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Abstract

This paper presents a limiting distribution theory for GMM and Indirect Inference estimators when
first-order identification fails but the parameters are second-order identified. These limit distri-
butions are shown to be non-standard, but we show that they can be easily simulated, making it
possible to perform inference about the parameters in this setting. We illustrate our results in the
context of a dynamic panel data model in which the parameter of interest is identified locally at
second order by non-linear moment restrictions but not at first order at a particular point in the
parameter space. Our simulation results indicate that our theory leads to reliable inferences in
moderate to large samples in the neighbourhood of this point of first-order identification failure. In
contrast, inferences based on standard asymptotic theory (derived under the assumption of first-
order local identification) are very misleading in the neighbourhood of the point of first-order local
identification failure.

Keywords: Moment-based estimation, First-order identification failure, Minimum-chi squared esti-
mation, Simulation-based estimation



1 Introduction

Generalized Method of Moments (GMM) was introduced by Lars Hansen in a paper published
in Econometrica in 1982. Since then this article has come to be recognized as one of the most
influential papers in econometrics.! One aspect of this influence is that applications of GMM have
demonstrated the power of thinking in terms of moment conditions in econometric estimation.
This, in turn, can be said to have inspired the development of other moment-based approaches
in econometrics, a leading example of which is Indirect Inference (II). GMM can be applied in
wide variety of situations including those where the distribution of the data is unknown and those
where it is known but the likelihood is intractable. In the latter scenario, it was realized in the
late 1980’s and early 1990’s that simulation-based methods provide an alternative - and often more
efficient way - to estimate the model parameters than GMM. A number of methods were proposed:
Method of Simulated Moments (McFadden, 1989), Simulated Method of Moments (SMM, Duffie
and Singleton, 1993), Indirect Inference (II, Gourieroux, Monfort, and Renault, 1993, Smith, 1990,
1993)? and Efficient Method of Moments (EMM, Gallant and Tauchen, 1996). While SMM and
EMM have their distinctive elements, both can be viewed as examples of II as they have the
“indirect” feature of estimating parameters of the model of interest by matching moments from a
different - and often misspecified - model.

The standard first-order inference frameworks for Generalized Method of Moments (GMM) and
Indirect Inference (II) rest crucially on the assumption of first-order local identification that is, a
certain derivative matrix has full rank when evaluated at the true parameter value. However, it
has been realized that in a number of situations first-order identification either fails or is close to
failing with the result that inferences based on the standard framework are misleading. To date,
this concern and its consequences have largely been explored in the context of GMM, but recently
concerns about identification have been raised in dynamic stochastic general equilibrium (DSGE)
models to which GMM and II have been applied.?

Within the GMM framework, these concerns about the consequences of identification have
mostly arisen in the special case of Generalized Instrumental Variables (GIV) estimation (Hansen
and Singleton, 1982) in which the moment condition derives form the orthogonality of a function
ut(#), involving the parameter vector 6, to a vector of instruments, z;. In this case, the condition
for first-order local identification is that du.(0)/00 (evaluated at the true parameter value, )
has a sufficiently strong relationship to z; in the population. However, if this threshold is only
marginally satisfied then the standard first-order asymptotic theory can provide a very poor ap-
proximation to the finite sample behaviour of various GMM-based statistics. To help derive more
accurate approximations, Staiger and Stock (1997) introduced the concept of weak identification.
Statistical analyses demonstrated that key statistics behave very differently under weak identifica-
tion than under the standard first-order asymptotic framework with its assumption of first-order
local identification.* For example, Dufour (1997) demonstrated that the potential presence of weak
identification renders the conventional “estimator plus/minus a multiple of the standard error”
confidence interval invalid. In response, the focus shifted to developing inference techniques that

1For example, see The Royal Swedish Academy of Sciences (2013), p.24.

2Smith (1993) refers to the method as “simulated quasi-maximum likelihood” and his analysis covers a more
restrictive setting than that of Gourieroux, Monfort, and Renault (1993).

3 Applications of GMM/II to DSGE include Christiano, Eichenbaum, and Evans (2005), Coenen, Levin, and
Christoffel (2007), Dupaigne, Féve, and Matheron (2007), Ruge-Murcia (2007), Le and et al (2011).

4For example, Staiger and Stock (1997) and Stock and Wright (2000) derive the properties of various estimators
such as GMM in linear and nonlinear models respectively.



are valid irrespective of the quality of the identification, such as Kleibergen’s (2005) K-statistic.
For our purposes here, it is not necessary to summarize subsequent developments within the weak
identification framework; it suffices to note that weak identification involves a situation in which
both first-order local identification and global identification fail (in the limit).?

Canova and Sala (2009) argue that, at their time of writing, the quality of the identification
in DSGE models was often neglected, and also that there are grounds for suspecting identification
may fail in certain cases of interest. Iskrev (2010), Komunjer and Ng (2011) and Qu and Tkachenko
(2012) derive conditions for first-order local identification using alternative representations of the
model. In this context, the responses to potential identification failure have been twofold. The first
approach is the same as in the GMM literature and is based on developing inference techniques
that are robust to weak identification, for example see Dufour, Khalaf, and Kichian (2013) and
Qu (2014). The second approach views the source of identification failure as deriving from the
method used to solve the DSGE for the path of the variables. DSGE models are typically highly
nonlinear, and so as a result practitioners have resorted to using approximations in solving the
models. For the most part, first-order approximations have been used but Mutschler (2015) has
recently demonstrated that these may be the source of identification failures, finding that the use
of second-order approximations restores first-order local identification in some cases.

As is evident from the above discussion, the focus of the above analyses is on first-order local
identification - understandably, as this condition is crucial for the standard first-order asymptotic
framework. In linear models, first-order local and global identification are the same, but in non-
linear models, they are not: local identification can fail at first order but hold at a higher order.
Furthermore, in such cases, it is possible to develop a framework for inference based on large sample
arguments. For the case where local identification holds at second but not first order, Sargan (1983)
and Rotnitzky, Cox, Bottai, and Robins (2000) develop a limiting distribution theory for estimators
obtained respectively by IV in a nonlinear in parameters model and Maximum Likelihood (ML).
Dovonon and Renault (2009, 2013) derive the limiting distribution of the GMM overidentifying
restrictions test statistic. This pattern of identification has been shown to arise in a number of
situations in statistics and econometrics such as: ML for skew-normal distributions, e.g. Azzalini
(2005); ML for binary response models based on skew-normal distributions, Stingo, Stanghellini,
and Capobianco (2011); ML for missing not at random (MNAR) models, e.g. Jansen and et al
(2006); GMM estimation of conditional heteroscedastic factor models, Dovonon and Renault (2009,
2013); GMM estimation of panel data models using second moments, Madsen (2009); ML estimation
of panel data models, Kruiniger (2014).

In this paper, we consider the case where local identification fails at first order but holds at
second order. Although this situation has been recognized to arise in models of interest, there are
no general results available on either GMM or II estimators in this case. In this paper, we fill this
gap. We present the limiting distribution of (i) the GMM estimator; (ii) the II estimator in cases
where the auxiliary model is second-order but not first-order identified. These limit distributions are
shown to be non-standard but easily simulated, making it possible to perform inference about the
parameters in this setting. Our results for GMM cover all the cases cited in the previous paragraph,
and our results for II cover cases in which any of the models cited in the previous paragraph are used
as auxiliary models.® We conjecture our results may also be relevant to estimation of certain DSGE

5Subsequent developments include the introduction of asymptotics based on either nearly-weak identification or
many moments; for a recent review of this literature see Hall (2015).

6Gourieroux, Phillips, and Yu (2010) suggest using II to bias correct ML. In this case, the auxiliary model is the
ML estimator from the sample and is based on the same distributional assumption as the the simulator.



models by GMM or II, an issue to which we return at the end of the paper. We examine the accuracy
of our distribution theory as an approximation to finite sample behaviour in a small simulation
study involving a dynamic panel data model in which the parameter of interest is identified locally
at second order by a set of non-linear moment restrictions but not at first order at a particular
point in the parameter space. Our simulation results indicate that the limiting distribution theory
derived in our paper leads to reliable GMM/II-based inferences in moderate to large samples in
the neighbourhood of this point of first-order identification failure. In contrast, inferences based
on standard asymptotic theory (derived under the assumption of first-order local identification) are
very misleading in this neighbourhood. Comparing GMM and II, we find our limiting distribution
theory provides a reasonable approximation to the behaviour of the GMM at smaller sample sizes
than it does for the II estimator, but that II exhibits smaller bias at the point of first-order local
identification failure.

An outline of the paper is as follows. Section 2 briefly reviews GMM and II estimation and
their inference frameworks under first-order local identification. Section 3 defines second-order
identification and provides two examples. Sections 4 and 5 present the limiting distribution for
GMM and IT estimators respectively. Section 6 reports the results from the simulation study, and
Section 7 offers some concluding remarks. All proofs are relegated to an Appendix.

2 Identification and the first-order asymptotics of GMM and
I1

In this section, we briefly review the basic GMM and II inference frameworks based on first-order
asymptotics, paying especial attention to the role of first-order local identification. Since both
methods can be viewed as special cases of “minimum chi-squared”, we use the latter to unify our
presentation. Therefore, we begin by defining the GMM and II estimators, and then present the
minimum chi-squared framework. To this end, we introduce the following notation. In each case
the model involves random vector X which is assumed strictly stationary with distribution P(6p)
that is indexed by a parameter vector 6y € © C RP. For some of the discussion only a subset of
the parameters may be of primary interest, and so we write § = (¢’,¢’)’ where ¢ € & C RP¢ and
1 € ¥ C RP¥. Throughout, Wr denotes a positive semi-definite matrix with the dimension defined
implicitly by the context.

GMM:

GMM is a partial information method in the sense that its implementation does not require knowl-
edge of P(-) but only a population moment condition implied by this underlying distribution. In
view of this, we suppose that ¢q is of primary interest and the model implies:”

where g(-) is a ¢ x 1 vector of continuous functions. The GMM estimator of ¢y based on (1) is
defined as:

baun = argminges QFMM (¢), (2)

It py = 0 then ¢ = 8 and our presentation covers the case when the entire parameter vector is being estimated.




where
T

T
GMM(G) = T glan, o) WrT ™D gle, 9), (3)

t=1

and {x;}I | represents the sample observations on X.

As evident from the above, GMM estimation is based on the information that the population
moment E[g(X, ¢)] is zero when evaluated at ¢ = ¢g. The form of this moment condition depends
on the application: in economic models that fit within the framework of discrete dynamic program-
ming models then the moment condition often takes the form of Euler equation times a vector of
instruments;® in model estimated via quasi-maximum likelihood then the moment condition is the
quasi-score.”

1I:

IT is essentially a full information method in the sense it provides a method of estimation of 6y given
knowledge of P(-). Within II, there are two models: the “simulator” which represents the model of
interest - X ~ P(#) in our notation - and an “auxiliary model” that is introduced solely as the basis
for estimation of the parameters of the simulator. Although 6y is unknown, data can be simulated
from the simulator for any given 6. To implement II, this simulation needs to be performed a
number of times, s say, and we denote these simulated series by {xtl)(ﬁ)}thl fori=1,2,...s. The
auxiliary model is estimated from the data; let hy = h ({z;}{_,) be some feature of this model,

and hg)(ﬁ) =h ({xgl)(ﬁ) thl). Assume dim(hr) = £ > p. The II estimator of 6 is:'®

éU = argminQITI(H), (4)

where
S

!/
1 i 1 - [
7o) = lhT - ;Zh%ko)] Wr lhT - ;Zhwm] . (5)

i=1 i=1
To characterize the population analog of the information being exploited here, we assume that

hr 5 hy, for some constant h.. Noting that there exists a mapping from 6y to h(-) through
x¢(0y), we can write h, = b(fy) for some b( - ), known as the binding function. Then, as Gourieroux,
Monfort, and Renault (1993) observe, IT exploits the information that k(h.,0) = h. — b(6p) =0 -
in essence that, at the true parameter value, the simulator encompasses the auxiliary model.

The choice of h(-) varies, in practice, and depends on the setting. Examples include: raw data
moments, such as the first two moments of macroeconomic or asset series, e.g. see Heaton (1995);
the estimator or score vector from an auxiliary model that is in some way closely related to the
simulator,!! e.g. Gallant and Tauchen (1996), Garcia, Renault, and Veredas (2011); estimated
moments or parameters from the auxiliary model, such as in DSGE models, e.g. see the references
in footnote 3.

8For example, the consumption based asset pricing model in the seminal article by Hansen and Singleton (1982).

9For example, see Hamilton (1994)[p.428-9].

10We note that IT as defined in (4)-(5) is one version of the estimator. An alternative version involves simulating
a single series of length ST'. For scenarios involving optimization in the auxiliary model, this second approach has
the advantage of requiring only one optimization. The first-order asymptotic properties of the II estimator are the
same either way; see Gourieroux, Monfort, and Renault (1993).

HFor the first-order asymptotic equivalence of these two approaches, see Gourieroux, Monfort, and Renault (1993).



Minimum chi-squared:

As is apparent from the above definitions, both GMM and II estimation involve minimizing a
quadratic form in the sample analogs to the population information about 6y on which they are
based namely, E[g(X, ¢o)] = 0 for GMM and k(h., 6p) = 0 for II. As such they can both be viewed
as fitting within the class of minimum chi-squared. This common structure explains many of the
parallels in their first-order asymptotic structure, and is also useful for highlighting the role of
various identification conditions in the analyses.

Minimum chi-squared estimation is first introduced by Neyman and Pearson (1928) in the
context of a specific model, but their insight is applied in more general models by Neyman (1949),
Barankin and Gurland (1951) and Ferguson (1958). Suppose again that ¢q is of primary interest,
recalling that p,, = 0 implies ¢ = 0, and let M7 (¢) be a n x 1 vector, where n > pg, satisfying

Assumption 1. my(¢g) 4, N(0, Vi), where V,,,, a positive definite matriz of finite constants.

As a result, mp(o)'Virlmr(do) <> x2, and this structure explains the designation of the
following estimator as a minimum chi-squared:

argmingee mr(9)' Vi (¢), (6)

where V,, LN Vin.
However, for our purposes here, it is convenient to begin with the more general definition of
minimum chi-squared estimator:'2

buc = argminges Qr (), (7)

where
Qr(p) = mr(¢) Wrme(s), (8)

and mp(¢) = T~ ?mp (o).
To consider the first-order asymptotic properties of minimum chi-squared estimators, we intro-
duce a number of high level assumptions.

Assumption 2. (i) Wy 2 W, a positive definite matriz of constants; (ii) Qr(¢) = Q(¢) =
m(e) Wm(e) uniformly in ¢; (iii) Q(¢o) < Q(p) Vo # ¢o, ¢ € D.

Assumption 2(iii) serves as a global identification condition. These conditions are sufficient to
establish consistency; for example see Newey and McFadden (1994).

Proposition 1. If Assumption 2 holds then QBMC 2, 0.

The first-order conditions of the minimization in (8) are:

Mr(dmc) Wrme(due) = 0, 9)

where Mp(¢) = Omp(¢)/0¢’, a matrix commonly referred to as the Jacobian in this context.
These conditions are the source for the standard first-order asymptotic distribution theory of the
estimator, but the latter requires the Jacobian to satisfy certain restrictions. To present these
conditions, define N, = {¢; ||¢ — o]l < €}.

12See Ferguson (1958).




Assumption 3. (i) Mr(¢) 2 M(¢) uniformly in N; (ii) M () is continuous on N¢; (iii) M (¢o)
is rank pg.

Assumption 3(iii) is the condition for first-order local identification. It is sufficient but not
necessary for local identification of y on N, but it is necessary for the development of the standard
first-order asymptotic theory. Under Assumptions 1-3, the Mean Value Theorem applied to (9)
yields:

TY2(Gare — do) = —{M (o) WM (¢0)} ™" M (o) Winr(do),

where ~ denotes equality up to terms of 0, (1), from which the first-order asymptotic distribution
follows.

Proposition 2. If Assumptions 1-3 hold then:

TV ($rre — do0) % N(0, Vs),

where

Vo = [M(do)' WM (¢o)] " M (o) WV WM (¢50) [M (b)) WM (cbo)] "

As apparent, V,; depends on W. The choice of W that minimizes V,, is W = V-1 which

m

yields: Vi = {M(¢o)'V,,* M (o)} ~*.'3 This efficiency bound can be achieved in practice by setting

Wr = \A/,,; ! where V,, L Vin to produce the version of the estimator in (6).

Identification:
Hansen (1982) provides general conditions under which the first-order asymptotic framework above

goes through for GMM with
T

mr(6) =T glar, ).

t=1

Gourieroux, Monfort, and Renault (1993) prove the same results for II with!*

_ Ly 0
mr(0) = hr - - ;hT ().
We now turn to the nature and role of the identification conditions in the above analysis.!?
Global identification is crucial for consistency. Given Assumption 2(i), the global identification
condition for GMM can be equivalently stated as E[g(X, 6)] = 0 has a unique solution at 6 = 6p;
likewise for II, the global identification condition is that k(h.,d) = 0 has a unique solution at
0 = 0p. However, global identification is not sufficient for the asymptotic distribution theory in
Proposition 2. For the latter, first-order local identification is needed: for GMM, the condition that
E[0g(X, ¢)/0¢|s=¢,] is full column rank; for II, that E[0h7(0)/00'|¢=g,] is full column rank.

13This result can be established via linear algebraic arguments in Hansen (1982)[Theorem 3.2].

141n spite of the similarities of the two methods, the asymptotic properties of IT cannot be deduced directly from the
corresponding GMM analysis because the simulation-based implementation takes II outside the GMM framework;
see inter alia Duffie and Singleton (1993) or Ghysels and Guay (2003, 2004).

15The minimum chi-squared structure can also be used to explain other common features of GMM and II, see
Dovonon and Hall (2015).



In linear models, global and first-order local identification are equivalent. However in nonlinear
models, global identification is possible without first-order local identification because local identi-
fication can be ensured by higher order derivatives of m(¢). Under such a scenario, the parameters
can be consistently estimated but the standard first-order asymptotic framework described above
is not valid. For the rest of this paper, we focus on the case in which the parameters are glob-
ally identified but local identification is only second-order. In the next section, we formally define
second-order local identification and provide two examples of econometric models in which it oc-
curs; Sections 4 and 5 characterize the limiting behaviour of GMM and II estimators within this
framework.

3 Second-order local identification

For our analysis of GMM and II, we adopt the definition of second-order local identification originally
introduced by Dovonon and Renault (2009). To present this definition, we introduce the following
notations:

Let m(¢) = E(g(X, ¢)) and

MP (o) = E

0?gi(X, ¢>’ ]
-LASER ) . k=1,2...,q
9¢d¢’ P=¢o

where gx(X, ¢) is the k*" element of g(X, ¢) and g(-) is defined in (1). Second-order local identifi-
cation is defined as follows.

Definition 1. The moment condition m(¢) = 0 locally identifies ¢po € © up to the second order if:
(a) m(¢o) = 0.

(b) For all w in the range of M(¢o) and all v in the null space of M (¢o), we have:

(M(¢0)u n (U’M,§2>(¢0)v) - o) = (u=v=0).

1<k<q

This condition is derived using a second order expansion of m(¢$) around m(¢g) and can be
motivated as follows. For any non-zero ¢ — ¢y € N, we have ¢ — ¢y = cru + cov where ¢y, co are
constants such that ¢; # 0 and/or ¢ # 0.1 For those directions for which ¢; is non-zero then
the first order term is non-zero and dominates, and for those directions in which ¢; = 0, then the
second order term is non-zero. Thus, without requiring that the Jacobian matrix M (¢g) to have
full rank, conditions (a) and (b) in Definition 1 guarantee local identification in the sense that there
is no sequence of points {¢,} different from ¢y but converging to ¢¢ such that m(¢,) = 0 for all
n. The difference between first-order local identification and second-order local identification (with
M (o) rank deficient) is how sharply m(¢) moves away from 0 in the neighborhood of ¢¢. We
now consider two examples in which local identification fails at first order but holds at second order.

16Recall the range of M (¢)’ is the orthogonal complement of the null space of M (¢yp).



Example 1. Nonstationary panel AR(1) model with individual fized effects.
Consider the standard AR(1) panel data model with individual specific effects,

yit:pyi,tfl'i_ni'i_sit; izla"'aNa t:152 (10)
Assume that the vector (yio,ni,€i1,€i2) 8 i.i.d. across i with mean 0 and that E(¢3,) = o2,
E(giseir) = 0 for s # t, s,t = 1,2, E(p}) = o7, E(y}) = 0§, E(eun) = 0, E(euyio) = 0,

t =1,2, and E(yion:) = ooy. For this example, 6 = (p, o3, 0727, ooy, 02)' . Our primary focus here is
on estimation of p and so we partition the parameter vector as follows: 6 = (p, 02)".

For |p| < 1, this model can be estimated via GMM using the moment conditions in Arellano
and Bond (1991). However as pointed out by Blundell and Bond (1998), the Arellano-Bond (AB)
moments only provide weak identification of 0 as p tends to one. Blundell and Bond (1998) propose
augmenting the AB moments with an additional set of moments to produce the so-called “System
GMM estimator”: this approach solves the weak identification problems for p less than one but is not
valid for p = 1 because the approach exploits properties of the series that only hold for |p| < 1. Quasi
Maximum Likelihood estimation of the model has been studied by Kruiniger (2013) for —1 < p < 1.

An alternative solution to the identification problems with AB moments is to base estimation
on higher moments. FExpressing the variance of yi = (Yio,¥i1,Yi2) as a function of the model
parameters, 0 can be identified by the moment condition restriction:

Eg(yi) — H(p)b2] = 0, (11)

where g(-) = [91(-),92(+)"), H(-) = [H1(-)', Ha(-)'),

yzo
N YioYa N Yi1
91(vi) ( Yiolio )a 92(vi) Yi1Yio
91'22
1 0 0 0
p 0 1 0 p? 1 2p 1
H = H =
pt (L+p)? 20°(1+p) 1+4p7

Note that Ha(p) is nonsingular for all p # 0 and we have:

02(p) = Hy ' (p)Elg2(yi)).

Using (11) involving g1(-), we can therefore consider the moment condition:

E [g1(ys) — Hi(p)(Ha(p)) ' g2(yi)] =0 (12)

for inference about p, our main parameter of interest. The tru; pamm%ter value that we consider
for the data generating process is 6* = (1,03), with 65 = (04,0,0,0%")". In the appendiz, it is
shown that (12) globally identifies p but local identification fails at first order but holds at second
order.



While the above discussion has concentrated on GMM, we note that II methods have also
been proposed for dynamic panel data models. Gourieroux, Phillips, and Yu (2010) propose an II
estimator in which the function hr is the MLE under normality. They note that the II approach
can be based on nonlinear moments and, following their suggestion, II can be applied using the
moments in (11) as the auxiliary model. In Section 6, we report simulation results that compare
GMM based on (11) with IT using (11) as the auxiliary model.

Example 2. A conditionally heteroscedastic factor model
Consider the conditionally heteroskedastic factor (CHF') model of two asset returns:

()= (2 )me ().

E[(fe,ut)'[8e-1] = 0, Var [fi[§: ] = o7y,

with

(14)
Var{(uie, u2t)'|§e—1] = Diag(Q, Q2), Cov[fi, ue|Fe—1] = 0.

In this model, f; is the latent common GARCH factor, u; is the vector of idiosyncratic shocks and
o2 | is the time varying conditional variance of f; where the conditioning set §; is an increasing
filtration containing current and past values of fi and y.. In addition to this specification, it is
assumed that v1 # 0 and v2 # 0, meaning that the two asset return processes are conditionally
heteroskedastic. Conditions for the identification of the factor structure'™ (13)-(14) can be found in
Doz and Renault (2004). The parameter vector of interest is 0 = (y1,v2, 21, Q2)’.

This model has been introduced by Diebold and Nerlove (1989) and further studied by Fiorentini,
Sentana, and Shephard (2004) and Doz and Renault (2006). Fiorentini, Sentana, and Shephard
(2004) impose additional structure on the model and propose a Kalman filter approach to estimation.
Doz and Renault (2006) propose a GMM approach based on moment conditions that identify the
parameters up to one (say, y1) that is given a ‘reasonable’ value. This partial identification is the
cost of allowing Var[(uie, u2t)'|§i—1] to be non-diagonal. Here, we consider an II estimator for
the model. The simulator is (13)-(14) and the assumption that (fi,u})" is conditionally normally
distributed.

The auziliary model is defined as:

b [( ztl,l ) {(ylt — 0y }2 — C] — 0

Elyi] = b (15)
E[ygt] = b
Elyity2e] = bs.

where z;—1 € Fi—1, (e.g lagged square returns), 6 = v1/v2, b1 = ¥3 + Q1, ba = 73 + Qo, by =
Y2, ¢ = Q1 + 62Qa, and ¢ = by + 62by — 26b3. The parameter vector in the auxiliary model,

"The conditionally heteroskedastic factor representation (13)-(14) for y: is uniquely determined if we restrict to
decompositions such that the factor has unit variance and non degenerate conditional variance with no positive lower
bound, that is: E(c?) =1, Var(c?) > 0 and P(c7 > 02) < 1 for all 2 > 0. In this case, 2 is uniquely determined
and v = (71,72)’ is identified up to the sign. Restricting 1 > 0 completes the identification of the factor structure.
We refer to Doz and Renault (2004) for a more detailed discussion on the identification of CHF models.



h = (b1, b2, b3, 8, ¢), is globally identified. In addition, the parameter 6 of the structural model can
be determined from h (enforcing v1 > 0)as follows:

/b b
915")/1:\/5173, 925")/2: 33, 935912171—5()3, 94592:b2—§.

However, as shown in the appendiz, h is not locally identified at first order but is at second order.

4 The limiting distribution of the GMM estimator

In this section, we consider the moment condition model (1) and study the asymptotic behaviour
of the GMM estimator when ¢ is second-order locally identified because the moment condition
exhibits the properties in Definition 1 but the standard local identification condition (Assumption
3(iii)) fails.'®

We study the asymptotic behaviour of the GMM estimator by restricting ourselves to the case
of one-dimension rank deficiency, i.e. rank of M (¢g) is equal to pg — 1, since this seems to be the
only case that is analytically tractable. We start by considering the case where the rank deficiency
is due to the last column of the Jacobian being null. To this end, we partition ¢ into (¢}, o—1:Pp )
where ¢1.p, 1 is the vector consisting of the first py — 1 elements of ¢ and ¢, is the p¢th element
of ¢. For ease of presentation below, we shorten the subscript and write ¢1 for ¢1.p, 1. Thus
b0 = (90,1, ®0,p,) Where ¢g,1 is a (pg — 1) x 1 vector containing the true values of ¢1.,, 1 and ¢o p,
is the true value of ¢,,. If M(¢o) has rank pg — 1 with £>—T¢(¢0> = 0, second-order identification is

equivalent to:
om 9?m
Rank | o= (d0) 7—5-(¢0) | = py-
<a¢a 942,
This is the setting studied by Sargan (1983) for the instrumental variables estimator in nonlinear
in parameters model.
2
Letting D = 37“}@50) and G = &7’”(%), we next derive the asymptotic distribution of the
1 P
GMM estimator under the following condition.

Assumption 4. (i) 6?;5—2((250) =0.

(i) Rank (D G) = pg.
We also require the following stronger assumption than Assumptions 1 and 3 in Section 2:

Assumption 5. (i) mrp(¢) has partial derivatives up to order 3 in a neighborhood N, of ¢ and
the derivatives of mr(¢p) converge in probability uniformly over N, to those of m(¢).

y mr(¢o) Z
(i) ﬁ( d5=(0) ) = ( 7y )

18Lee and Liao (2016) and Sentana (2015) propose an alternative approach using GMM estimation based on an
augmented set of moment conditions that involve both the original moments and restrictions on their derivatives.
While this approach allows the application of standard first-order asymptotic theory, the augmentation substantially
increases the number of moment conditions used in the estimation which tends to lead to a deterioration in the
quality of the first-order asymptotic theory as an approximation to finite sample behaviour; for example see Newey
and Smith (2004).
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(i) W =W = op(T~H%), G5F(éo) — D = Op(T~172),

T (90) - G:op@*l/‘z), 55785 (00) = Gip, = op(1),  and T (90) — L = op(1),
with Gip, = wa% (o) and L= g;g (¢0).

Assumption 5 is useful to derive the asymptotic distribution of the GMM estimator under the
second-order local identification setting of Assumption 4. These conditions are slightly stronger than
the standard ones. The derivation of the asymptotic distribution of the GMM estimator requires a
mean value expansion of my(¢) up to the third order and the uniform convergence guaranteed by
Assumption 5(i) is, in particular, useful to control the remainder of our expansions. Assumption
5(ii) gives the joint asymptotic distribution of my(¢g) and ggz (¢0). Under mild assumptions

on g(z,¢o) and 82—2(3:, ¢0), both having zero mean, the central limit theorem guarantees that

m
( Zo ) ~ N(0,v), with v = limp_, o, VarvT amTT(¢O)
Zn 8¢p¢ (¢0)

Assumption 5(iii) imposes the asymptotic order of magnitude of the difference between some
sample dependent quantities and their probability limits. These orders of magnitude are enough to
make these differences negligible in the expansions. It is worth mentioning that Assumption 5(iii)
is not particularly restrictive since most of the orders of magnitude imposed are guaranteed by the
central limit theorem.

In preparation for our asymptotic theory result, we define the following quantities. Let My be
the matrix of the orthogonal projection on the orthogonal complement of W'/2D:

My =1,—- WY*D(D'WD)"*D'W'/?,

where I, is the identity matrix of size g, let P, be the matrix of the orthogonal projection on
M W/2G:

—1
Py = MaW' G (G'W MW 2G) - GW M,
and let My, be the matrix of the orthogonal projection on the orthogonal complement of (Wl/ D wY 2G) :
Mg, = My — P,.
Let
R, = (Zgwlﬂpgwlﬂzoa/ - G’W1/2del/2zozg)

X W1/2MdW1/2(%L+G1p¢HG)/0G (16)

+ ZGWY2 My WY (Zy + Gap, HZy),
with og = GW2M;W'2G, and H = —(D'WD)"'D'W.

The following result gives the asymptotic distribution of the GMM estimator ¢ as defined by
(3):

Theorem 1. Under Assumptions 2, 4, and 5, we have:

11



(a) le — ¢o1 = Op(Tfl/Q) and (;3% — Pops = OP(T’1/4).
(b) If in addition, ¢¢ is interior to ®, then

\/T( A<J31—¢0,1 )i}(Hzo+HGV/2 >,
(¢P¢ - ¢07P¢)2 v

with 'V = —2% and 7 = G'WY2M W7 1(-) is the usual indicator
function.

(c¢) If in addition, Ry does not have an atom of probability at 0, then:

( Tﬁf:i)) ) nE= ( s ) ’

with B = I(Ry > 0).

The proof of this theorem is provided in Appendix. Part (a) is due to Dovonon and Renault
(2009). We however provide a proof since our conditions are slightly different from theirs. Part (b)
gives the asymptotic distribution of ((;31 — ¢0.1, ((;310 » — ®0,p,)?). This result is obtained by eliciting
the Op(T1) terms of ml.(¢)Wrme(p) which are collected into Kr(¢) as given by (47) in the
Appendix. The fact that Kr(¢p,) is a quadratic function of (¢p, — ¢o.p,)? gives an intuition of
the fact that only the asymptotic distribution of ((;310 » — $0,p,)? can be obtained from this leading
term of the expansion of the GMM objective function. The distribution of ((;Aﬁp » — $0,p,) can be
obtained from Part (b) up to the sign which cannot be deduced from this leading term but rather

is obtainable from the higher order, OP(T*5/ 4), term of the objective function’s expansion. We
actually obtain:

mlp () Wrme(¢) = KT(QBms) + (flgqu — ¢0.py ) Rar + 0p(T72/%)

showing that the minimum is reached at ((;310 » — %0,p,) having opposite sign to Ri7. See (48) in
Appendix for the expression of Rip. So long as T'Ry7, with limit distribution R;, does not vanish
asymptotically, the sign of ((;Aﬁp » —®0.p,) can be identified by this higher order term in the expression
leading to Part (c) of the theorem.

Remark 1. The continuity condition for Ry at 0 is not expected to be restrictive in general since
R, is a quadratic function of the Gaussian vector (Z(,Z}1)'. However, when ¢ =p = py =1 (one
moment restriction with one non first-order locally identified parameter), we can see that Ry = 0. In
this case, the characterization of the asymptotic distribution of T1/4((;3 — ¢o) may be problematic if
the estimating function is quadratic in ¢. Actually, T1/4((;3— ¢o) may not have a proper asymptotic
distribution, in this case whereas /T (¢ — ¢o)? does have one as given by Theorem 1(b).

Remark 2. The asymptotic distributions in Parts (b) and (c¢) of Theorem 1 are both non-standard
but easy to simulate. The source of randomness is (Z{, Z}) which is typically a Gaussian vector

mr (o)

with zero mean and asymptotic variance v = limp_,oo TVar ( dmy (¢0) which can be consis-
9y,
tently estimated by sample variance if there are no serial correlation or by heteroskedasticity and
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autocorrelation consistent procedures if there are serial correlations (see Andrews, 1991). Letting ©
be a consistent estimate of v, drawing randomly copies of (Z{,, Z})" from N(0,0) and using consis-
tent estimators of D, W, G, L and G1p, shall give reasonable approximation of copies from these
limiting distributions.

Remark 3. When the moment condition model has a single parameter that is not locally identified
at the first order but is at the second order, asymptotically correct (1 — «)-confidence interval,
1—a > 1/2, for ¢g can be obtained without simulation using the following formula deduced from
Theorem 1(b). The proof of asymptotic correctness is provided in Appendix.

4 1 2/ CWrOWr G \?
Cli—a(do) = ¢ + T4 ( G'WrG Za)

: (17)

where (;3 is the GMM estimator of ¢g, G is a consistent estimator of G, Q) a consistent estimator
of the long run variance of the estimating function, i.e. Var(Zo) and z, is the (1 — a)-quantile of
the standard normal distribution.

Assumption 4 requires that the rank deficiency occurs in a particular way as one column of the
Jacobian matrix of the moment function vanishes whereas the other columns are linearly indepen-
dent. This is only a particular form of lack of first-order identification that does not fit exactly
our second example in Section 3. However, as mentioned by Sargan (1983), up to a rotation of the
parameter space, all rank deficient problems can be brought into this configuration as we can see
below.

Let My = g—gf(%) and assume that the moment condition model (1) is such that Rank (My) =
Py — 1 without having a column that is equal to 0.

Let R be any nonsingular (pg, pg)-matrix such that MyR,,, = 0, where R, represents the last
column of R. We can write (1) in terms of the parameter vector n: ¢ = Rn and consider the model:

E (9(X, Rn)) = 0. (18)

By the chain rule, it is not hard to see that Model (18) identifies 779 = R~ ¢ with local identification
properties matching Assumption 4. More precisely, setting n = (17, 7,,)" where 1y is py — 1, we
have:

om(Rn)

My,

om(R
= MoRep, =0 and Rank (%{7)

) = Rank(MyR1) = py — 1,

no no

where R, is the sub-matrix of the first p, — 1 columns of R. We can therefore claim that the

VT (i1 —10,1)

asymptotic distribution, X, of ( .
T1/4(77;D¢ - 770,p¢)

) is obtained by Theorem 1 with D, G, L, and

G1p, replaced respectively by:

D= MBR:C=(R %@)R 'f;—(R’ AxR )
= 0fty; = .p¢8¢8¢/ 0 *ps 1§k§qa - opy‘ikilepy 1§k§q,

BPmy, )
A, = —— R, ;
k (8@8@8@(%) P ) 1<ii<pe

13



and él%, the (g, pp — 1)-matrix with its k' row equal to R/.p(b%((bo)]ﬁ-

We use the fact that ¢ — ¢y = R(n— o) to obtain the asymptotic distribution of é— ¢o. Specifi-

VTI,,-1 0
0

cally, letting By = ( T1/4

) , we obtain the asymptotic distribution of By R™(¢ — ¢y)
as that of By (7} — o).

Feasible inference is possible by replacing R by a consistent estimate R. However, because all the
components of R~ (¢ — ¢g) are not converging at the same rate, one needs to exercise some caution

in claiming the asymptotic equivalence between BrR™1(¢ — ¢o) and Br R~ (¢ — ¢p). Clearly,
BrR (¢ — ¢o) = BrR™ (6 — o) + er (19)

er = —BpR™Y(R— R)R™(¢ — ¢). But ep does not always vanish asymptotically. We distinguish
two cases:

Case 1: R— R = op (T—'/%). This is the case, for example, if R does not depend on ¢o and Ris
a smooth function of sample means of the data (and does not depend on ¢g). In such a case we
typically have R — R = Op(T~'/?). By the Cauchy-Schwarz inequality, we have:

ler|l < |1R7HITY 4R = R)IT*R™(& = o)l = Op(1)op(1)Op(1)
and this remainder is negligible so that:
BrR™' (6 - ¢0) - X. (20)

Case 2: R—R = Op(T~'/*). This is expected for example if R is a function of ¢g, i.e. R = R(¢p).
If R(-) is continuously differentiable in a neighborhood of ¢g, we can show (see Appendix) that:

er = —AVT (ip, — 10.p,)* + 0p(1), (21)

with 9R
I,,1 0 _ .
A= ( p% 0 )R 1ﬁ(¢o)R.p¢.

Hence, we have:

BrR™Y(d— o) > X — A(K,,)% (22)

To perform inference about ¢g in the current local identification set up, it is essential to estimate
a relevant reparameterization matrix R that may depend on the model parameter ¢.

In many cases, including Examples 1 and 2, it is possible, by examining the population Jacobian
matrix at the true value, to figure out that it is of rank py, — 1 at ¢g because a non-zero vector
Ry, (¢o) is found in its null space. At most, R, (¢o) is a moment function depending on ¢q that
can be consistently estimated by sample moments evaluated at (;3 providing, therefore, a consistent
estimator Rp N ((;3) This vector can be completed by the first py — 1 elements of the canonical basis

of RP¢ that do not linearly determine R, s (¢) to obtain an estimate R(¢) of the full reparameter-
ization matrix R(¢o). Examples 1 and 2 are further studied below to determine their respective
reparameterization matrices.

14



In other cases, one may rely on testing to determine whether the rank of the Jacobian matrix
at ¢o is pg — 1. The rank test of Wright (2003) can serve this purpose. In this case, the estimation
of an element of the null space of the Jacobian is a bit more involved. Assuming that the first
39(6)((;;/%)

Py — 1 columns of F ( are linearly independent. Then, in a similar spirit as the augmented

regression of Arellano, Hansen, and Sentana (2012), we can find an element R, in its null space
such that R, = (r/, —1) € RP¢~! x R, with r defined by:
X X
E (ag( ’/(bO)T _ ag( 7¢0)> —0.
09} Iop,

Letting I'1 (¢9) = E (%&f“)) , and Iy, (¢o) =FE (W) , we have: r = r(¢o) with
o

r(¢) = (T1(0)T1(6) ' T1() Ty, (¢)-

Hence, r can be estimated by plug-in where ¢q is replaced by (;3 and the population means are
replaced by sample means: 7 = f‘(qg) This leads to an estimate Rp B ((;3) that can be completed
as described above to obtain an estimate R of R. If R — R = op(T~/4), then valid inference
can be carried out about ¢ using (20). This is the case in particular when the last column of
(%f,((bo)R is nil. However, one shall in general expect that B — R = Op(T~/4) and inference
shall be done using (22). In this case, a consistent estimate of A can be obtained by plug-in.

0 ep 4 ! .
Note that %(qﬁo) = (‘g—;(qﬁo) 0) . Letting ¢ be the kth component of ¢,'? T'; =T';(¢) and
Lr= %((ﬁ), for j =1,pp and k= 1,..., pg, we have:
Jr

-1 -1
3751@(@ = (I'I') {— (T} T1 4+ 0y ) (TiT1) " Talp, + T Ty, + F/1Fp¢,k} .
Returning to our examples we can see that in Example 1 of Section 3, the Jacobian matrix of
the moment function (12) is null, hence, Theorem 1 applies to the GMM estimator of this model
without a need for reparameterization. In Example 2 of the same section, the Jacobian matrix of
the auxiliary model at the true parameter value is:

0 0 0 —2(bs — 0by) ~1
0 0 0 —2(b3 - 5b2)E(2t71) —E(Zt,1>
-1 0 0 0 0
0 -1 0 0 0
0 0 -1 0 0

Recall that bg —dba = —Q9 # 0. The null space of this matrix contains Rs = (0,0, 0, —1, 2(bs— b))’
and, by completing this vector by the elements of the canonical basis of R®, we obtain a relevant
reparameterization matrix along with a consistent estimator as:

1000 0 1000 0
01 00 0 0100 0
R=|100 10 0 and R=|[00 10 0 ,
0001 -1 0001 -1
0 0 0 0 2(bs—dby) 0 0 0 0 2(bs—0dby)

19This involves a slight abuse of notation: in the formula for T}, Or/0¢y, ¢1 denotes the first element of ¢ and
not ¢1:p¢,1 as above.
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respectively. The asymptotic distribution for the auxiliary estimator is given by (22) which can be
used to build inference about the indirect inference estimator along with Theorem 2 in the next
section.

We now describe how the above results can be used to perform inference about the parameters.
Our discussion focuses on Case 1 above but the methods can also be applied in settings covered by
Case 2. Suppose first it is desired to construct a confidence set for ¢g. From (20), it follows via the
Continuous Mapping Theorem that

limr—oe P (|1 BrR 6 = 0)|2 < c1-a) ) = 1-a (23)
where ¢(1 — a) is the 100(1 — )" percentile of ||X||2. Thus,

{6, IBrR™Y(6 — ¢0)|? < c1-a}

represents a 100(1 — a)% confidence set for ¢o. To derive a confidence interval for the ;" element
of ¢o, do,;, 2° we re-write (20) as

b—¢do & RBI'X. (24)
A confidence interval for ¢y ; can be built using simulation of X as follows: Simulate X to obtain the
simulated distribution of [RB; 1§§] j- To construct an equal-tailed confidence interval, calculate the
cj(a/2) and cj(1—a/2), respectively the 100(c/2)!" and 100(1 —/2)" percentiles of the simulated
distribution of [RB; 'X];. A 100(1 — @)% confidence interval is:

{¢j, cj(a/2) < ¢; < c;j(1—a/2)}.

The results in Theorem 1 can also be used to test hypotheses of the form Hy : f(¢o) = 0 versus
Hi : f(éo) # 0 where f(-) is a K x 1 vector of two times continuously differentiable functions. In
the appendix, it is shown that:

Pfe o n

] of <¢>R.p¢§g§¢) __=neD. o)
1<k<

a a1 L1
1(6) = f(do) % 875,(¢>)RBT1X—5\/_T<R.%W

Quantiles of VT((JB, X) can be simulated from copies of X. Note that if f is a linear function then
the asymptotic then
of

)= o

PR

Vi (o, (9)RBF'X.

5 The limiting distribution of the II estimator

In this section, we derive the asymptotic distribution of the indirect inference estimator as defined
by (4) and (5) when the auxiliary model is given by moment conditions that are first-order locally
under-identified.

Let us consider the auxiliary model to be the following moment condition:

Elg(z, h)] =0, (26)

20This involves a slight abuse of notation as here ¢0,1 denotes the first element of ¢p,1 and not the (py — 1 x 1)
sub-vector of ¢g as above.
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where g(-) a ¢ x 1 vector of continuous functions and h is the £ x 1 vector of parameters. As
described in Section 2, h is estimated based on (26) using the data and simulated series providing
the sequences hp and hg)(ﬁ), i = 1,...,s that are the auxiliary features used to estimate the
parameter of interest 6 by the quadratic optimization (5).

We assume that (26) satisfies the local identification property in Assumption 5 in terms of the
parameter h and derive the asymptotic distribution of the indirect estimator 0r; in this framework.
We use Qr to denote the sequence of weighting matrices that determine the indirect estimator in (5)
and keep Wr as sequence of weighting matrices that determine hy. We assume that Qr converges
in probability to {2 that is symmetric positive definite.

Proposition 2 ensures that the indirect estimator is consistent under Assumption 2 which con-
tinues to hold even when the auxiliary model is not first-order locally identified. If 6y is interior to
O, the indirect estimator solves with probability approaching 1 the first-order condition (9):

Mr(011)' Qrmrr (017) = 0,

with myp(0) = hy — 1377, hg)(ﬁ) and Mrr(0) = aglgf/T (0). By a first-order mean value expansion
of myr around 6y, we have:

Myr(0r1)Qr (mlT(l%) + Mrr(6r) (011 — 90)) =0,

with 6r € (él 1,60) and may differ from row to row. We deduce that:

; ~ N0
b1 — 00 =Fr (e — =S 00 27
II 0 T(T S; T(O))a ( )
with

. . . 1 R
Fr=— (MIT(GH)/QTMIT(@T)) Mrr(0r1)' Qr.

The asymptotic distribution of i 1—0p depends on that of hT—§ Sy hg) (6p). Under the conditions
of Theorem 1 for the auxiliary moment condition model,

Br(hy —ho) %X, and Br(hl) — o) %X,

forall i =1,...,s with By the diagonal ¢ x ¢ matrix of rates of convergence with all its diagonal
elements equal VT except for the last one which is T/%.

Hence, assuming that hg)(ﬁo) are independent across ¢ and independent of h72!, we have:

1<~ 1<
Br (hT— gZh(T)(HO)> LY=Xo- EZX“

=1 =1

where X, X1, ...X; are independent with the same distribution as X.

The fact that the rates of convergence in the diagonal of Br are not all equal make the deter-
mination of the rate of convergence of él 1 — 6y from that of mp(6p) more complicated than in the
standard case. Pre-multiplying (27) by T%/4, we have:

TY* (071 — 00) = FroT Y *mir.e(00) + 0p(1) = FoeTY*myr.4(60) + 0p(1), (28)

21This is the case when there are no state variables so that the simulated samples are independent acrossi = 1, .. ., s.
(See Gourieroux, Monfort, and Renault, 1993).)

17



0" column of Fr and F, respectively.

where F' is the probability limit of FT and FT).g and Fyy are the
Hence: .
TY*(0;11 — o) L FurYy,

where Fyy is defined similarly to FTy.g and Y, is the £** component of Y.

This asymptotic distribution represents a p-dimensional sample dependent random vector that
converges in distribution to a random vector that has only one dimension of randomness. In
fact, T'/* appears to be the slowest rate of convergence of (él 1 — 6p) in any direction in the space.
However asymptotic inference on 6y would benefit from a further characterization of the asymptotic
distribution. We expect that some linear combinations of él 1 — By converge faster than others that
converge at the rate T'V/4.

To derive this asymptotic distribution, we will rely on a second-order expansion of mjp (él 1)
around 6y. Such higher order expansion is required by the fact that (él 1 — 6p) has the rate of con-
vergence T''/* in some directions and therefore, its quadratic function is a non-negligible component
of m IT(éI 1). We make the following assumption:

82771['1",]6(9)

Assumption 6. Arri(0) = —F55-— converges in probability uniformly over Ne to Ajx(0) =
2
Trik® fork=1,...,0.

By a second-order mean value expansion of myr(6y) around 6y, and after re-arranging, we
have:

mIT(éII)

= myr(fo) + MIT(éH)(éH — o) — % ((éll N 90)/AIT’k(éT)(éH N 00))1<k<e’

where 67 € (0o, éH) may differ from row to row. Solving this in (éH — 6p) yields:

011 — 6o = Fr (mlT(eo) - % ((911 —00) Agr(67) (11 — 90))1<k<£> ; (29)

with

~ ~ ~ 1 ~
Fr=- (MIT(9U)/QTM1T(9U)) Mir(0r1) Qr.

To characterize the directions of fast convergence of O — 0o, let S be the p X p matrix with unit and
pairwise orthogonal p-vectors as rows with the last row equal to the last column of Fr normalized
and S; be the (p — 1) x p sub-matrix of the first (p — 1) rows of S. The last remark in this section
gives how the matrix S can be determined as a continuous function of the last column of Fp.
By construction, Sy Ermyr (0o) does not depend on the slow converging component, myr ¢(6p), of
mrr(6y). We therefore have:

VTS, (én - 90)

= S FrBr (sz(t%) -3 ((911 — 00)' Arrx(07) (011 — 90))1<k<€> '

VTI,.1 0 )

By combining (28) and (30) and letting S be the probability limit of $ and B;p = ( 0 /4

we have the following result:
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Theorem 2. Assume that the indirect estimator’s program satisfies Assumptions 2, 8 and 6 with
Oy interior to ©. Assume that the auziliary model satisfies Assumptions 2, 4 and 5, and that hq is
interior to the auziliary parameter set and that the related random variable Ry as defined by (16)
has no atom of probability at 0. If the s indirect inference samples are generated independently and
the last column of F is different from 0, then:

Y 2
. . d SlF (Y— ( ;) (F./gAl,k(oo)F'e)lgkge)
BrrS (911 - 90) - ;
SpoFoEYE
where Sy is the sub-matriz of the first (p — 1) rows of S, Spe is the last row of S, Fe; is the last
column of ', Y = X¢ — %Z;l X, with X, ’s independently and identically distributed as X, and
Y is the £'" component of Y.

The proof is relegated to the Appendix. The asymptotic distribution of By S (él 1 — 8o) can be
simulated by replacing S, F' and Ay x(6y), k = 1,...,¢ by their estimates, S, F' and Ayr (0r5),
k=1,...,¢. The simulation of Y is based on that of X which is described in the previous section.

Remark 4. In the case where the rank deficiency in the auziliary model appears in a way that no
column of the Jacobian matriz is nil, we can get the asymptotic distribution of the indirect estimator
as follows. The asymptotic distribution of BTéfl(hT — ho) is derived in the previous section. Let
X denote this asymptotic distribution in either Case 1 or Case 2. From (27), we can show that:

TY* (011 — 00) = FReTY* (R myz(60))e + 0p(1),

where Reg is the last column of R and (R~ myp(00))e is the last component of R~ myp(6y). Also,
from (29), we have

. /. 1. . o
O0rr — 0y = FrR (lelT(QO) — iRil ((011 — 90)/AIT,k(9T)(911 — 90))1<k<£> .

Letting Sk be row-wise, the orthonormal basis obtained by completing the last column of FrR
according to Remark 5 below,and Sgr its probability limit, we have that:

~ Y, 2
Sra1FR (Y - %Rfl (R/QEF/AIJC(QO)FR’5)1<I€<E)
A A d - -
BrrSr (911 - 90) — g
SR,poFRoE§{E

where Y = Xo — %Z;l Xi, with Xj ’s are independent and identically distributed as X and SRr.1,
SR,pe are defined similarly to S1 and Spe in Theorem 2.

Remark 5. We now describe a procedure that can be used to determine the matriz of orthogonal
directions S from Frp.

Let w be a p-vector different from 0. Take the first p — 1 wvectors from the canonical basis
(e1,e2,...,ep) of RP, the span of which does not contain uw. Assume without loss of generality that
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these elements are eq, ea, . .., ep—1 in this order (the order of elements in the bases are important to
guarantee uniqueness of the outcome).

Consider the basis (u, e1, ez, . .., ep—1) and determine an orthonormal basis from this basis using
the Gram-Schmidt orthonormalization process. Let (4, €1, €z, . ..,€p—1) be the resulting orthonormal
basis. Take

Su)= (& & ... &1 ).

We can verify that this procedure gives a unique S and is a continuous function of w. The
continuity of this procedure allows the application of the continuous mapping theorem as we do in
the proof of Theorem 2.

In this subsection we have studied the asymptotic behaviour of the indirect estimator when the
auxiliary moment condition model is only second-order locally identified, but the indirect inference
estimation program (5) is standard in the sense that it satisfies Assumptions 1, 2 and 3. It is worth
mentioning the possibility of the indirect inference program suffering local identification issues in
its own right. This would be the case if M (6y) has rank r < p. second-order identification would
be warranted if my(6) satisfies Definition 1 at 6. If, in particular, the rank of Mj(6y) is p— 1 and
the conditions of Assumption 5 apply to m;(-) and Qp, then the asymptotic distribution of the
indirect estimator is readily available by applying Theorem 1. Note however that the investigation
of local identification properties of the indirect inference program may be difficult particularly as
my(-) and M;(-) are often obtained by simulation.

In this section, we have focussed on the case where the auxiliary model is a GMM estimator
because we believe this relevant for practitioners. Recently, Frazier and Renault (2016) have consid-
ered the more general situation in which the auxiliary model is estimated from a linear combination
of moment conditions. They show that under certain conditions choosing the linear combination
of moments in the auxiliary model implicitly associated with GMM is asymptotically inefficient for
estimation of the parameters of the simulator. However, the conditions for their analysis include
that the parameters of the auxiliary model are first order identified. The situation considered in
our paper is therefore outside their framework.

6 Monte Carlo results

This section illustrates the finite sample performance of the asymptotic results derived in this
paper through Monte Carlo simulations. We are mainly concerned with coverage probabilities
of confidence intervals (CI) based on the asymptotic distribution derived for the GMM and II
estimators in Theorems 1 and 2, respectively.

Our simulations are based on the dynamic panel data model in Example 1 in Section 3. The
simulated data are generated from ;; ~ NID(0,02),i=1,...,n,t = 1,2 independent of (1;, yio) ~
NID(0,%), with X1 = 07, X2 = 0§, and X12 = 0¢,. The autoregressive dynamic in (10) is then
used to obtain samples {y; = (yi0, ¥i1, ¥i2) : @ = 1, ..., n} for various values of p.

The parameter of interest p is estimated by 2-step GMM and II using the moment restriction in
(12). The 2-step GMM estimator p is obtained using the identity matrix as weighting matrix at the
first step and the estimated optimal weighting matrix at the second step. We obtain the indirect

inference estimator as follows. We fix the indirect inference sample parameters at 62, &,27, Gon, and
52. Then, for each p, s samples of size n: {y¥(p) :i =1,...,n} (k=1,...,s) are simulated and
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the 2-step GMM estimator of p, hi(p), is obtained for each sample k = 1,...,s. The estimated
binding function by(p) = 1 37 | hx(p) is used to determine the II estimator p'! of p:

P! = argmin|p— by(p)|”.

We follow Gourieroux, Phillips, and Yu (2010) by setting &3, 67, 605, and 62 to the set of values o3,
0727, ooy, and o2 that govern the dynamics of the original sample. We later relax this for robustness
checking. We set s = 50 throughout.

One of the main interests of the II estimator, as established by Gourieroux, Phillips, and Yu
(2010), is its ability to reduce potential finite sample bias from the original estimator. However,
if interest lies with CI’s, in the case where p = 1 and 0727 = ooy = 0, the standard asymptotic
distribution fails and inference must be based on Theorem 2.

In each of our Monte Carlo experiments, CI’s from the standard theory and that from our theory
are considered. For the GMM and as already mentioned (see Remark 3), when the moment condition
model has a single parameter that is not locally identified at the first order but rather at the second
order, the asymptotic distribution of n'/4(j— p) is a simple function of a Gaussian variable and CI's
can be derived analytically using quantiles from the standard Gaussian distribution. However, in
general, the asymptotic distribution of n'/4(5 — p) (with  being the GMM or II estimator) can be
simulated and one can consider symmetric CI's based on the quantiles of the asymptotic distribution
of n'/4(5— p) or the so-called equal-tailed CI's that use a/2-quantile and (1 — a/2)-quantile of this
asymptotic distribution. Throughout this section, only results from symmetric CI's are reported.
Equal-tailed CI’s have very similar performance and have not been reported. Simulated quantiles
are obtained from 1,000 draws from the estimated asymptotic distribution of n'/4(5 — p) where G
and W are replaced by their estimates.

Table 1 gives the results related to GMM estimation and coverage rate of CI's based on
GMM using the standard asymptotics (Cov-1) and our results (Cov-2 and Cov-3 using analytic
and simulated quantiles, respectively). We take o5 = 02 = 1 and o, = 0¢, = 0 and consider
p=10.2,0.3,0.5,0.75,0.8,0.9,0.95,0.97,0.98,1.0,1.1,1.2,1.3 and 1.5. Even though first-order local
identification issues arise at p = 1.0, this range of values for p allows us to investigate the finite
sample performance of the non-standard CI near p = 1.0, i.e. near singularity of the Jacobian
matrix of the moment function. The Euclidean norm of the simulated mean of this Jacobian, D(p)

in (31), and the second derivative matrix, G(p) in (32), are also reported as |D| and |G| respectively.

First, we observe that Cov-2 and Cov-3 have approximately the same values meaning that the
non-standard CI’s based on simulation or on quantiles from the standard normal distribution are
almost identical. Besides, for values of p ‘far’ from singularity point (p = 0.2,0.3,0.5,1.3 and 1.5),
the coverage rates of the standard CI (Cov-1), seems to converge to the nominal level 95% as n
becomes large whereas the non-standard CI substantially over-covers at those values for n large
with coverage rates larger than 99%.

However, near p = 1.0, the non-standard CI has coverage rates of about nominal 95% while the
standard CI substantially under-covers at around 82% for n = 5,000. Specifically, the standard
CI performs poorly for p ranging from 0.8 through 1.2 even in large samples. In small samples
(n = 50,100,200), except for p = 1.3 and 1.5, the non-standard CI seems to outperform the
standard one as it delivers coverage rates substantially closer to nominal. It is worth mentioning
that the smaller the Jacobian norm (|l§|), the better the non-standard CI performs.

Figure 1 reports, for n = 5, 000, histograms of the simulated GMM estimators for p = 0.3,1.0, 1.3
and also QQ-plots of these distributions against the standard normal distribution. These reveal that
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the GMM estimator has a very different distribution for p = 1, the point of first-order identification
failure than at the other two points at which p is first-order locally identified. The distribution for
p =1 is also evidently non-normal.

To explore the behaviour of the estimator in a different neighbourhood to the point of first-order
local identification failure, we fix p = 1 and set oo, = A, 0727 = |\, with A = 0,+£0.1,0.2,0.3,0.5.
These results are reported in Table 2. Qualitatively, the results are the same as in Table 1: the CI’s
based on Theorem 1 have approximately the nominal coverage level for A values close to 0, the point
of first-order local identification failure but the coverage is too high outside this neighbourhood. In
contrast, the coverage of the CI based on the standard theory is well below the nominal 95% level
in this neighbourhood: for example at n = 5,000, the coverage is between 78%, 82% and 84% for
A= —0.1,0,0.1, respectively.

Table 3 reports analogous results for II to those for Table 1 for GMM. These results indicate
that the CI's based on standard asymptotic theory are too low at and in the neighbourhood of the
point of first-order local identification failure whereas the coverage for the CI's based on Theorem
2 are closer to the nominal level although only achieve the nominal level at the largest sample size.
Comparing the GMM and II CI's based on our theory for parameter values in the neighbourhood of
the point of first-order local identification failure, it can be seen that the coverage rates for GMM
tend to be closer to the nominal level than those for II. As noted above, one reason for employing I1
is bias reduction. In Table 3 we report the simulated bias and RMSE of the two estimators. From
Table 3, it can be seen that for p < 1, our II estimator exhibits lower bias; but for p > 1 GMM
exhibits less bias.

The simulated distribution of the II estimator is displayed by Figure 2 which is the II analogue
of Figure 1. We can see that at singularity (p = 1), II is also clearly non-normal whereas as p = 0.3
or 1.3, related histograms and QQ-plots reveal a behaviour of II in line with normality.

We conclude this simulation experiments by investigating the robustness of the properties of
the II estimator. In this experiment, we assume the researcher uses (11) as the auxiliary model
but calibrates the value of f2. So for the true data generation process: p = 1, 02 = 08 = 1
and 0g, = o7 = 0; but the calibrated values of 6, are: 62 = 55 = 1, do, = X and 6, = |\,
A = 0,40.1,0.2. Note that due to the calibration, only p is estimated via II. The results are
displayed in Table 4. The CI based on Theorem 2 outperforms the standard CI for all values of A
and for all the sample sizes considered. We can also see that for n = 5,000, the coverage rates from
the non-standard CI are all close to nominal except for A = —0.1 where the coverage rate is 80.1%.
Note that this still outperforms the standard CI by about 4 percentage points. Besides, for each
sample size, we measure the stability of coverage across \’s by the mean absolute deviation (MAD)
from nominal, 95%. Thanks to this metric, we can see that the non-standard CI has a better
robustness property since its MAD varies from 13.5 (n = 200) to 3.36 (n = 5,000) and is always
smaller than that of the standard CI which lies between 10.3 and 20.5. It is also worth mentioning
that the bias reduction property expected for II is also robust to the deviations considered for the
IT samples since this estimator has a smaller bias than GMM across \’s.

7 Concluding remarks

In this paper, we provide new results on the limiting behaviour of GMM and II estimators when first-
order identification fails but the parameters are second-order identified. These limit distributions
are shown to be non-standard, but we show that they can be easily simulated, making it possible
to perform inference about the parameters in this setting. An implication of our results is that the

22



limiting distributions of GMM and II are different under first-order and second-order identification.
While first-order local identification may only fail at a point in the parameter space, our simulation
results indicate that our theory based on second-order identification provide a better approximation
to finite sample behaviour of GMM and II estimators than standard first order asymptotic theory
in a neighbourhood of the point of first-order local identification failure. Our simulation study
further reveals that the limiting distribution theory derived in our paper leads to reliable GMM /II-
based inferences in moderate to large samples in the neighbourhood of the point of first-order
identification failure. Comparing GMM and II, we find our limiting distribution theory provides a
reasonable approximation to the behaviour of the GMM at smaller sample sizes than it does for the
IT estimator, but that IT exhibits smaller bias at the point of first-order local identification failure.

The choice of limit theory then requires knowledge of the quality of the identification but this
may be difficult to assess a priori. It would be interesting to explore diagnostics for cases when local
identification fails at first order but not at second order. Such diagnostics for local identification
have recently been receiving some attention in the context of DSGE models. Iskrev (2010) and
Qu and Tkachenko (2012) develop methods for evaluating the first-order local identification based
on numerical evaluation of the Jacobian over the parameter space. An attractive feature of such
analyses is that can reveal areas of the parameter space where first-order identification fails. By
their nature, these methods focus on first-order identification. However, we conjecture that, given
the complexity of the models and the need for approximations to their solutions, parameters of
DSGE models may be second-order but not first-order locally identified in some cases of interest.
The results presented in our paper provide a basis for performing inference about the parameters
in this context. It would therefore be interesting to explore extensions of these diagnostics to look
for evidence of second-order local identification.

Alternatively, it may be of interest to explore ways to generate confidence sets based on GMM
and II estimators that are robust to first- or second- order identification. One possible approach
may be the use of bootstrap methods, building from recent work on bootstrapping the GMM
overidentification test by Dovonon and Gongalves (2014).
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A Examples from Section 3

Ezxample 1: panel data model
The moment condition in (11) can be derived using the assumptions in the text along with the
following equation, implied by (10), that holds for alli=1,...,n and t = 1,2:

t—1 t
it = p'yio + 3P+ Y p' e
s=0 s=1

It can be shown that the moment condition in (11) globally identify € if the data generating process
is such that the true parameter value 6" satisfies og, # (1 — p*)agz. Nevertheless, (11) also ensures
global identification of 6 if p* = 1 and of, = o}, = 0; that is when the AR(1) panel dynamics has
unit root and no fixed effects.

The Jacobian matrix of this moment function is:

(24 o)

As shown by Madsen (2009), see also Dovonon and Gongalves (2015), if p* = 1 and o7, = a;;z =0,
this Jacobian matrix has rank 4 < 5 at the true parameter value so that the moment condition
model (11) is first-order locally under identified. In fact, it can be seen that H(p) is of rank 4 for

any p and 61;5)1)9; = H(1) with § = (0, 02‘2, 032, —02‘2)’.
The statements about the identification of p based on (12) can be justified as follows. It can be
shown that (12) globally identifies p so long as (11) globally identifies 6 (see above). The Jacobian

matrix associated with these moment conditions is:

D(p) = — (H{) — 1 Hz }HL)) 62(p). (31)

where Hy , = Hy(p) and H,gjz = ajg—:j(p). Since 6{;—5)9; = H(1)d, we have: D(1) = 0. Some

straightforward calculations show that the second-order derivative of the moment function in (12)
is: 2 2 1 1 1
Glp) = — (H) = Hy pH; JHE)) 02(p) + 2 (H) — Hy Hy JH) ) By AHS)6(0), (32)

and G(1) # 0 in general. o

Example 2: a conditional heteroscedastic factor model
Auziliary Model: There exists § such that ( 1 -6 ) ( 11 ) = 0. Hence, y14 — 0yar = w1 — dug;.
2

We therefore have:
E [(y1e — 0y20)?[§e—1] = (= Q1 + 62Q).

Taking an instrument z;_; from §;_1 such that Cov|z_1,y3,] # 0 and E[z;_1] # 0, (e.g lagged
square returns), we have:
mO(thla Yt 57 C) = 05

with mo(z_1, 1,6, ¢) = E [( ! ) e — bye)? — c}].

Zt—1
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We can show that this model identifies globally both § and ¢. We also have:
Elyf] =+ =b, Eli]=27+Q=0b, and Elyuyie1]=m7 = bs

The auxiliary model is defined as:

mo(zt,l,yt,&;) = 0
E ylt} = b
33
E Eygt = b ( )
E[y1y2e] = bs.

The parameter vector h = (b1, ba,bs,d,¢)’ of this model is globally identified. In addition, the
parameter 6 of the structural model can be determined from h. In fact, we can use the relations:

blz"y%—FQl, bQZ”yS—FQQ, bgz"yl"yQ, 0291+52QQ, and C:b1+52b2—25b3

to obtain:

/b b
915")/1:\/5173, 925")/2: FB, 935912171—5()3, 94592:b2—§.

The auziliary model is first-order locally underidentified: The Jacobian matrix of
mo(2t—1,Yt, 0, ¢)

at the true parameter value is:

—2F [( Zil >y2t (y1e — 592t)] B ( E[lzt] ) '

At the true parameter value, y1; — 0y2r = w1 — dug. Therefore, E [yar(y1: — dyot)|§i—1] = —Qa.
(Since yoi(y1: — 0yar) = Yo fe(ure — duar) +use (w1 —dusgr).) Thus, By the law of iterated expectations,

this Jacobian matrix is:
1 1
26Q) —
( 2( Elzi1] ) ( Elzi1] ))

which is of rank 1. In total, the Jacobian matrix of the auxiliary model is

0 0 0 2609 -1
0 0 0 2592E[2t,1] —E[thl]
-1 0 0 0 0
0o -1 0 0 0
0 0 -1 0 0

which is of rank 4 instead of 5.
The auziliary model is second-order locally identified. To see this, we can check Condition (b) of
Definition 1 by focusing solely on the first equality of (33). Let ¢ = (4,¢)’. The range space of

ng’ (¢o) is determined by u = a (2092, —1)": a € R and the null space of its transpose is determined

by v =b(E(z_1),—1): b€ R. Also,

827’)1071 o
0, 5= =0

827’)1071

060c

827’)1071

852 = 2E[y§t] ’
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and
82m0,2 82771072 - 82771072

= 2E[Zt*1ygt]5 8580 = Y 802

952 = =0.

Hence,

m. 8%m
%¢P (¢o)u + (U/ 5508 v) bl
a (45293 + 1) + 202 (E[thl]f Ely3,]

a (45293 + 1) Elzi-1] + 2b%(E[2:-1]))?E[y3,2: 1]

which is equal to 0 if and only if @ = b = 0, i.e. u = v = 0; so long as Cov[y3,, z_1] # 0 and
E[thl] 7§ 0. <

B Proofs

Proof of Theorem 1 (a) We write mr(¢) = mT(QAﬁl,QAﬁ%). A first-order mean value expansion of ¢1 —

mT(¢1,q§p¢) around ¢o,1 yields:

mr($1, ép,) = mr (o1, dp,) + b1, dp,)(d1 — P01,

am
8¢/ (

where ¢; € (¢0,1,q§1) and may differ from row to row. Next, a second-order mean value expansion of
bp,, — mr (0,1, Pp,) around ¢op, that we plug back in the expression of mr(¢) yields:

mr(¢) = mr(do) + G2 Be (61, bp,) (1 — ¢01)+a¢ (60)(Bpy — P0.p,5)

é%?wmwmw% Bo.p,)°,

where ¢p, € (¢o,p, qg%) and may differ from row to row.
Since a—’”1(cz$0) Op(T~'/?) and (;3% — ¢o,p, = op(1) (from Proposition 1), we have:

mr(¢) = mr(po)+ L2 Do E (61, bp, ) (d1 — Go,1)

(34)
% (¢O 1, ¢p¢)(¢p¢ ¢0,p¢)2 + OP(Til/z)-
Let us define D = %”T/IT(&, qg%) and G = %(qﬁo’l, ¢p,, ). Pre-multiplying (34) by D'Wr, we get
e
$1—do1 = (D'WrD) ' D'Wr (mT(Qg) - mT(¢0))
(35)

—% (D/WTD)71 D/WTG(Qgp¢ — ¢0,p¢)2 —+ OP(Til/z).

The op(T~/?) term stays with the same order because D and Wy are both Op(1). Plugging this back
into (34), we get:

mr(¢) = mr(go)+D (D'WrD) ™" D'Wr (mT(QAﬁ) - mT(¢o))
FAWL P MW G (b, — Popy)? + 0p(T7H2),
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with My = I, — W}/>D (D'Wr D)~ D'W,}/>.
Hence,
my(¢)Wrmz(9)

= mip(¢o)Wrmr(do) + 1G'Wi/* MaWr/*G(dp, — do,)* (36)

+(Qgp¢ - ¢0,p¢)20P(T71/2) +Op (Tﬁl)

The orders of magnitude in (36) follow from the fact that My converges in probability to My and therefore
is Op(1) and the fact that both mr(¢o) and mr(¢) are Op(T7/?).

The latter comes from the fact that m/.(¢)Wrmz(¢) < miy(¢do)Wrma(gpo) (by definition of GMM esti-
mator). Since Wr converges in probability to W symmetric positive definite, we can claim that mT(QAﬁ) is
Op(T~'/?) as is mr(¢o). Again, by the definition of the GMM estimator, the left hand side of (36) is less
or equal to m/(po)Wrmr(po) and this gives:

LGWY2 MW GT (b, — bo.p,)" + 0p ()T (dp, — Pop,s)’
(37)
< OP(I) + \/T(ng, - ¢0,p¢)20P(1)

Thanks to Assumption 4(ii) and the fact that W is nonsingular, MdAWU 2G # 0. As a consequence,
G'WY2MW2G # 0 which is sufficient to deduce from (37) that T(¢p, — ¢0’p¢)4 = Op(1); or equiva-
lently that 7%/4 (qg% — ¢0,p,) = Op(1). We obtain ¢1 — o1 = Op(T~Y?) from (35).

(b) From (a) and (34), we have
ma(6) = mr(60) + D(61 = d01) + 3Gy, — b0, ) + 0p(T /%),

The first-order condition for interior solution is given by:

9 . .
S OWrmr(3) =0.

In the direction of ¢1, this amounts to
(' + op(WW (VTmr(0) + VI = 601) + 3GV Ty, — b0z, ) +0r(D)) 0.
This gives:
VI~ ons) = ~(DWD) " DW (VEmr(on) + J6VT(Gy, — 00, ) +or () (39
In the direction of ¢p,, the first-order condition amounts to

(G/T1/4(Qgp¢ — Gopy) + oP(l))
x W (ﬁmT(¢o) + DVT(¢1 — ¢o,1) + 3GVT (p, — dop,)° + OP(I)) =0.

The terms in the first parentheses are obtained by a first-order mean value expansion of ngl(qAﬁ) around
P

¢o and taking the limit. Plugging (38) into (39), we get:

T1/4 (ngw - ¢0,p¢ )

. 40
X (G’Wl/szW”z\/TmT(qﬁg) + 3GWP MW GVT (dy, — ¢0,p¢)2) =op(1). (40)
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Since VT'mr(¢o) and T*/* (QE% —¢o,p,) are Op (1), the pair is jointly Op(1) and by the Prohorov’s theorem,
any subsequence of them has a further subsequence that jointly converges in distribution towards, say,
(Zo,Vo). From (40), (Zo, Vo) satisfies:

Vo <Z + %G’Wl/szW”ZGVS) -

almost surely with Z = G'WY2 MW 27,. Clearly, if Z > 0, then, Vo = 0, almost surely. Conversely,
following the proof of Dovonon and Renault (2013, Proposition 3.2), we can show that if Z < 0, then
Vo # 0, almost surely, and hence V2 = —2Z/G’W1/2MdW1/2G.

G TG
of \/T(qg% — ¢0,p¢)2. Hence, that subsequence of (vTmr(¢o), \/T(qg% — ¢0,p¢)2) converges in distribution
towards (Zo, V). The fact that this limit does not depend on a specific subsequence means that the whole
sequence converges in distribution to that limit. We use (38) to conclude.

In either case, V3 = —2 (= V) and is the limit distribution of the relevant subsequence

Next, we establish (c). We recall that the result in (b) gives the asymptotic distribution of v/T(¢, 5~

¢0,p¢)2. To get the asymptotic distribution of 7T%/* (QE% — ¢0,p, ), it suffices to characterize its sign. Fol-
lowing the approach of Rotnitzky, Cox, Bottai, and Robins (2000) for MLE, we can do this by expanding
mp () Wrme($) up to op(T~%/*). Being of order Op(T™1), its Op(T~%*) terms ~actually provide the sign
of (QE% — ¢o,p,); leading to the asymptotic distribution of (VT(¢1 — ¢o1), T* (¢p¢ #0,p,))- By a mean

value expansion of mT(qAﬁ) up to the third order, we have:

= mr(do) + a¢/ (¢0)(1 — bo,1) + %%T(%)(Qg% — Gopy) + 3 a¢2 (o) (hpy — Po.p,)

m n n 3m b n —
0 8 (90) (B1 — 60.1) (B, — D00, + & T (9)(Bpy = d0,)" +Op (T,
where ¢ € (o, czg) and may differ from row to row. From Assumption 5(i), we obtain:

mr(¢) = mr(do)+ D(dr — o) + a¢ L (¢0)(hpy — Gopy) + 3G (dp, — D0,

+G1p, (G1 — $0.1) (Do, — Po.ps) + £ L(p, — Po.p,)° + 0p(T73/4).

Hence, defining Zor = mr(¢o) and Zir = %(qﬁo), it follows that:
®

mr($) = Zor + D(¢1 = po1) + Zir(dp, — Po,) + 3G (dp, — P0s,)°
(41)
+Gipy (P11 — $0.1)(Dp, — Po.p,) + s L(dpy — bop, ) + 0 (T72/%).
The first-order condition for the czAﬁ in the direction of ¢; is:
- . - / .
= G2 (OWrmr(3) = (D+ Gan, Gy, — 0p,)) Wnr(@) + op(T/%) (12)
Substituting (41) into (42), we obtain an equation of the form:
D'W Zor + D'WD(¢1 — ¢o,1) + other terms = op (T~ /%), (43)
This equation can be solved to yield:
¢1 — po1 = —(D'WD)™" (D'W Zor + other terms) + op(T~/*). (44)
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Note that “other terms” contains czgl — ¢o,1 involved in quadratic functions of czAﬁ — ¢o. Replacing in “other
terms” ¢1 — ¢o.1 by this expression and keeping only the leading terms (up to Op(T%/*)), we obtain the
following expression for ¢1 — ¢o,1:

$r— o1 = H (ZOT + (Zyr + Grp, HZor) ($p, — P0.p,) + G (p, — P0.p,)°
+ (5Gip, HG + L) (p, — 60,,)*)

+H: ((Zor + DHZo1)(bn, — b0.0,) + H(DHG + G) (@, — d0,,)°)
+op(T~3/4)

= H (ZOT + %G(Qgp(ﬁ - ¢0,p¢)2)
+ (HZir + HGhyp, HZor + Hi1Zor + HiDH Zor) (CZB% — bo,py)

—|—% (H(G1p¢HG + %) + Hi(DHG + G)) (QE% _ ¢O,p¢)3 + 0p(T73/4),

with H = —(D'WD)~'D'W and Hy = —(D'WD)~'G},,W. Hence, for a natural definition of A, By and
C1, (¢* — ¢§) has the form:

(61— ¢0.1) = A1 + Bi(dp, — dop,) + C1(dp, — dop,)” +op(T?) (45)

Using (41), we have:
mip () Wrmr (@) = mip () Wmr (@) + o (T7°/4)

= ZywWZor + (¢1 — ¢0,1) D'WD(d1 — ¢0.1) + 2G'WG(dp, — dop,)*
+2250 WD (61 = d0.1) + 2262 W Zir(bp, = bo.py) + Zor WG, — do,)°
+2Zbr WGip, (61 — 0.1) (bpy — dopy) + 2 Zbr W L(bp, — b0p,)°
+2(¢1 — ¢01)' D'W Zaz ($p, — bop,) + (61 — G0.1) D'WG (¢, — o, )
+2(¢1 — ¢0.1) D'WGp, (b1 — $0.1)(bpy — dopy) + 5(d1 — b01) D'WL(p, — bop,)°
+Zir WG (fp, — Go.p,)° + G'WGip, (b1 — ¢0.1)(dp, — o)

+%G/WL(QEP¢ - ¢0,p¢)5 + OP(T75/4)-

Replacing ¢1 — ¢o,1 by its expression from (45) into (46), the leading Op (T™1) term of m/ (@) Wrme ()
is obtained as Kr(¢p,) with

KT(¢P¢)
= ZyWZor + (Zor + 3G (¢p, — ¢0p)2)/ H'D'WDH (Zor + 5G(¢p, — ¢0,p¢)2)
+%G/WG(¢P¢ - ¢0,P¢)4 + 2Z(/)TVVZDI—I(ZOT + %G(¢P¢ - ¢0,P¢)2)

+Z(/)TWG(¢P¢ - ¢0,P¢)2 + (ZOT + %G(¢P¢ - ¢0,P¢)2)/ H/D/WG(¢P¢ - ¢0,P¢)2'
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Hence,
Kr(¢p,) = Zye W2 MW Zor + Z(/)TWI/ZMdWUZG@% — ¢0,p,)°
(47)
+3GWYEMaW G (¢, — bo.p,)*.

The next leading term in the expansion of m/(¢)Wrmr (@) is of order Op(T~%/*) and given by:

Ry = (¢p, — Po,p,) %
{2A’1D’WD31 1220 WDBy +2ZeW Zyr
225 WGy, Ay + 241 D'W Zip + 245 D'W Gy, Ay
+(Ppy — P09, (2A’1D’WDC’1 + 224 WDCh + £ Zor WL + BiD'WG
+LALD'WL + Zir WG + G'WGiy, A )
(o, — Pop,)* (CID'WG + 1G'WL) }
Rr = (¢p, — dop,)%
{2Z(’)TH’D’WDBl + 222 WDB1 + 2Ze W Zir + 2Ze W Ghp, H Zor
+2Zb H'D'W Zag + 22 H'D'W Gy, H Zor
+(bpy — d0py)° (2Z{)TH’D’WDC’1 + 225 WDC + 125 WL + BiD'WG
+1Z4r H'D'WL + Zig WG + G'WGhy, HZor + G'H'D'WDB,
+G'H'D'W Zir + Ze WGy, HG + Ziyr H'D'W Gy, HG + G’H’D’WGl%HZOT)
+(bpy — Dopy)* (O{D’WG +:G'WL+ iG'H'D'WG,,,HG + G'H'D'WDC,
+AGH D'WL+ LG WGy, HG) } = (b, — b0.,)  2Rar.

Re-arranging the terms and using the fact that MyW?/2D = 0, we have:

2Rir = 2Z4yp WP MaW'? Zyp + 2Z(/)TW1/2MdW1/2G1p¢HZ()T
+(Qgp¢ o ¢0’p¢)2 (%Z{)TWUZMdWI/ZL T+ 2L WV MW 2G
WMWY Gy H ot + Zie W2 MaW Gy HG)
+(q3p¢ _ ¢0’p¢)4 (%szl/szwl/zL + %G/WUZ ]\411‘4;1/26:1%5 HG).

We can check that the GMM estimator qu » as given by the first-order condition (40) is minimizer of
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Kr(¢p,). When T4 (qg% — $o,p,) is not op(1), this first-order condition determines

; _ SGW'VEMWE Zor

2 —1/2
(¢P¢ - ¢O’P¢) - G,Wl/gMdWl/gG + OP(T )

but not the sign of (¢, s — $0,p,)- Following the analysis of Rotnitzky, Cox, Bottai, and Robins (2000) for
the maximum likelihood estimator, the sign of qu » — ®0,p, can be determined by the remainder Rr of the

expansion of m/ (QAﬁ)WTmT(qAﬁ) At the minimum, we expect Rt to be negative; i.e. (qg% — ¢o,p,) and Rir
have opposite sign.

Hence,

1/4, 7 Brml/4) 5
T / (¢p¢ - ¢0,p¢) = (_1) T / |¢p¢ - ¢0,p¢|7

with Br = I[(TRir > 0).

Plugging the expression of (¢p, — ¢o,p ¢)2 into (48) and scaling by T, we can see, using the continuous
mapping theorem, that T'Rir converges in distribution towards R;:

Ry = ZoW'Y>MagW'*(Z1 + G1p, HZo)
T (Zgwl/ 2(My — Mag) W2 ZoG' — G'W2 MW/ Zzozg) (49)

<WY/2 MW/ 2 (%L + G1p¢HG)/aG,

with o¢ = G'WY2M,W/2G and
May = Mg — MdWUZG(G’Wl/ZMdWl/ZG)71G’W1/2Md, the matrix of the orthogonal projection on the
orthogonal of (WI/ZD Wl/zG).

We actually have that: (\/T Zor, VT Z1r, TR17) converges in distribution towards (Zo,Z1,R1). Apply-
ing Lemma 1, we have (v/T Zor, VT Z1ir, (—1)57) 4 (Zo,Z1, (—1)F), where B = I(Ry > 0).
Since (\/T(qgl — ¢0,1), T1/4|q§p¢ — D0,py |5 (—I)BT) = Op(1), any subsequence of the left hand side has

a further subsequence that converges in distribution. Using (b), such subsequence satisfies:
(ﬁ(él - ¢0,1)7 T1/4|Qgp¢ - ¢0,P¢ |7 (_I)BT) 4 (HZO + HGV/2, Nv (_I)B) :

(We keep T to index the subsequence for simplicity.)
Since the limit distribution does not depend on the subsequence, the whole sequence converges towards
that limit. By the continuous mapping theorem, we deduce that:

(VT (b1 = d0a), T4 (bp, = d0,)) = (HZo+ HGY/2,(-1)*VV).
|

Lemma 1. Let (X7)r and (Yr)r be two sequences of random wvariables and Br = I(Xr > 0). If
(X7, Yr) % (X,Y) and P(X = 0) =0, then

(—vPrvr) % (1%, Y),

with B =1(X > 0).
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Proof of Lemma 1: Using the Cramer-Wold device, it suffices to show that: for all (A1, A2) € R X R,
M(=DPT 4 A Yr S A (=1 + N\
Let = € R be a continuity point of F(z) = P(A1(=1)% + X\2Y < 2). We show that:
P (Al(—l)BT + A Yr < :c) — F(x), as T — co.
We have:

P (,\1(—1)BT +Yr < :c) = P(\Yr < — M, X1 < 0) + PO2Yr < 2+ A, Xz > 0).

To complete the proof, it suffices to show that, as T' — oo,

P()\QYTSm—)\l,XT<O)—>P()\2Y§LE—)\1,X<O) and
(50)
P()\QYT §$+)\1,XT 20) —>P()\2Y§:c—|—)\1,X > O)

since F(z) = P(AY <z — XA, X <0)+PAY <z + A, X >0).

We now establish the first condition in (50). The second one is obtained along the same lines.
Note that P(A2Yr < z — A\, X7 < 0) = P((M\2Yr,Xr) € A) with boundary of A given by: A =
((—oo,z — A1l x {0h) U ({x — A1} x (—00,0]). Since (X1, Yr) converge jointly in distribution towards (X,Y),
it suffices to show that

P((A2Y,X) € 0A) = 0.

We have:
P((AY,X) € (—oo,z — M) x {0}) < P(X =0)=0.

Besides,
P(()\QY,X) S {:E— )\1} X (—O0,0]) = P()\QY =T — )\1,X < O)

By continuity of F' at x, P ()\1(—1)3 + XY = :c) =0, i.e.
PoY =2+ A, X > 0) + POoY =2 — A1, X < 0) =0.
Thus, P(A2Y =z — A1, X <0) =0. Since P(X =0) = 0, we can claim that
P(2Y =2+ A, X <0) =0.

This completes the proof. [
Proof of Equation (17): First, we observe that the asymptotic distribution V of T/2 (qg—qﬁo)z is continuous
at any ¢ > 0 (with P(V = 0) = 1/2). Let us search for ¢ij_o such that P(V < ¢1_o) = 1 — . Since

1—a>1/2, we have ci—o > 0 and P(T1/4|QA$ —¢o| < fci—a) > 1 —a, as T — oo. Hence, \/c1_o defines
an asymptotically correct confidence interval for ¢o. To obtain c¢i—«, we recall that:

P(V<era) = P (- 2250 <oy, )

= P (—%Z;O) <cloa,Z> 0) +P (—%Z;O) <c1ma,L< 0) —P(Z<%eioa).
The last equality uses the fact that Z has a symmetric distribution about 0 as a zero mean Gaussian
variable. Since Z ~ N (0, G'WQWG), ci—q solves:

oG

__ 9% .
WEWOWG

= Za
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2VGTWOWG
A e

giving c1—o = =

When a consistenGt estimator é1—q of c1—q is used as in the statement of (17), we can rely on the following
two facts to conclude: (1) V has a continuous distribution at all ¢ > 0 and (2) if X, is a sequence of random
variables converging in distribution to X with cumulative distribution function Fx that is continuous on
an interval [a, b], then the sequence of cumulative distributions Fx, of X, converges uniformly over [a,b]
to F'x. O

Proof of Equation (21): Since ¢ — ¢o = R(f) — 10), we have

T1/4 (é - ¢0) = R'P¢T1/4 (77174,5 - 770»?(;5)' (51)

We also have R R R R R
er =—BrR™'(R— R)R (¢ — ¢o) = —BrR (R — R)(7p, — Mo,p,)-

But k= R(é) and R = R(¢o). By mean value expansions, for j = 1,...,pg,

aR.j

Rej — Rej = 9% (6)(d — ¢o),
where éj € (¢o, g%) and may differ from row to row and R.; denotes the column vector corresponding to the
jth column of the matrix R. We also use Rpe to denote the row vector corresponding to the hth row of R.

Forh=1,...,ps — 1,

ern = —VT (R’l) pi (%(éj)(@g—aﬁo)) (15 —mo.5)

he j=1

= - (Rfl) % (a(;z;j ()T (¢ — ¢o)) TY* (75 — 10,5)

he j=1

= - (Ril)h. al;;:/?(b (¢0)R'P¢ (T1/4 (77174,5 - 7704%1)))2 + OP(1)7

ORgej
Rry

—a;'/j (o), respectively and the fact that T4 (5 —mo;) =op(1) for j =1,...,pp — 1.
Besides, we have

€T,py = — (Rl)%.i <8£¢7 (6)T"* (6 — ¢o)) (M — mo,5) = op(1).

where the last equality uses (51) and the fact that R and (¢;) converge in probability towards R and

Putting together these last two equalities, we get:

1/4) 4 2
er = —A (T4 (i, = mp,)) +o0p(1)
as expected. [

Proof of Equation (25): A second-order mean value expansion yields:

60 = 50+ 5O —9) + 5 (009 Gl @on—9)) .

with ¢ € (o, QE) and may vary from row to row. This can be re-written:

16) = F00) = @6~ on) — 3 (- 00 g T @G -00)
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From (24), we can claim that:

& f
80’

Note that the first term on the RHS is of order Op(T~*/*) or Op~(T71/2) and cannot vanish trivially at
a rate faster than Op(T~/?) if gq{/ (¢o) # 0 because R and Var(X) are non singular. The only element
from the expansion of the second term that does not vanish at a rate faster than Op(T~'/?) is, with R.p "

1@~ fon) & SL@RBTE - g (RBrR

(é)RB; %)

1<k<K

denoting the p;h column of R,

11 [ Pfe, ivn <o
NG <R"’¢ 609’ (¢)R"’¢X”¢) reren

Thus, we have

: @ Of inoie 11 (o PR o o
(@) — f(do) ~ 8_¢/(¢)RBT X - Wk <R-p¢m(¢)Rop¢XP¢)l<k<K- (52)
Under standard conditions, we have:
P, Pfe _

and using this result in (52) yields (25). O

Proof of Theorem 2: We have:

& (A N \/TSH (éII —6o)
BirS (9” N 90) o < TY4Spe (611 — 60) )’

where Spe is the p** row of 5. From (30), we have
A A PR 1
VTS, (911 — 90) =S51Fr <BTm1T(90) - §ZT) ,
with zZT = BT ((é[} — 90)’A1T,k(éT)(é[[ — 90)) . For k = 1, e ,f — 1,
1<k<t
2Tk = \/T(én —00) Atk (éT)(éII —6p) = T/* (éII —00) Atk (éT)T1/4 (éII — o)

and . . .

2Te = T/* (011 — 00) Arr,e(07) (011 — 60).
From (28), we have T1/4(é11 —6y) = F.zT1/4m[T’g(9()) + op(1). In addition, the fact that AIT’k(éT)
converges in probability towards A; x(6o) for all k =1,...,¢, allows us to claim that: for 1 <k < /£ -1,

2
2k = FoyAr,k(00) Fer (T1/4m1T,£(90)) +op(1)

and
zre = Op(1)Op(1)op(1) = op(1).
Thus,
VTS, (éII — 90)
— 4Py <BTmIT(9o) 1 < (F./zAI,k(Hoz)F.Z)lgkgﬂ ) (T1/4mIT,Z(90))2) + o),

38



Since the last column of 5'1 FT is nil, we can write:

VTS, (éII — 90)

- 2 (53)
= SiFr <BTm1T(90) — %(F:KA[’k(eo)F.g)lngZ (T1/4m1T’g(90)) ) +op(1).
Using again (28), we have
T"*Spa(Or1 — 00) = Spe ForT" *mrr,e(60) + 0p(1). (54)

By the continuous mapping theorem, S, Fp converges in probability towards S1 F' with nil last column and
Spe converges in probability towards Spe. Since Brmir(6o) converges in distribution towards Y, we can
deduce from (53) and (54) that:

VTS0 =00) \ | [ SF (Y= S5 (FUALa(00)Far) 1 cyc, )
—
T1/4Spo (éll - 90) SpoFoZYZ
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C Tables and graphs

Table 1: GMM estimation of panel data model

Coverage probabilities

p 5  RMSE Cov-1 Cov-2 Cov-3 |D| tel %
n = 50
0.20 0.928  6.203 67.885  83.08  83.99 0.643 89.291 138.89
0.30 0.756  2.566 7345  87.77T  87.74 0.561 34.497  61.49
0.50 0.730  1.160 79.34 9231 92.30 0428 30.346  70.86
0.75 0.909  0.698 7829  91.31  91.25 0.299  4.937 16,51
0.80 0.966  1.042 78.21  90.44  90.37 0.269 2.813  10.46
0.90 1.044  0.482 78.34  88.84  88.83 0198  3.010  15.20
0.95 1079 0.540 78.46  87.69  87.66 0137 2832  20.67
0.97 1.097  0.369 7859  87.19  87.16 0117 2908  24.85
0.98 1104 0.359 7878  86.87  86.86 0105 2911  27.72
1.00 1.119  0.363 7878  86.16  86.16 0.089 2997  33.67
1.10 1197 0.355 79.35  83.12  83.07 0118  3.322  28.15
1.20 1.277  0.356 79.28  79.66  79.50 0.241  3.558  14.76
1.30 1.361  0.349 79.21  77.65  77.55 0.366  3.851  10.52
1.50 1.546  0.313 81.57  78.08  78.03 0544 4385  8.06
n = 100
0.20 0503 2.157 7282 87.82  87.80 0.663 21.984  33.13
0.30 0.502  4.404 79.12  91.97  91.97 0.617 96.243  155.90
0.50 0.618  0.504 82.48 9527  95.24 0.416 22.801  54.78
0.75 0.884  0.336 80.52  93.77  93.76 0.293 2788  9.52
0.80 0.931  0.325 80.30  93.31  93.33 0.267 2248  8.42
0.90 1.015  0.293 80.44  91.78  91.78 0180 2333  12.96
0.95 1.047  0.291 80.56  90.30  90.30 0115 2539  22.08
0.97 1.059  0.289 80.66  89.70  89.67 0.088 2592  29.45
0.98 1.066  0.289 80.72  89.44  89.39 0.078 2626  33.67
1.00 1078 0.289 80.63  88.54  88.49 0.062 2738  44.16
1.10 1.160  0.296 81.17  84.86 84.73 0131  3.066  23.40
1.20 1242 0.297 80.87  81.22  81.16 0.265  3.402  12.84
1.30 1330 0.288 81.37  80.15  80.07 0.382  3.702  9.69
1.50 1531  0.245 84.99  83.83  83.79 0515 4230 821
n = 200
0.20 0334 1.149 80.68  93.16  93.16 0.669 5359  8.01
0.30 0.381  0.462 86.09  96.62  96.59 0.567 95.114  167.85
0.50 0574  0.226 85.87  96.99  97.00 0438  4.809  10.97
0.75 0.844  0.248 81.51 9470  94.71 0.275 2044  7.43
0.80 0.897  0.250 81.60 9451  94.44 0.248 2025 817
0.90 0.989  0.246 81.08  93.39  93.40 0.168 2171  12.92
0.95 1.022  0.244 80.93 9219 9214 0.101 2351  23.28
0.97 1.034  0.242 81.11  91.36 91.34 0.072 2428  33.72
0.98 1039 0.241 81.25  90.99  90.99 0.058 2479  42.74
1.00 1.051  0.241 81.45  90.02  89.97 0.044 2574  58.50
1.10 1125 0.250 81.49  84.85 84.76 0169 2998  17.74
1.20 1211 0.250 81.17  81.71 81.65 0.300  3.336 1112
1.30 1.316  0.235 82.78  83.10  83.05 0.361  3.554  9.84
1.50 1.527  0.184 88.21  90.25  90.20 0471 4103 871

Continued over
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Table 1 (continued): GMM estimation of panel data model

Coverage probabilities

p 5  RMSE Cov-1 Cov-2  Cov-3 |D| tel %
n = 1000
0.20 0.226  0.069 91.07  99.63  99.63 0.724 2015 2.78
0.30 0.320  0.070 92,98  99.94  99.94 0.657 1.191  1.81
0.50 0.521  0.096 91.68  99.82  99.82 0484 1.156  2.39
0.75 0.784  0.154 83.61  96.78  96.72 0253 1.718  6.79
0.80 0.839  0.163 8215 9624  96.17 0.215 1815  8.44
0.90 0.961  0.166 81.96  97.11  97.08 0.168 1928  11.48
0.95 1.005  0.162 81.91 9618  96.11 0118 2076  17.59
0.97 1.014  0.160 82.22 9535  95.28 0079 2177  27.56
0.98 1.019  0.160 8213  94.96  94.93 0.060 2227  37.12
1.00 1.025  0.159 82,52  93.77  93.74 0.019 2351 123.74
1.10 1.092  0.168 83.07  87.35  87.23 0174 2818  16.20
1.20 1198 0.158 83.28  87.18  87.12 0251 3.079 1227
1.30 1.312  0.129 88.66  93.32  93.23 0.293 3.308  11.29
1.50 1512 0.088 93.03  98.47  98.46 0470 4028 857
n = 5000
0.20 0204 0.026 94.27 100.00 100.00 0.787 0616  0.78
0.30 0.302  0.029 94.52  100.00  100.00 0.692 0.623  0.90
0.50 0.503  0.042 93.67 100.00  100.00 0496 0950  1.92
0.75 0.760  0.083 87.93  99.29  99.29 0.250 1.565  6.26
0.80 0.812  0.096 84.66  98.35  98.35 0.202 1710 847
0.90 0.927  0.114 81.06  97.43  97.41 0127 1.943  15.30
0.95 0.992  0.113 81.72  97.74  97.71 0.113 2013  17.81
0.97 1.009  0.111 81.59  97.02  97.00 0.089 2083  23.40
0.98 1013 0.110 81.51  96.53  96.49 0.069 2134  30.93
1.00 1.016  0.108 82.17 9487  94.84 0.014 2268 162.00
1.10 1.084  0.115 81.18  87.80  87.77 0164 2726  16.62
1.20 1.207  0.089 87.69 9547  95.43 0194 2922  15.06
1.30 1.308  0.065 9214  99.23  99.20 0.285 3.255  11.42
1.50 1504 0.040 94.20  99.98  99.98 0488 4.031  8.26

Notes: Simulated mean and root-mean-squared-error of the GMM estimator of p; coverage probability of confidence
intervals (in %) based on: the standard asymptotic theory assuming first-order local identification (Cov-1); the
asymptotic distribution in Theorem 1(b), using asymptotic critical values (Cov-2) and simulated critical values

(Cov-3); | D] is the norm of the simulated mean of the Jacobian; |G| is the norm of the second-order derivative of
the moment function. The true underlying data set has a dynamic panel structure (Example 1) with crg = cr? =1,
0,27 = 0oy = 0 and p as in the table. (10,000 runs)
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Figure 1: Histogram of simulated GMM estimator of p; p = 0.3,1.0 and 1.3, respectively and their
QQ-plot versus the standard normal distribution. The true underlying data set has a dynamic panel
structure (Example 1) with of = 02 = 1, 07 = 00, = 0 and p. Simulated sample size n. = 5,000.

(10,000 runs)
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Table 2: GMM estimation of panel data model

Coverage probabilities

A 5  RMSE Cov-1  Cov-2  Cov-3 |D| G %
n = 50
0,50 1131 0.439 7896 89.25  89.23 0694 3.019 435
-0.30 1154 0.447 76.48  85.32  85.29 0410 3.037  7.41
-0.20 1152  0.397 76.55  84.91  84.87 0279 2994  10.73
-0.10 1138 0.387 7772 8525  85.20 0.164 2.960  18.05
0.00 1119 0.363 7878  86.16  86.16 0.089 2.997  33.67
0.10 1109 0.373 79.25  80.08  80.01 0.386 4.352  11.27
0.20 1.095  0.384 79.20 7445 7435 0.787 5.688  7.23
0.30 1.084  0.382 7875  70.64  T0.57 1172 6955  5.93
0.50 1.067  0.350 79.39  69.56  69.54 1.826 8937  4.89
n =100
20,50 1.105  0.406 8262 9377 9371 0652 2.663  4.08
-0.30 1139 0.346 77.56  88.78  88.77 0.344 2594  7.54
0.20 1139 0.338 76.91  87.15  87.01 0.220 2.599  11.81
-0.10 1115  0.314 78.23 8751  87.41 0128 2.633  20.57
0.00 1.078  0.289 80.63  88.54  88.49 0.062 2738  44.16
0.10 1.064  0.311 80.92  80.98  80.92 0.407 4.036  9.92
0.20 1.050  0.317 81.23 7590  75.84 0.804 5.297  6.59
0.30 1.052  0.313 80.92  73.66  73.56 1113 6278  5.64
0.50 1.052  0.275 82.41 7582  75.66 1.657 7.919 478
n = 200
0,50 1.069  0.227 8654 97.30 97.25 0657 2545  3.87
-0.30 1114 0.284 79.79 9196  91.86 0.324 2407  7.43
-0.20 1122 0.293 7701 89.05  89.00 0190 2.399  12.63
-0.10 1101 0.272 7749 88.97  88.93 0.101 2437  24.13
0.00 1.051  0.241 81.45  90.02  89.97 0.044 2574  58.50
0.10 1.027  0.258 82.13  81.93  81.86 0.436 3.880  8.90
0.20 1.031  0.264 82.19 78.19  78.21 0.755 4.901  6.49
0.30 1.042  0.255 81.73  77.51  77.49 1.007 5715  5.68
0.50 1.044  0.209 85.35  82.39  82.39 1525 7.268  4.77
n = 1000
0,50 1.014  0.087 9420 99.92  99.94 0694 2.496  3.60
-0.30 1.047  0.152 88.35  97.22  97.24 0.365 2.322  6.36
0.20 1073 0.188 82.07 94.02  93.96 0.192 2235 11.64
0.10 1.077  0.196 7761 91.66  91.61 0.070 2220 31.71
0.00 1.025  0.159 82.52 9377 93.74 0.019 2.351 123.74
0.10 1.004  0.169 85.25 87.35  87.23 0.384 3.481  9.07
0.20 1.031  0.168 85.00  86.69  86.62 0597 4.220  7.07
0.30 1.031  0.145 86.89  89.10  88.97 0.878 5.063  5.77
0.50 1.016  0.090 9312 96.85  96.79 1517 6894  4.54
n = 5000
0,50 1.002 _ 0.035 94.86  100.00 100.00 0.707 2.504  3.54
-0.30 1.008  0.057 94.77  99.90  99.89 0415 2375  5.72
0.20 1.024  0.096 89.60 97.18  97.14 0.248 2287  9.22
-0.10 1.052  0.137 7820 9144  91.50 0072 2185  30.35
0.00 1.016  0.108 82.17  94.87  94.84 0.014 2.268 162.00
0.10 1.016  0.116 84.14  90.46  90.27 0.300 3.216  10.72
0.20 1.018  0.094 88.13 9252 92.50 0588 4.083  6.94
0.30 1.008  0.060 93.40  98.37  98.36 0.927 5.045  5.44
0.50 1.003  0.037 93.76  99.89  99.89 1569  6.936  4.42

Notes: Definitions as Table 1 except that the true underlying data set has a dynamic panel structure (Example 1)
with p =1, 63 =02 =1, 0oy = A, 02 = |A|, with X as in the table.

43



Table 3: GMM and II estimation of panel data model

Bias RMSE Cov. probability
p GMM  II GMM  1I Cov-1ii  Cov-2ii |D| tel %
n = 50
0.30 0.486  0.349 2.402  2.383 82.70  87.50 0511 1.656  3.240
0.80 0.140  -0.035 0.548  0.511 83.50  89.96 0.249 3.442 13.806
0.90 0.131  -0.054 0.483  0.471 75.78 7812 0.469 4.561  9.729
1.00 0.101  -0.088 0.366  0.388 67.12  67.94 0.802 5.909  7.370
1.20 0.073  -0.105 0.355  0.426 67.18  66.26 1451 8179  5.638
1.30 0.063  -0.109 0.348  0.432 66.06  63.28 1.678 8719  5.196
n =100
0.30 0118 0.080 0611 0575 90.40  97.30 0653 1238 1.896
0.80 0.127  0.038 0.299  0.265 79.00  86.34 0.190 3.305 17.427
0.90 0.112  0.017 0.204  0.262 80.66  84.38 0.181 3.369 18.614
1.00 0.081  -0.019 0.289  0.268 82.14  84.50 0.315 3.745 11.902
1.20 0.039  -0.066 0.298  0.299 77.92  78.20 0.703  4.655  6.622
1.30 0.040  -0.062 0.288  0.294 7910 74.42 0.792 4.787  6.042
n = 200
0.30 0.079  0.034 0.403 _ 0.390 61.30  71.40 0568 3257 5839
0.80 0.101  0.032 0.252  0.217 84.50  93.68 0.174 2.382 13.693
0.90 0.094  0.019 0.248  0.216 84.74  90.18 0.094 2510 26.664
1.00 0.055  -0.022 0.243  0.227 81.92  83.62 0.198 3.003 15.144
1.20 0.006  -0.074 0.251  0.261 71.60  70.20 0.597 3.922  6.575
1.30 0.010  -0.069 0.236  0.252 75.04 7254 0.683 4.103  6.006
n = 1000
0.30 0.019 -0.004 0.069  0.068 9430 99.50 0634 1556 2453
0.80 0.036  -0.004 0.162  0.149 85.48  92.04 0.158 2.025 12.796
0.90 0.058  0.018 0.165  0.159 79.48  91.70 0.097 2122  21.909
1.00 0.021  -0.017 0.158  0.170 75.66  85.00 0.107 2587 24.218
1.20 0.001  -0.017 0.158  0.179 75.36  78.32 0.315 3.222 10.233
1.30 0.015  0.008 0.130  0.138 86.66  89.72 0.311 3.347  10.771
n = 5000
0.30 0.002 _ 0.002 0.030  0.030 9430 100.00 0691 0645 00933
0.80 0.012  0.005 0.095  0.088 87.40  97.82 0.193 1.730  8.987
0.90 0.026  0.008 0.112  0.096 90.12  96.38 0.098 1.999 20.426
1.00 0.016  -0.009 0.107  0.100 86.68  94.06 0.043 2360 55.217
1.20 0.008  -0.016 0.088  0.098 82.60  86.48 0.263 3.033 11.536
1.30 0.008  -0.009 0.064  0.067 91.56  97.66 0.337 3.325  9.860

Notes: Simulated mean and root-mean-squared-error of the GMM and II estimators of p; coverage probability of II-
based confidence intervals for p using: (i) the standard IT asymptotic theory assuming first-order local identification
(Cov-1ii); and the result of Theorem 2 (Cov-2ii). We set s = 50 for the estimated II binding function. For other
definitions see the notes to Table 1. (5,000 runs)
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Figure 2: Histogram of simulated II estimator of p; p = 0.3,1.0 and 1.3, respectively and their QQ-
plot versus the standard normal distribution. The true underlying data set has a dynamic panel
structure (Example 1) with of = 02 = 1, 0727 = ooy = 0 and p. Simulated sample size n = 5, 000.

(5,000 runs)
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Table 4: Robustness of II simulating model

Bias RMSE Cov. probability
A GMM I GMM I Cov-1ii ~ Cov-2ii |D| |G| %
n = 200
-0.20 0.051  -0.009 0.244  0.235 80.10 83.50 0.171  2.977 17.436
-0.10 0.051  -0.041 0.244  0.237 78.60 80.90 0.256  3.202 12.483
0.00 0.051  -0.025 0.244  0.229 80.60 83.10 0.201  3.018 15.048
0.10 0.051  -0.052 0.244  0.256 74.10 79.10 0.325  3.479 10.702
0.20 0.051  -0.060 0.244  0.269 74.60 81.30 0.401  3.895 9.724
MAD 16.65 13.35
n = 1000
-0.20 0.022  -0.022 0.159  0.176 73.60 79.80 0.122  2.625 21.460
-0.10 0.022 -0.015 0.159  0.181 73.40 82.70 0.112  2.618 23.370
0.00 0.022 -0.015 0.159  0.171 76.10 85.20 0.104  2.582 24.801
0.10 0.022 0.008 0.159  0.174 74.70 82.60 0.067  2.545 38.220
0.20 0.022 0.008 0.159  0.160 87.60 95.90 0.049 2.473 50.663
MAD 20.55 12.43
n = 5000
-0.20 0.019 0.006 0.107  0.099 87.00 95.10 0.011  2.299 215.015
-0.10 0.019 0.004 0.107  0.110 76.50 80.10 0.018 2.323  128.947
0.00 0.019  -0.006 0.107  0.100 87.40 94.90 0.036  2.351 65.579
0.10 0.019 0.004 0.107  0.097 87.70 93.70 0.013 2.304 183.863
0.20 0.019 0.000 0.107  0.106 84.90 94.60 0.025 2.334 95.251
MAD 10.30 3.36
Notes: The true underlying data set has a dynamic panel structure (Example 2) with p = 1, crg = cr? =1,

,27 = 0. II estimation of p uses (10) for simulated samples and (11) as auxiliary model with 65 calibrated as
follows: &(2) = Er? =1, 6oy = A and &,27 = |A|, with X as in the table. All figures in the table relate to the estimators of
p. ‘MAD’ is the mean absolute deviation of the coverage probabilities from the nominal (95%). For other definitions

see the notes to Table 3. (1,000 runs)

UOn = 0,
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