ p/q,).

%:%ﬁ y- t+2et)- 2etff '1)2] +{1- o/ p)|y- t+2et- detf 2]/ q,f
1

where £ =t " *(p, /,))=- 8et(y - t)/[y - 2t{x+e- 2ef 4]
There will be a symmetric equilibrium (pl =q,f t=1,f'= -8et/(y - t)) if
P, /Tp, =

pf[(y t+2et)- Let]- gl-—:(y t)? /8etp, =0

Rearranging, p,(=q,)=c(y- t+2et)?/(y- t)* and produces also the profit and utility

formulae. [

Thus the Main Street heterogeneity does not produce the previous zero profit Bertrand
consequence of geographical separation. But profits do shrink to zero (monotonically;

1p; / Te <0 everywhere) as the heterogeneity disappears (e® 0). This suggests that
the type A agglomeration equilibrium of the homogeneous duopoly model remainsin
an approximate sense for small amounts of Main Street heterogeneity. To be precise,
consider the model of this section when e = 0. This is the homogeneous duopoly
modd withm=y—-t and M = y—2t.

Fixr,yand t sothatr >g [(y-)/(y-20)] or (lemmad) 2[(y - t)/(y- 2)]7= <1.From

theorem 1 there is then type A agglomeration when e = 0. Now alow e > 0. The

condition in the last Proposition that w,,,r-1 +w,,-r <1 issuch that the left hand side

increases withe; it follows from our fixing of r, y and t that there is e*>0 such that

r

Woor 1 +W, 7 <1 remainstruefor el (0,e*). On the other hand profits after
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agglomeration (proposition 7) exceed those under geographical separation for small
enough, positivee, e (0,e**) say wheree** > 0. Thenforel (0, min (e*, e**)) we
have an agglomeration subgame perfect equilibrium in which profits after
geographical separation shrink to 0 as e® 0. Thus for small enough heterogeneity the
type A agglomeration remains in this approximate sense, exhibiting a required
robustness.

The consumer welfare result (Theorem 3) issimilarly robust. Fix r, y and t so that
r>gl(y-t)/(y-2)]andr > r* (@).2737). Then (Theorem 3), with e = 0 there is type
A agglomeration but consumers would prefer geographical separation of the firms.
Now allow e > 0. we know from the last paragraph that type A agglomeration

continues in an approximate sense for e (0, min (e*, e**)). All consumers would
prefer geographical separation to this agglomeration if V. >v; foral h1 [0,1] where
V. isgiven by proposition 7 and V, by proposition 8. Some manipulatior? shows that

all these inequalities hold if

1-

(y-tf(y-t+2et) >r(2-r)"2"
However when e = 0 thisinequality is equivalent to our assumed r > r * (see the proof

of Theorem 3) and so continues to hold for positive e which are small enough.

6. THEHOTELLING MODEL

There are essentially 3 differences between our duopoly model and the standard

Hotelling duopoly model, as follows:

a) Consumer homogeneity or near homogeneity. Here consumer locations are
homogeneous. In Hotelling, consumers are spread uniformly along the whole
of Main Street.

b) Tastes for variety. Here the goods sold by firms are (physically) differentiated
and consumers may wish to buy from both firms, demands emanating from
CES preferences. In Hotelling the goods are physically perfect substitutes,
differentiated only by location, with consumers buying inelastically from one

of the firms.
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C) Outside firm locations. The feasible locations for firms are strictly outside the
set of consumer locations. In Hotelling firms may locate anywhere within the
set of consumer locations (i.e. Main Street).

The consequences of these differences are extreme. In particular, the Hotelling 2-stage

|ocation-price game never has any kind of equilibrium in which firms agglomerate,

since agglomeration now produces the Bertrand paradox zero profits, whilst
geographical separation of the firms produces positive profits as the goods are then
location differentiated for the heterogeneous consumers. The best-known positive
result (D’ Aspremont et al (1977)) is that under quadratic transport costs the subgame
perfect equilibrium has maximum geographical separation of the firms (one at 0, one

a 1). In the remainder of this section we argue that each of the (a), (b) and (c)

differences is needed for this turnaround.

The role of consumer homogeneity is that it is needed for the exact Bertrand parallels

of type A agglomeration, creating the zero profits under geographical separation of

sections 3, 4 and 5.1. The small Main Street heterogeneity of section 5.2 leads to
small separation profits that shrink to zero as the heterogeneity disappears, leading to
approximate type A agglomeration. The strength of our overall claims thus depends
tautologically on the proximity to homogeneity, and weakens as Main Street
heterogeneity expands.

Tastes for variety, or physically differentiated products, are also essential since they

allow positive profits for agglomerated firms. Changing our assumption here to that of

Hotelling would entail r =1, zero profits under agglomeration, and so agglomeration

could never be an equilibrium in section 5.2.

Finally consider replacing our outside firm locations assumption with Hotelling's

inside locations, in the model of Section 5.2. Now consumers located to the left of the

leftmost firm in [% - e,%+e] will never buy only from the rightmost firm and vice

versa. Clearly the most likely inside firm locations to induce a price subgame
equilibrium in which consumers buy from only one firm are where one firm is at

1-eandoneat 1+e.But forgivenr T (0,1), this cannot happen for positive,

sufficiently small e, asfollows.
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From lemma 1, the consumer at $- e will buy from only one firm (thefirmat $- e)

r

é e
if and only if P/Q < g Y 9" 90 andthe consumer a 4+e will buy from
y- detg u
:l
0y g U
only onefirm (at ++e)if and only if P/Q < g y4et: - 13 . Thus there are no
y- o 7
9]

prices at which all consumers buy from only one firm if

r—l

""_ [‘J r
o' L 91 _4U
y- 4det y 4etB U
1-r
or,2" > y
Y'4et

For givenr 1 (0,1) thisinequality holds for all e sufficiently small, which is sufficient

to preclude type A agglomeration with inside locations and near homogenous
consumers’.

1. TWO FURTHER VARIATIONS

Our theme has been articulated in a model where firms compete in prices after
locating in one of two centres, and where consumers buy a variety of goods, with full
information. We have argued that competition between the centres can force firms
into type A agglomeration. In this section we show that the argument carries over to
two somewhat different settings. In section 7.1 consumers search a centre for their
most desired good of which they wish to buy one unit (inelastically), and in section
7.2 firms compete in quantities at stage 2, gererating a Cournot version of the

previous Bertrand stories.

7.1 A search model
The model is Gehrig (1998) except that we replace his conventional assumptions

(firms can locate anywhere on Main St. adong which consumers are uniformly

distributed) with the geography of section 4 (n firmsto locate a O or 1, all consumers
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located at 4). Alternatively the model is that of section 4, changing the consumer

aspect as follows. Consumers wish to buy inelasticaly just one unit of one
(differentiated) good. With no firmsat O and n; at 1, it is assumed that the products
available at each centre are symmetrically distributed around a “ characteristics’ circle
of perimeter 1. Always now, consumers buy from only one centre, and realise their
most preferred characteristic after arriving at the chosen centre. They then search the
chosen centre for the firm offering the product closest to their ideal, and buy the one
unit from that firm. Assuming that the redlized idea good is equaly likely to be
anywhere on the circle, and that the consumer cost of buying the best aternative

available is composed of the travel cost (4t for each centre, following Gehrig), the

price paid and a search cost proportiona (with a factor m) to the circular distance
between the ideal and the best available good, the full expected cost of buying from
centre 0 (ECp) and 1 (EC,) is as follows, when p is the price at al firmsin centre O
and q isthe uniform price at 1;
ECo=1t+p+ m/4n,, EC = it+ g+ m/4n, (7.2

In each case the final term is the search cost. Clearly with uniform prices across both
centres (p=q) consumers buy at the centre offering the greater variety. If afirmdi No
(say) deviated to py then ECy changes to (see Gehrig (1998) for derivations of (7.1)-

(7.3),
ECo= S g PRt o L) (72
And the deviant’s profit ispg = (pg — C)Xg Where demand is,
Xa=1/n, + (p- py)/m (7.3)
To investigate price consequences of aternative locations, start with the
agglomeration case (without loss of generality No = N, N1 = /). Using pq aboveit is
easy to derive the following subgame equilibrium prices, profits and consumer costs:
p=m/n+c, pi=m/n’,i=1,..,nECy= it+c+5r/4n
If no 3 m 3 1 we would expect (following section 4) that, when ng is not too much
bigger than n;, marginal cost prices would emerge at the smaller centre 1, and price at

0 would be the highest price at which ECy £ EC5. The appendix shows that thisis the

casewhen 5/6 3 n,/n(2 1/2), in which case;
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N meel 10 A
foril No, pi=— -—x+cforil Ni,g=c (7.49)
| 4% N g |
- & 0 -
foril No,pizl 1-ii; foril Ng,pi=0 (7.4b)

an, gn Ny g
ECo=ECi=1t+c+ m/4n (7.4¢)

When n,/n>5/6, centre 1 is too small to affect centre O and the outcome is (see

appendix for proof):
foriT No,pi= m/n,+c;foriT Ny, q=c (7.5a)
foriT No,pi=m/nZ;foril Ni,pi=0 (7.5b)
ECo=1t+c+ 5m/4n, (7.5¢)

Everything is exactly analogous to section 4. Agglomeration at one centre is the

unigue subgame perfect equilibrium. As firms disperse to separate centres the smaller
centre is completely ineffective if it is very small (nO /n>5/6), and prices and profits
at the larger centre, and consumer costs, increase as no fals in this range. When the
smaller centre is not too small (5/63 n,/n3 1/2), it does restrain prices and profits
at the larger centre, which decrease, as do consumer costs, as no falls towards 3 n.
Consumer costs are minimized (so utility is maximized) with equal sized centres,

again.

The intuition of section 4 carries over aso. Competition between centres is fierce
because as soon as consumers face a “one or the other” choice between centres, the
centres behave like single firms in a homogeneous Bertrand duopoly. Gehrig (1998)
invokes an externality argument instead for his heterogeneous consumer model - if a
firm in one centre lowers price it attracts business from rivals in the same centre but
also attracts business to the centre from the other centre. This externality is of course
present here and in section 4, but cannot provide a satisfactory account of type A

agglomeration in our model. Indeed when n = 2 the externality disappears

completely, but the agglomeration remains.

7.2 A Cournot mode

In our Bertrand models, firms choose locations at stage 1 and prices at stage 2, and

consumers have full information on prices prior to accessing a centre and buying
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goods, which we can helpfully now think of asat “stage 3”. In our Cournot variation,
firms choose locations at stage 1 and quantities at stage 2. Firms commit to quantities
before consumers access the centres at stage 3. Prices which clear markets at the two
centres are assumed to emerge at stage 3, ala Cournot. For simplicity we assume that
consumers access just one centre, that there are 2 firms, that consumers are
homogeneous, and that transport costs are linear.

If the firms locate together (at centre O, without loss of generality) and choose
quantities X1, X2, al consumers access centre 0 and the market clearing prices (CES

inverse demands) are:

p=(y-t)x (x +x )" i=12
It is straightforward to define payoffs in the stage 2 quantity subgame and show that
they generate the unique equilibrium x; = x, =r (y- 1t)/4c. So prices, profits and
utilities are;

pi=2cr,i=12pi=21(y- t)2-r);n=2"r(y-t)4c
If firmlisat Oand firm 2 at 1 and afraction| of consumers access centre O, the rest
a 1, then market clearing prices given quantities x; (>0) and x>(>0) are defined by

Iy - t)/pr=xcand (1-1){y- t)o=x
A consumer at centre 1 gets utility (y - t)/p1 which must be the same as for centre 2,
(y-t)/gz — otherwise all consumers would shop at the same centre. Hence
| = X1/(x1 + X2) and the market clearing prices become p1==(y-t)/(X1+x2). Aganitis
simple to derive the unique quantity subgame equilibrium as Xx;=X=(y-t)/4c,
producing the prices, profits and utilities;

P1=0Ge=2¢C; pi= 4 (y-1); n=(y-t)/2c
Hence, as in section 3, prices and profits are lower under separation than under
agglomeration, and agglomeration is the subgame perfect equilibrium. When firms
agglomerate the product differentiation produces relatively high prices and relatively
large profits. When they separate it is as if the goods become perfect substitutes,
lowering prices and profits, analogous to Section 3 but not as extreme, as usual with
Cournot versus Bertrand. The behaviour of consumer utility is also completely
analogous to the Bertrand case: if r is large enough consumers would prefer

geographical separation of the firms. Thisindicates that there is a qualitatively similar
Cournot argument to the earlier Bertrand, and so the earlier arguments are not an
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artefact due to the Bertrand specification. The Cournot agglomeration is quite
different from that of Dudey (1990), however, who essentially interchanges our stages
2 and 3. In that case a one-firm centre will behave monopolistically to its consumers
(since they commit to the centre before quantities are chosen), so it gets no consumers
and agglomeration equilibrium is again the result. Separation is then not an
equilibrium since consumers expect small centres to be less competitive and do not

use them.

8. CONCLUSIONS

The paper has shown how geographical separation of product differentiated
oligopolists across two market-places can lead to fierce price competition, analogous
to that of homogeneous product Bertrand models, whereas agglomeration of the
oligopolists in one market-place allows the product differentiation to produce a more
profitable outcome. This happens if consumers are relatively homogenous in their
costs of accessing market-places and the differentiated goods are reasonably good
substitutes so that consumers buy at only one market-place when firms are separated.
And when it does happen firms will choose to agglomerate in one market-place (type
A agglomeration), although consumers may indeed prefer the fiercer competition and
lower prices of two active competing market-places.

The type A agglomerative forces reverse those of the textbook Hotelling model, a
reversal due jointly to the consumer homogeneity and tastes for variety (product
differentiation), and to the “outside” firm locations. In the type A equilibrium, firms
choose to co-locate geographically with given, different product lines and with, in
particular, consumer homogeneity, whereas in Klemperer (1992), firms choose the
same product line given separate geographical locations and with now appropriate
consumer heterogeneity.

Our main model has price competition, fully informed consumers and the out-of-town
shopping example. However the main ideas emerge also with quantity competition,
producing a Cournot agglomeration argument quite different from Dudey (1990), and
with consumer search, producing an alternative argument for financial centre
agglomeration to Gehrig (1998). In genera terms the paper shows how competition
between markets can be much more severe than competition within markets.
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FOOTNOTES
1. Tirole (1989) provides an excellent textbook exposition.

2. The Stahl references are explicitly focussed on location of shops and provide
our main model of consumer behaviour, but not all provide full evaluations of
location-price equilibria; Stahl (1982) assumes fixed prices, for instance.

3. Alternatively consumers have a Cobb-Douglas function over various CES sub-
utility functions, one of which is defined over the set of goods N. y is then the
(constant) budget share allocated to N.

4. Qualitatively this makes no difference.

5. In the terminology of Gabszewicz and Thisse (1986, see also 1992) the model
isan “outside” location model - firms can locate only outside the given
residential district. Our focus is completely different from their vertical
differentiation analysis, where both firms are outside but on the same side of
the consumer locations.

6. The graphs of V, (piecewise linear) and v, (linear) againgt h show that V, > v,
1-_p
foral h1 [0,1] if and only if either (8) V, >v,* and r (2- r )*2 ® ¢t >p,"
1-r
or (b) V,s >V, and r(2- p) 2" ¢ t< P, . Substitution of formulae for
V,v*and p, from Propositions 7 and 8 shows that (a) isimpossible and (b)
becomes the inequality claimed in the text.

7. In fact (details omitted) for given r T (0,1) and positive sufficiently small e,

él 1

agglomeration of the firms at any point of & e,§+eHis atypeB

equilibrium.

29



APPENDIX

Proof of Lemma 1

(@, (c) Using (2.1), (2.3) and the definitions of P,Q,C, f and wop, the inequality

N,y <N, becomes,

P/Q < f(r , won) (i)
Similarly n,, <n,, becomes,
f(r, win)* < PIQ (i1)

If f(r , wap) < f(r , Won) then clearly there are no prices at which h buys from both
centres, and in this case comparing n,, axdn,, revedsthat h buys from asingle

centre as claimed.

After some rearrangement, the sign of f(r , wan) ™' —f(r, won) is, fordl r 1 (0, 1) and

(Won, W) T (1, ¥)?, the same asthat of G(r , Won, Win) = WO'? + w]jTl -1L. NowG®
lasr ® 0,G® -lasr ® land 1G/qr <0. Sofor each (won, Win) T (1, ¥)? there
isauniquevalueforr T (0, 1) where G = 0, thus defining afunction g : (1, ¥)*®

(0, 1) where g (Won, Win) - r hasthesign of f(r, win)™> —f(r , Wen), completing the proof
of (c). In particular, if r > g(Won, W) then f(r , wap) < f(r , Wepn), which also

compl etes the proof of (a).

(b)  With g asdefined aboveand r < g(won, wan), it follows that f(r , win)* >f(r
Wan). Reversing (i) and (i) above it also follows that n o, >max n,,,n,, ) if P/QT
(f(r , won), f(r , wan)™) which is nonempty sincer < g(Won, Win); at such price indices
the uniquely optimal consumer demands are thus given by (2.3). If P/Q < f(r , won)
(resp., PIQ > f(r , win) ) it is easy to check that n, >max (1,,,n,y, )

(resp.,n, >max (ny, Ny )), SO the uniquely optimal demands are those of (2.1)

(resp., (2.2)), with the borderline indifference claimed.
(d) With the definition of g above, r = g(w, w) if and only if f(r, w) = f(r, w)?, or

r

wh" =2 whichisequivaenttor = /n2//n(2w). n
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Proof of Lemma 3

We change variablesto x =r (1-r )* which defines an increasing function mapping (0,
1) onto (0, ¥). (3.3) isthen equivaent to (A1) which is equivaent to (A2):

1

xHw - x(2+x- wt)e1 (A1)

f (xw)=sn(w* - 1)+ x/n(2+x- wt)- xtnx£0 (A2)
Asw® 1Lf ® - ¥ ;asw® ¥,f ® +¥;ds0 f /fw>0 everywhere. So for each
x1 (0, ¥) thereisaunique w such that j (x, w) = 0, defining afunction w: (0, ¥) ®
(1, ¥) wherew = w(x) iff f (x, w) = 0. Moreover we show in LemmaA.1 below that
Tf /9x >0everywhere, so W (x) <0everywhere and w £ w(X) is equivalent to (A2)
(or (A1), or (3.3)). Theinverse of w(x) definesthe function h: (1, ¥)® (0, 1) where
h(w) =w*(w) /[L+w*(w)|, and so h'(w) <0 everywhereand r £ h(w) iff (3.3)
holds. For the claimed boundary behaviour of h to hold we must show:

@  limw(x)=1 ; thisislemmaA.2 below
(b)  lim w(x)=+¥; thisislemma A.3 below.

Proof of lemmaA.l

E:anw+£n€%+x- 19 % nx-1
x w-1 e Wg 5. 1
w
At the lower limitw =1, A =gn8éﬂ9+i- 1>0 foral x>0snce /nu +1
X e X g 1+x u
has a global lower bound value of 1 attained at u = 1.
e +x-—_> U
19 _9&, STTUUT 1 X
b dve g X g W o2ex- 2 W o 10
g %4 w e wWg
where the first term is clearly positive and the second and third terms become
.- 2 ..
W'2832+X- 19 8% 19>0 aso. It follows that E>0 everywhere. [
e Wg e Wg ix

Proof of lemmaA.2  (W(x)® lasx ® ¥)
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Since w is decreasing it suffices to show that vv(x) cannot converge to any
Wi (L ¥)asx® ¥. Let (x,,w,).., beasequence where w, = w (x,) for al n,

x,® ¥ andw, ® Wi (1,¥). Reverting to the (A1) border definition of the function
w, for al n;

gw ) - 1%, +§2 V: we - 1) =0 (A2)
u n

1

But (see lemma A.4 below), (Wf - 1)Z ® wasn® ¥, contradicting (A2) for n large
enough. [ |

Proof of lemmaA.3 (W(x)® ¥ asx® 0)

Again it suffices to show that W(x) cannot converge to any Wi (1, ¥)asx ® ¥.

Define the sequence (xn,wn )::1 asin the proof of lemmaA.2. The (A1) border
requirement is equivaently, for al n;

(w - 2 gﬂ 12 1=0 (A3)
Xn 4]

1

1
But now (see lemmaA.5 below), both (w:" - 1)Z and x;! (wrfn -1 ® Oasn® ¥,
contradicting (A3) for n large enough. [ |

) )
Proof of lemmaA.4 gfw;n - 1n @ Wif w,® Wi (1, ¥)and x, ® ¥ 2
(4]

Note (wp - % =w, {1 w o and en fL- wi o =Xi£n(1- W )® 0asn® ¥.

1 1 "
So (1- W J» ® 1 and (wr - o ® W, asn® ¥. .

1
Proof of lemmaA.5 (forany k3 0, x (er" - 1)Z ® Oasw, ® Wi (1,¥) and
X, ® 0)

It sufficesto show that,as n® ¥, - kinx, + 1 En(w,f“ - 1)® - ¥. Now consider the
X

function of x,, w* (for fixed w, T (1, ¥)) at the 2 points x, and 0; the Slope of the
chord joining the two corresponding points on the graph must equal the derivative at
some intermediate pointgx, where g =q(x, )T (0,1). Thatis, w* - 1= x_./nw, Wi
Hence;
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- kenx, +Xnifn(w:n -1)=-knx, +Xizn(xn nw, )+ n(w? ) (Ad)

The last term on the right of (A4) belongsto [0, nw, | ® [0, inW] asn® ¥,andis

bounded. Writing r;* =x_/nw,,sor, ® ¥ as n® ¥, thefirs 2 terms on the right
of (A4) are

ken(r, enw,)- (r, tnw, )enr, =ken(enw, )+ (k- r enw, )inr, ® -¥ asn® ¥,as
required. [ |
It remains to show that h(w) < g(w) for al w> 1. r 3 g(w) isequivalent (using

1
Lemma1(d)) tow*? 2. Butif w*s 2, (w*- 1)x 2 1, and
X2+ x- wt)>1(since w>1), s0 (A1) is violated and r > h(w). This ensures g(w)
> h(w) as required. [ |

Proofs of (7.4) and (7.5) If q = c the price p which makes ECo =EC; in(7.1) is

p= ml/n - 1/n,)/4+c. Nofirm at centre O wants to raise price as the whole market
then goesto 1. No firm d at O wants to lower price provided fp,/fp, 2 Oat pa=p;

1/ny+ p/m+c/m- 2p,/m at pg = pif and only if 5ny 3 no.

Thus when n,/n £5,0r n,/n£5/6, the above price p, with g = ¢, is a Nash

equilibrium. The formula for profits (since each firm at centre 0 sells 1/ny units) and
consumer costs (substituting into (7.1)) follow, completing the proof of (7.4). When

n,/n>5/6 the claimed prices and profits at centre O are as if centre 1 was absent.
With these pricesEC, =it +5m/4n, +c. With q= ¢, EC =1t+c+m/4n and

EC; > ECy, so firms at centre 1 cannot do better than q = ¢ and zero profits. Thus
(7.5) follows. [ |
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