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1 Introduction

Modeling the market with uncertainty is of important academic significance and realistic
value in economics as most decision making is made under uncertainty. Towards this
direction, the Arrow-Debreu ‘state contingent model’ allows the state of nature of the world
to be involved in the initial endowments and payoff functions, which is an enhancement
of the deterministic general equilibrium model of Arrow-Debreu-McKenzie. According to
Arrow-Debreu, agents make contacts ex ante (in period one) before the state of nature
is realized and once the state is realized (in period two) the contract is executed and
consumption takes place. The issue of incentive compatibility doesn’t arise in this model,
as all the information is symmetric. However, for the state contingent model to make sense
one must assume that there is an exogenous court or government that enforces the contract
ex post, otherwise agents may find it beneficial to renege. Radner (1968, 1982) extended
the analysis of Arrow and Debreu by introducing asymmetric (differential) information; in
particular, each agent is now characterized by his own private information, a random initial
endowment, a random utility function and a prior. The private information is modeled as a
partition of a finite state space and the allocation of each agent is assumed to be measurable
with respect to his own private information. This means each agent only knows the atom of
his partition including the true state, but cannot distinguish those states within the same
atom when making decisions. The Walrasian equilibrium notion in this model is called
‘Walrasian expectations equilibrium’, or WEE in short. Along this line, Yannelis (1991)
proposed a core concept, which is called private core.!

The Walrasian expectations equilibrium and private core share some interesting proper-
ties (in fact, the Walrasian expectations equilibrium is a strict subset of the private core):
without the assumption of free disposal, whenever agents are Bayesian expected utility
maximizers and allocations are private information measurable, the two above notions are
both Bayesian incentive compatible and private information measurable efficient (see K-
outsougeras and Yannelis (1993) and Krasa and Yannelis (1994)). However, these solution
concepts are only efficient in the second best sense, i.e., they are only private information
measurable efficient allocations and may result in a possible welfare loss (recall that from
Holmstrom and Myerson (1983) we know that with the standard/Bayesian expected utility
it is not possible to have allocations which are both first best efficient and also incentive
compatible). The existence of WEE in a free disposal economy can be found in Radner
(1968, 1982). However, the free disposal WEE allocations may be not incentive compatible
(see Glycopantis et al. (2003)). Furthermore, if we require non-free disposal, then a WEE
may not exist with positive price (see Einy and Shitovitz (2001)). Therefore, a natural

question arises:

Can one find an appropriate framework in the asymmetric information economy
such that the existence of equilibrium and core notions continues to hold and

furthermore, these notions are both incentive compatible and first best efficient?

A crucial assumption in the frameworks of Radner (1968, 1982) and Yannelis (1991) is

that agents maximize Bayesian expected utilities. Nevertheless, from Ellsberg (1961), there

'For a recent treatment of general equilibrium with asymmetric information see the books Glycopantis and
Yannelis (2005) and Marakulin (2013).



is a huge literature which criticizes the Bayesian paradigm and explores the non-expected
utility theory. The maximin expected utility of Gilboa and Schmeidler (1989) is one of the
successful alternatives. Indeed, recently de Castro et al. (2011) and de Castro and Yannelis
(2010) applied the maximin expected utility to an asymmetric information economy with
with a finite number of states of nature,? and introduced various core and Walrasian equi-
librium notions. With the maximin expected utilities, agents take into account the worst
possible state that can occur and choose the best possible allocations. de Castro et al. (2011)
proved that the ex ante equilibrium and core notions based on the maximin expected utility,
which are called maximin expectations equilibrium (MEE) and maximin core (MC) therein,
are incentive compatible in the economy without free disposal. Moreover, it is noteworthy
that since the allocations are not required to be measurable with respect to agents’ private
information, MEE and MC allocations are also first best efficient. Therefore, the conflict
between efficiency and incentive compatibility is solved in this new approach. Indeed de
Castro and Yannelis (2010) showed that the conflict of incentive compatibility and first best
efficiency is inherent in the standard expected utility decision making (Bayesian) and it is
resolved only when agents maximize the maximin expected utility (MEU). In particular,
they proved that the MEU is a necessary condition for efficient allocations to be incentive

compatible. The above work has left a main open question:

Can one obtain the classical core-Walras existence and equivalence results for
asymmetric information economies where agents are ambiguous (i.e., are MEU

maximizers) and also the state space is not necessarily finite?

An affirmative answer to this question is of great importance because not only this
way one develops a new equilibrium theory where there is no conflict between efficiency
and incentive compatibility, but also such positive results could become the main tool for
applications in other fields of Economics.

The first aim of this paper is to prove the existence of the maximin expectations equi-
librium and maximin core in a non-free disposal economy with countably many states of
nature. Since there is a countable number of states in the economy, the allocations are
infinite dimensional. Unlike the proofs of the existence of Walrasian expectations equilib-
rium in an economy with an infinite dimensional commodity space (e.g. Bewley (1972)),
our proof does not use Banach space methods; as a matter of fact, the space of allocations
in this paper may not be a Banach space. The argument in the proof of Bewley (1972)
cannot be applied to our model even though we only consider finite dimensional commodity
spaces. Since there are countably many states, the minimum of ex post utilities may not
exist and the maximin expected utility is not well-defined. It is exactly for this reason our
truncation is on the state space rather than on the commodity space. The introduction of
countably many states requires new definitions of equilibrium, and also new proofs seem to
be needed. Specifically, we proceed in three steps: first, we prove the existence of MEE in
the economy with finitely many states; second, we generate a sequence of economies with

finitely many states which are all truncations of the economy with countably many states;

2MEU is first applied to a general equilibrium model of an asymmetric information economy by Correia-da-
Silva and Hervés-Beloso (2009). They proved the existence of the ex ante Walrasian equilibrium in an asymmetric
information economy with maximin preferences and a finite state space. However, their setup is different from
ours and they do not consider the issue of incentive compatibility.



third, we show that the sequence of equilibria generated by the sequence of finite state
economies has a convergent point, which is the maximin expectations equilibrium in the
economy with a countable number of states. As a corollary we obtain that the consistency
between incentive compatibility and efficiency also holds with a countable number of states.

The second aim of the current paper is to prove a core equivalence theorem for an
economy with asymmetric information where agents are ambiguous (i.e., maximize MEU).
In a finite agent framework and complete information, Debreu and Scarf (1963) considered
a sequence of replicated economy and showed that the set of non-blocked allocations in
every replicated economy converges to the set of Walrasian equilibria. In Section 4, we
follow the Debreu-Scarf approach and establish a similar equivalence result for an equal
treatment economy with asymmetric information, a countable number of states and MEU
preferences. In an atomless economy with complete information, Schmeidler (1972), Grodal
(1972) and Vind (1972) improved the core-Walras equivalence theorem of Aumann (1964),
by showing that if an allocation is not in the core, then it can be blocked by a non-
negligible coalition with any given measure less than 1. Hervés-Beloso et al. (2005a,b)
first extended this result to an asymmetric information economy with the equal treatment
property and with an infinite dimensional commodity space by appealing to the finite
dimensional Lyapunov’s theorem. Bhowmik and Cao (2012a,b) obtained further extensions
based on an infinite dimensional version of Lyapunov’s theorem. All the above results rely
on the Bayesian expected utility formulation and therefore the conflict of efficiency and
incentive compatibility still holds despite the non atomic measure space of agents.® Our
Theorem 4 is an extension of Vind’s theorem to the asymmetric information economy with
the equal treatment property and a countable number of states of nature, where agents
behave as maximin expected utility maximizers. Thus, our new core equivalence theorem
for the MEU framework, resolves the inconsistency of efficiency and incentive compatibility.

Finally, we provide two characterizations for maximin expectations equilibrium. In the
complete information economy with finite agents, Aubin (1979) introduced a new approach
that at a first glance seems to be different from the Debreu-Scarf; however one can show that
they are essentially equivalent. Aubin considered a veto mechanism in the economy when a
coalition is formed; in particular, agents are allowed to participate with any proportion of
their endowments. The core notions defined by the veto mechanism, is called Aubin core and
it coincides with the Walrasian equilibrium allocations. The approach of Aubin has been
extended to an asymmetric information economy to characterize the Walrasian expectations
equilibrium (see for example Graziano and Meo (2005), Hervés-Beloso et al. (2005b) and
Bhowmik and Cao (2012b)). Another approach to characterize the Walrasian expectations
equilibrium is due to Hervés-Beloso et al. (2005a,b). They showed that the Walrasian
expectations equilibrium allocation cannot be privately blocked by the grand coalition in any
economy with the initial endowment redistributed along the direction of the allocation itself.
This approach has been extended to a pure exchange economy with an atomless measure
space of agents and finitely many commodities, and an asymmetric information economy
with an infinite dimensional commodity space (e.g., see Hervés-Beloso and E. Moreno-
Garcfa (2008), Bhowmik and Cao (2012b, 2013)). Our Theorem 5 and 6 extended these

3 As the work of Sun and Yannelis (2008) indicates, even with an atomless measure space of agents we cannot
guarantee that WEE allocations are incentive compatible.



two characterizations to the asymmetric information economy with ambiguous agents and
with countably many states of nature.

The paper is organized as follows. Section 2 states the model of ambiguous asymmetric
information economies with a countable number of states and discusses main assumptions.
Section 3 introduces the maximin expectations equilibrium and maximin core and proves
their existences. Section 4 extends the maximin expectations equilibrium and maximin
core to an economy with a continuum of agents, and interprets the asymmetric information
economy with finite agents as a continuum economy with finite types. In addition, two core-
Walras equivalence theorems and an extension of Vind’s result are given for an asymmetric
information economy with a countable number of states. Section 5 contains two different
characterizations of maximin expectations equilibrium by using the maximin blocking power
of the grand coalition. Section 6 shows maximin efficient allocations are coalitional incentive
compatible in economies with finite agents and atomless economies with the equal treatment
property. Section 7 collects some concluding remarks and open questions. The appendix
(Section 8) discusses the truncated economy for an ambiguous asymmetric information

economy with a countable number of states and contains longer proofs.

2 Ambiguous Asymmetric Information Economy

We introduce a model of the exchange economy with uncertainty and asymmetric informa-
tion. The uncertainty is represented by a measurable space (2, F), where Q = {wy, }nen is
a countable set and F is the power set of €. Rﬂr is the commodity space and I = {1,2,--- s}
is the set of agents.

For each i € I, F;, the o-algebra on () generated by the partition II; of agent i, rep-
resents the private information. II;(w) is the element in the partition II; which includes
w. Therefore, if any state w € € is realized in the interim, agent ¢ only observes the event
IL;(w). m; is i’s private prior defined on F;, i.e., m; is a mapping from F; to Ry such that
> gen, Ti(E) =1 and m;(E) > 0 for every E € II;. m; can be incomplete, i.e., the probabil-
ity of each element in the information partition II; is well defined, but not the probability of
the event {w} for every w € Q.* w;(w, ;) is the positive ex post utility function of agent
i at state w with consumption plan z;. e¢; : Q — IR{Z_|r is i’s random initial endowment.

£ denotes the ambiguous asymmetric information economy, where
E={(0LF); (Fiui,ei,m) i € I ={1,...,s}}.

A price vector p is a nonzero positive® function from € to the simplex of Rﬁ_. Without

loss of generality, we may assume that /A denotes the set of all price vectors.

l
A= {p € (RZ_)OO : Z Zp(wv.]) = 1}7

weN j=1

4This setup is consistent with the MEU assumption, but obviously inconsistent with the Bayesian expected
utility where all agents are assumed to know the probability of every state of nature.

®p(w) is a nonzero function means that p is not a 0 constant function, but it is possible that p(w) = 0 for
some w.



where p(w, j) is the price of the commodity j at state w.

There are three stages in this economy: at the ex ante stage (t=0), the information
partition, the economy structure and the price are all common knowledge; at the interim
stage (t=1), each individual 4 learns his private information II;(w) which includes the true
state w, and makes his consumption plan; at the ex post stage (t=2), agent ¢ receives the
endowment and consumes according to his plan.

An allocation is a mapping z from I x Q to R{F. For all i € I, L; = {z; : x;(w) €
]Rl+ for all w € Q} is the set of all random allocations and e; € L;. It is easy to see that
L; is (RY)> for every i and A is a subset of (R')>. If z; € L; and p € A, we denote
Y weaPW) - xi(w) as p - xz;, which could be infinity.

Suppose z is an allocation, for any ¢ € I, x;(w) is a vector in Rﬂr, it represents the
allocation at the state w, and z;(w,j) denotes the allocation of commodity j at the state
w. Suppose || - || is the natural norm in RY, z; and y; are two points in (R}, ), then the

metric

i) = suplmin () = ). 1)

induces the product topology on (R!,)>. Hereafter all statements on (R',)> about conti-
nuity, convergence, etc., will be with respect to this topology.
An allocation z is said to be feasible if )., x; =, ;e ie., Vw € Q,

in(w) = Zei(w).

icl icl
The feasibility here indicates that the economy is non-free disposal.

Assumption (E). 1. For eachi € I, ¢; is F;-measurable.
2. €>0 foranyicl.

8. AM >0,VweQand 1 <j <1, > ei(w,j) < M.

Assumption (E) is about the endowment. Condition (1) says that each agent’s endow-
ment should be measurable with respect to his private information, otherwise the agent
may disclose the true state from his endowment. Condition (2) says for every agent i, e;
is an interior point of (R!,)>°. Condition (3) says the resource of the economy is limited
no matter what the state is, this condition will be automatically satisfied if there are only
finitely many states.

Assumption (U). 1. For eachw € Q and i € I, u;(w,-) is continuous, strictly increas-
ing and concave.
2. For each i € I and x € RY,, w;(-,x) is F;-measurable.”
3. Va € Ri, if there exists Ko > 0, such that |a(j)| < Ky for 1 < j <1, then 3K > 0,
such that 0 < w;(w,a) < K, Vi € I and Vw € Q. u;(w,0) =0 for alli € I and w € Q.

Assumption (U) is about the utility. Condition (1) and (2) are standard in the literature.
Condition (3) basically says that there is no ‘bubble’ in the world, i.e., people’s utility cannot
be arbitrarily large with limited goods. This condition can be removed if €2 is finite: for each

SClearly, if e; is independent of w, then it is F;-measurable.
If u; is state independent, then it is automatically F;-measurable.



1 € I and every w, u;(w, a) is continuous at a, if a is bounded, then u;(w, -) is bounded, since
there are only finitely many states, u;(w,-) is uniformly bounded among all w. Moreover,
u;(w,0) = 0 is a normalization, meaning that people have no payoff if they have no goods.

For every agent i, his private prior may be incomplete and the allocation in L; is not
required to be F;-measurable, thus agents cannot evaluate the allocation based on the
Bayesian expected utility. In the current paper, we will adopt the maximin preference
axiomatized by Gilboa and Schmeidler (1989). Let M, be the set of probability measures
on F which agree with 7; on F;, i.e.,

M;={pu:F = [0,1]: w(E) = m(E),YE € F}.

Then for any two allocation z;,y; € L;, agent ¢ prefers the allocation z; to the allocation
y; if
inf wi(w, z;(w))u(w) > inf i (w, yi(w)) pw(w).

de Castro and Yannelis (2010) shows that the inequality above is equivalent to the

following one:®

> [ inf uiw, z5(w))]mi(E:) = > Linf w(w,y:(w))]mi(By).

i wek;
E;€ell; E;€ell;

In this paper, we will follow the second formulation. For any allocation {x;};cr, the
maximin ex ante utility of agent ¢ is:

Vilzi) = > [inf w;(w, zi(w))]m(Ey).

weFE;
E;ell;

Let M;(w) be the set of all probabilities with support concentrated at II;(w), then the
maximin interim utility of agent i with allocation x; at state w is

vi (w,x;) = inf  E,(u;(-,z;(1)] = inf  wu(wi,z(wr)).

() = _inf Bylul()] = inf o)

We will slightly abuse the notations by letting v; (E;, ;) = inf,ep, ui(w, z;(w)), where E;
is an atom in the information partition II; of agent i.

Remark 1. It should be noted that the asymmetric information in a Bayesian model comes
from the private information measurability of allocations. For example, if allocations are
not required to be private information measurable, then the framework of Radner (1968) is
reduced to the standard Arrow-Debreu state-contingent model. In other words, the private
information measurability of allocations captures the information asymmetry in a Bayesian
model.

However, in an ambiguity model, the information asymmetry is captured by the maximin

8First, we use ‘inf’ in these two inequalities instead of ‘min’ used in de Castro and Yannelis (2010), since there
are infinite states here. The existence of infimum is guaranteed since the ex post utility function is nonnegative.
Thus the ex ante utility V; is well defined. Second, although de Castro and Yannelis (2010) only argued that
these two inequalities are equivalent when there are finitely many states, this observation is still true in our
context.



expected utility itself. In particular, priors are defined on the information partition of each
agent (while they are defined on the whole state space Q in a Bayesian model). Thus, it is
natural to relax the restriction of private information measurability of allocations in an am-
biguity model. As pointed out in the current paper as well as de Castro and Yannelis (2010),
requiring the private information measurability will reduce the efficiency of allocations, and

that is why in the Bayesian model we only have second best efficiency.

The last assumption (I) is used to guarantee the continuity of the maximin ex ante
utility.

Assumption (I). ? There exists an increasing sequence of subsets {Fy, }nen such that
1. Vn, F, CQ is finite and UpenFy,, = Q;
2. For any agent i, VE; € II;, Vn €N, E;NF, =0 or E; C F,.

This assumption will be automatically satisfied in either of the following cases: (1) Q
is finite, then we can choose F,, = Q for all n € N; (2) the information of all agents is
symmetric, then we can choose F,, = {w; }1<i<n. If this assumption holds, then for any w,

the states which agent i cannot distinguish are at most finite. Thus we have:

it is similar for the maximin interim utility.
We define the continuity property of the maximin ex ante utility function on the space

of allocations.

Definition 1. A function V is said to be uniformly continuous on (Ri)"o if for all x™ and
z in (RY)®, d(z",z) — 0 implies |V (z™) — V(z)| = 0.

Proposition 1. If Assumptions (U.3) and (I) hold, u;(w,-) is continuous for all w € Q

and i € I, then V; is uniformly continuous on the set
G={zx€Ll;:0<z(w,j) <M forallweQ and j =1,2,--- 1.},

where M > 0.

Proof. See appendix. O

3 Maximin Expectations Equilibrium and Maximin Core

3.1 Basic Definitions

In this section we define the notions of the maximin core (MC) and maximin expectations
equilibrium (MEE).
Given a price vector p, the budget set of agent i is defined as follow:

Bi(p) = {wi € Li: Y p(w) - zi(w) < Y p(w) - ei(w)}.

weN weN

9This condition basically says that the information partitions of all agents cannot be too asymmetric.



Definition 2. An allocation x is said to be a maximin expectations equilibrium allo-

cation for the economy &, if there exists a price vector p such that for any agent i
1. x; mazimizes Vi(-) subject to the budget set B;(p);

2. x is feasible.

The following definition of a core concept in the current context implies that coalitions

of agents cannot cooperate to become better off in terms of MEU.

Definition 3. A feasible allocation x is said to be a maximin core allocation for the
economy &, if there do not exist a coalition C C I, C # 0, and an allocation {y; € L;}icc
such that

(i) Vi(y:) > Vi(x;) for alli € C;

(i) > icc ¥i(w) =D coei(w) for all w € Q.

The allocation is said to be maximin efficient if C' = I.

Remark 2. If Bayesian expected utilities, instead of maximin expected utilities, are used
in Definition 2 and 3, and the private information measurability assumption is imposed
on allocations, then these two solution concepts are Walrasian expectations equilibrium and
private core defined in Radner (1968) and Yannelis (1991) respectively.

The following example shows that MEE could exist in an economy where there is no
(non-free disposal) WEE, and the efficiency of MEE allocations can be strictly higher than
the efficiency of (free disposal) WEE allocations.

Example 1. '° Consider the following economy with one commodity, the agent space is
I = {1,2} and the state space is Q = {a,b,c}. The initial endowments and information

partitions of agents are given by
e1 = (5,5,0),11; = {{a,b},{c}};

ez = (5,0,5),IIy = {{a,c}, {b} }.

It is also assumed that for i € I, ui(w,x;) = \/x;, which is strictly concave and monotone
in z;, and the priors for both agents are the same: p({w}) = % for every w € €.

Suppose that agents are both Bayesian expected utility maximizers, it can be easily
checked that there is no (non-free disposal) WEE with positive prices. If we allow for
free disposal, ©1 = (4,4,1) and xo = (4,1,4) is a (free disposal) WEE allocation with the
equilibrium price p(a) = 0 and p(b) = p(c) = 3. However, this allocation is not incentive
compatible (see Example 2 in Section 6 for details).

If agents are mazimin expected utility maximizers, then there exists an MEE (y, p), where
y1 = (5,4,1), y2 = (5,1,4) and p(a) = 0, p(b) = p(c) = 3. This allocation is mazimin
incentive compatible (see Example 3 in Section 6).

If state b or c realizes, the ex post utility of agent 1 will be the same in both Bayesian

preference setting and mazimin preference setting, since x1(b) = y1(b) and xz1(c) = y1(c).

10T his example has been analyzed in Glycopantis et al. (2003) in Bayesian preference setting for the existence
and incentive compatibility of Walrasian expectations equilibrium and private core, and in Liu and Yannelis
(2013) in maximin preference setting for the existence and incentive compatibility of maximin core.

10



But if state a occurs, the ex post utility of agent 1 with mazximin preference will be strictly

higher than that in the Bayesian preference setting, since
z1(a) =4 <5 =y (a).

Therefore, the maximin preference allows agents to get incentive compatible allocations and

reach higher efficiency, contrary to the Bayesian preference.

The lemma below shows that the set of maximin expectations equilibrium allocations is

included in the set of maximin core allocations.

Lemma 1. The set of MEFE allocations is a subset of the MC, hence any mazimin expec-

tations equilibrium allocation is maximin efficient.

Proof. Let x be an MEE allocation and p be the corresponding equilibrium price vector.
Suppose z ¢ MC, then there is a coalition C C I, C # ), and an allocation {y; € L; }icc
satisfying > .oy = > ico €, Vi(yi) > Vi(a;) for alli € C.

Since V;(y;) > Vi(z;) for all i € C, by the definition of MEE, we have y; ¢ B;(p), thus
p-y; >p-e; forallieC.

Sum up all the inequality and we get

P'Zyi >p'zez'-
ieC ieC
Which contradicts the condition that >, vy = > .. e
Therefore, MEE C MC. O

This inclusion can be strict. It is clear that both the Arrow-Debreu ‘state contingent
model’ and the deterministic general equilibrium model are special cases of our model: if
F; = F for every ¢ € I then the maximin expected utility coincides with the Bayesian
expected utility and £ is indeed the state contingent model; if € is a singleton, then £ is
the deterministic model. Moreover, it is well known that in those two models, the set of

core allocations could strictly contain the set of Walrasian equilibrium allocations.

3.2 Existence of MEE and MC

We now turn to the issue of the existence of MEE.!! The proof will be divided into two
parts. In the first part we consider an ambiguous asymmetric information economy where
there are only finitely many states. This result is stated as a lemma, the proof is left in the

appendix.

Lemma 2. Suppose that Assumptions (E.2), (U.1) hold and Q = {w1, - ,w,} is finite.
Then there exists an MEE.

In the second part we use a sequence of finite states economy to approximate the count-
able states economy; in particular, the sequence of equilibria for these finite states economies

has a convergent point, which is exactly the equilibrium of the countable states economy.

"Podczeck et al. (2008) showed that the WEE may not exist in an asymmetric information economy with
Bayesian expected utility maximizers and infinitely many states. Our assumption (I) does not hold in their
model since the requirement that F,, is finite for each n € N could fail there.

11



A generalization of Lemma 2 to the countable states case is given below.

Theorem 1. For the ambiguous asymmetric information economy &, if Assumptions (E),
(U) and (I) hold, then there exists an MEE.?

Proof. See appendix. O

Based on Theorem 1 and Lemma 1, it is straightforward to show that the maximin core

is also nonempty.

Corollary 1. Under the conditions of Theorem 1, the mazimin core is nonempty.

4 A Continuum Approach

4.1 Basics

Now we introduce the maximin expectations equilibrium and maximin core for an atomless
economy. The atomless probability space (T, 7, \) denotes the agent space. We can define

an atomless ambiguous asymmetric information economy as
50 = {(Q,f), (-Ftyut,et,’fft) it e T}

An allocation in the continuum economy & is a mapping f from 7 x €2 to RL such that
f(-,w) is integrable for every w € Q, the allocation is said to be feasible if [ . f(t,w)dA(t) =
Je(t,w) dA(t) for every w € Q.

A coalition in T is a set S € T such that A(S) > 0. An allocation f is maximin
blocked by a coalition S in the economy & if there exists g : S x Q — Rl+ such that
Js9(t,w)dA(t) = [ge(t,w)dA(t) for every w € Q, and V;(g(t)) > Vi(f(t)) for almost every
tes.

Definition 4. An allocation f is said to be the maximin core for the economy & if it is

not maximin blocked by any coalition.

Definition 5. An allocation f is said to be a mazrimin expectations equilibrium allo-

cation for the economy &gy, if there exists a price vector p such that
1. fr maximizes Vi(-) subject to the budget set By(p) for almost allt € T';
2. f is feasible.

4.2 A Continuum Interpretation of the Finite Economy

We associate an atomless economy &, with the discrete economy &£, as in Garcia-Cutrin and
Hervés-Beloso (1993), Hervés-Beloso et al. (2005a,b) and Bhowmik and Cao (2012b). The
space of agents in &, is the Lebesgue unit interval (7,7, ) such that T = U;_,T;, where
T, == Y fori=1,---,s—1and Ty = [%,1]. For each agent t € T;, set F; = F;

s s

12 Assumptions (E.1) and (U.2)) are not needed in the proof of this theorem.
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m = 75, uy = u; and e; = e;. Thus the maximin ex ante utility V; of agent ¢ is V;. We refer

to T; as the set of agents of type i, and
Ec={(,F); (T, Fi,Vi,es,m;) i€l ={1,---,s}}

is the economy with the equal treatment property. The allocations in £ and &, are
closely related: for any allocation f in &, there is an corresponding allocation z in £, where
z;(w) = ﬁ Jp, f(t,w)du(t) for all i € I and w € ©Q; conversely, an allocation z in & can
be interpreted as an allocation f in &, where f(t,w) = x;(w) for all t € T;, w € Q and
1 € 1. f is said to be a step allocation if f(-,w) is a constant function on T; for any w €
and ¢ € [.

Analogously to the theorems in Hervés-Beloso et al. (2005a,b), the next proposition
shows that the maximin expectations equilibrium can be considered equivalent in discrete

and continuum approaches.

Proposition 2. Suppose Assumption (U.1) holds, then we have the following properties:
o If (x,p) is an MEE for the economy &, then (f,p) is the MEE for the associated

continuum economy ., where f(t,w) = z;(w) if t € T;.

e If (f,p) is an MEE for the economy &, then (x,p) is the MEE for the economy &,
where x;(w) = ﬁ S f(t,w)dp for any w € Q.

The proof is straightforward, interested readers may refer to Theorem 3.1 of Hervés-
Beloso et al. (2005Db).

4.3 Core Equivalence with a Countable Number of States

The core-Walras equivalence theorem has been recently extended to a Bayesian asymmetric
information economy. Specifically, Einy et al. (2001) showed that the Walrasian expec-
tations equilibrium is equivalent to the private core for atomless economies with a finite
number of commodities in a free disposal setting, Angeloni and Martins-da-Rocha (2009)
completed the discussion by proposing appropriate conditions which guarantees the core e-
quivalence result in non-free disposal context. Hervés-Beloso et al. (2005a,b) and Bhowmik
and Cao (2012b) followed the Debreu- Scarf approach and showed that the set of Walrasian
expectations equilibrium allocations coincides with the private core in the asymmetric in-
formation economy with the equal treatment property, finitely many states and infinitely
many commodities.

However, all these discussions focus on the asymmetric information economy with Bayesian
expected utilities and a finite state space. Our aim here is to examine whether this result is
still true when agents are ambiguous (have maximin expected utilities) and the state space
is countable. The theorems below show that the core equivalence theorem holds with either

of the following conditions:
1. Maximin expected utility and finitely many states;

2. Maximin expected utility, countably many states and the equal treatment property
holds.
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Theorem 2. Let Q be finite in the atomless economy . Assume that (E.2) and (U.1)
hold. Then the set of MC allocations coincides with the set of MEE allocations.

We omit the proof since it is standard, interested readers may check that the proof of

the core equivalence theorem in Hildenbrand (1974) with minor modifications still holds.

Theorem 3. Suppose Assumptions (E), (U) and (I) hold.'® Let the step allocation f be
feasible in the associated continuum economy E.. Then f is an MEE allocation if and only
if f is an MC allocation.

Proof. See appendix. O

4.4 An Extension of Vind’s Theorem

Hervés-Beloso et al. (2005a,b) and Bhowmik and Cao (2012b) extended Vind’s theorem to
an asymmetric information economy with the equal treatment property. Sun and Yannelis
(2007) established this theorem in an economy with a continuum of agents and negligible
asymmetric information. Below, we extend this result to the atomless ambiguous asym-

metric information economy with a countable number of states of nature.

Theorem 4. Suppose Assumptions (E.3), (U.1), (U.3) and (I) hold. If the feasible step
allocation f is not in the MC of the associated continuum economy E., then for any «,

0 < a < 1, there exists a coalition S such that u(S) = a, which mazimin blocks f.

Proof. See appendix. O

5 Equivalence Theorems

Consider the finite agent economy &, Hervés-Beloso et al. (2005b) provided two equivalence
results for the Walrasian expectations equilibrium in terms of the private blocking power
of the grand coalition, and Bhowmik and Cao (2012b) extended this result to an asym-
metric information economy whose commodity space is a Banach lattice. We will follow
this approach and characterize the maximin expectations equilibrium. The following two
theorems correspond to Theorem 4.1 and 4.2 of Hervés-Beloso et al. (2005b), the proofs are
omitted since the same technique can be followed here.

For an allocation x = {z;}icr and a vector a = (a1, - ,as) € [0,1]%, consider the
ambiguous asymmetric information economy &(a,z) which is identical with £ except for
the random initial endowment of each agent ¢ given by the convex combination e;(a;, z;) =

a;e; + (1 — ai)xi.

Definition 6. An allocation z is mazxzimin dominated (or maximin blocked by the
grand coalition) in the economy E(a, x) if there exists a feasible allocation y in E(a,x) such
that V;(y;) > Vi(z;) for everyi € I.

Theorem 5. The allocation x is an MEE in £ if and only if x is not a mazimin dominated

allocation in every economy E(a, x).

3Indeed we do not need Assumptions (E.1) and (U.2).
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Definition 7. A coalition S C I mazimin blocks an allocation x in the sense of Aubin via
y = {yities if for alli € S, there is oy € (0,1] such that Vi(y;) > Vi(x;) and Y7, g sy <
Yics ®iei. The Aubin mazimin core is the set of all feasible allocations that cannot be
mazximin blocked by any coalition in the sense of Aubin. An allocation x is called Aubin
non-dominated if x is not mazimin blocked by the grand coalition in the sense of Aubin.

Theorem 6. The allocation x is an MEE in & if and only if x is not a maximin dominated

allocation in the sense of Aubin in the economy E.

6 Efficiency and Incentive Compatibility under Ambi-
guity
6.1 Efficiency and Incentive Compatibility

First We recall the notion of coalitional incentive compatibility of Krasa and Yannelis
(1994).

Definition 8. An allocation x is said to be coalitional incentive compatible (CBIC) if
the following does not hold: there exist a coalition C' C I and two distinct states a and b
such that

1. I;(a) =11;(b) for alli ¢ C;
2. ei(a) +x;(b) —e;(b) €RY forallie C;
3. ui(a,y;) > ui(a,z;) for allie C;

where for alli € C,

ei(a) + x;(b) —e;(b) if w=a,
yi(w) = _
zi(w) otherwise.

Example 2. [Ezample 1 with Bayesian preference/
Suppose that agents are Bayesian expected utility mazximizers, therefore all allocations are
required to be private information measurable. The allocation 1 = (5,5,0) and x5 = (5,0,5)
is in the (non-free disposal) private core and it is incentive compatible. Indeed, it has been
shown in Koutsougeras and Yannelis (1993) that private core allocations in non-free disposal
economies are always CBIC provided that the utility functions are monotone and continuous.
This conclusion is not true in free disposal economies. Glycopantis et al. (2003) pointed
out that private core and Walrasian expectations equilibrium allocations need not be in-
centive compatible in an economy with free disposal. In this example, x1 = (4,4,1) and
xo = (4,1,4) is a (free disposal) WEE allocation with the equilibrium price p(a) = 0 and
p(b) = p(c) = 1, and hence in the (free disposal) private core. However, this allocation is
not incentive compatible. Indeed, if agent 1 observes {a,b}, he has an incentive to report c
to become better off. Note that agent 2 cannot distinguish the state a from the state c. In

particular, if the state a occurs and agent 1 reports state c, then his utility is

ui(er(a) + z1(c) —e1(c) = ur(5+1—0) = V6 > V4 = uy (z1(a)).
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Hence, the free disposal WEE allocation is not incentive compatible.

6.2 Maximin Incentive Compatibility

In this subsection, we will prove that any maximin efficient allocation is maximin coalitional
incentive compatible. The notion of maximin coalitional incentive compatibility have been
introduced in de Castro et al. (2011) and de Castro et al. (2012), which is an extension of
the coalitional incentive compatibility in Krasa and Yannelis (1994) and allows agents to

have maximin preferences.

Definition 9. An allocation x is said to be maximin coalitional incentive compatible
(MCIC) if the following does not hold: there exist a coalition C C I and two distinct states
a and b such that

1. I;(a) = I1;(b) for alli ¢ C;
2. ei(a) + zi(b) — e;(b) € RY. for alli € C;
3. wvi(a,y;) > vi(a,x;) for all i€ C;

where for alli € C,

ei(a) +x;(b) —e;i(b) if w=a,

yi(w) = ,
xi(w) otherwise.

If C is restricted to be a singleton, then it is individual mazimin incentive compatible
(MIC).

An allocation is said to be maximin coalitional incentive compatible if no coalition can
misreport the realized states and make its members better off. Below, we revisit Example
2 and show that if agents are maximin expected utility maximizers, then the maximin core

allocation in the above example is maximin incentive compatible.

Example 3. [Example 1 with mazimin preference]

Now we assume that agents 1 and 2 are both maximin expected utility mazximizers. As

shown in Example 1, 1 = (5,4,1) and o = (5,1,4) is an MEEFE allocation, and hence in

the maximin core. Now we check that this allocation is mazimin incentive compatible.
Suppose state a occurs, if agent 1 truthfully reports, then his payoff is

v1(a, z1) = min{uq (a, z1(a)), u1 (b, 21 (b))} = min{/5, V4} = 2;
if agent 1 reports state c, then his payoff is
min{u; (a,ei(a) + z1(c) — e1(c)), us (b, z1 (b))} = min{v/6,v4} = 2.

Therefore, agent 1 has no incentive to misreport as he doesn’t gain anything by misreporting.

Similarly we could show that agent 2 also has no incentive to misreport.

In the following theorem we show that any maximin efficient allocation is maximin
coalitional incentive compatible. If the state space is finite, this result has been established.

For example, (1) de Castro et al. (2011) showed that any maximin interim efficient allocation
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is maximin coalitional incentive compatible; (2) de Castro and Yannelis (2010) showed that
any maximin ex ante efficient allocation (which is called maximin efficient allocation therein)
is maximin interim efficient. Below we extend their results to an economy with a countable
number of states. For simplicity, we only prove the relation between maximin efficient
allocation and maximin coalitional incentive compatibility, interested readers may check
that (1) and (2) above are still valid.

Theorem 7. If Assumptions (E), (U) and (I) hold, then any mazimin efficient allocation
in € is MCIC.

Proof. See appendix. O

Corollary 2. Under the conditions of Theorem 7, any MC or MEFE allocation is mazimin

coalitional incentive compatible.

Now we extend the notion of maximin coalitional incentive compatibility to the atomless

economy & defined in Subsection 4.1.

Definition 10. An allocation x in &y is said to be maximin coalitional incentive com-
patible (MCIC) if the following does not hold: there exist a mon-negligible subset S € T
and two distinct states a and b such that

1. i(a) = T4(b) for allt ¢ S;
2. ei(a) + x4(b) — et (b) € R, for allt € S;
3. vi(a,yt) > ve(a,xy) for allt € S;

where for allt € S,

et(a) + x4 (b) —er(b) ifw=a,

yr(w) =
xi(w) otherwise.

The following theorem is an extension of Theorem 7 to the economy &, with the equal

treatment property. We omit the proof since it is analogous to Theorem 7.

Theorem 8. If Assumptions (E), (U) and (I) hold, and the step allocation f in E. is
mazximin efficient, then it is MCIC.

7 Concluding Remarks

We presented a new asymmetric information economy framework, where agents face am-
biguity (i.e., they are MEU maximizers) and also the state space is not necessarily finite.
This new set up allowed us to derive new core -Walras existence and equivalence results.
It should be noted that contrary to the Bayesian asymmetric information economy frame-
work, our core and Walrasian equilibrium concepts formulated in an ambiguous asymmetric
information economy framework are now incentive compatible and obviously efficient. For
this reason, we believe that our new results will be useful to other fields in economics.

In addition to the new conceptual results obtained in this paper, we also introduced

a new way of proving theorems for an infinite (countable) number of states. Recall that
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even with one good the countable number of states brings us to an infinite dimensional set
up. One way to prove infinite dimensional results in economics is to trace them in finite
dimensions by truncating the dimensionality of the commodity space and then take limits
to cover the full space (e.g. Bewley (1972)). In this paper we truncated the set of states
and then allowed them to go to infinity. This way we avoided Banach space methods and
made the arguments rather transparent and easier to read.

We would like to conclude by saying that the continuum of states and modeling perfect
competition as in Sun and Yannelis (2007, 2008) and Sun, Wu and Yannelis (2012, 2013),
or modeling the idea of informational smallness (i.e., approximate perfect competition) in
countable replica economies as in McLean and Postlewaite (2003a,b, 2005), in the presence
of ambiguity remains an open question and further research in this direction seems to be
needed.

8 Appendix

8.1 Truncated Economy

Suppose that Assumption (I) holds.

E={(Q,F); (Fi,us,e;,m) i€ I ={1,...,s}}is an ambiguous asymmetric information
economy with a countable number of states. For every n € N, we define a truncated economy
with a finite number of states as follow:

EM={Q", F"); (F' ui,eiymy) i€ I ={1,...,s}},

where Q" = F,,, F" is the restriction of F on F,, i.e., F* = {E C F,, : E € F}. Similarly,

FIr and II? are restrictions of F; and II; on F), respectively. 77 (FE;) = %

and E; € FJ'. u; and e; are unchanged except that their domains are restricted on 2. For

for every i € 1

any allocation z; of agent i in the economy £, the maximin ex ante utility function is

V(i) = Y [min ui(w, zi(w)]nf (Bi).

wekb;
EIGH?

Then £ is a well defined ambiguous asymmetric information economy with finitely many
states.

If f is an allocation in the economy &, then f™ will be the allocation in the economy
E™ such that f™ is the restriction of f on Q™. Given any allocation f™ in the economy &£,

f™¢ and f™0 are two allocations in the economy & defined as follow: for every i € I,

n,e fz(w) ifwekF, n fl(OJ) if we F,
fi(w) = _ Jw) = : :
eiw) fwékF, 0 ifwé¢ F,
Similarly, given the price vector p in the economy &, p™ is the restriction of p on F,, and
n pt(w) ifweF,
pO(w) = .
0 ifwé¢F,
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8.2 Proof of Section 2

Proof of Proposition 1.

For any i € I, we check that V; is uniformly continuous on G. Suppose d(z*,z) — 0 as
k — 00, z € G and 2* € G for all k, we need to show |V;(2") — V;(2)| = 0, i.e., Ve > 0, Ik,
sufficiently large, Yk > ki, |V;(2F) — V;(2)| < e

By Assumption (U.3), 3K > 0 such that u,;(w,y(w)) < K for ally € G and w € Q. Since
Umen Fm = Q, 3mg sufficiently large, such that m;(F,,,) > 1 — 5%. I} is the restriction
of Il; on Fi,.

Therefore:

Vi) = Vi) = | Y [ min wi(w, 2 W))mi(B) = Y [min s (w, 2(w))]mi(E:)

min u;(w, 2 (w)) — ul:rélEnl ui(w, z(w))]m (E;)

IA
=1\
T
[

+ Z [min wi(w, 2%(w)) — min u(w, 2(w))]m(E:)]| .

wekE; weE;

For the first term,

S i wfeo, 2 ) — min (e, =) E2)
B¢ ’ )

For any w, u;(w,-) is continuous on the set Go = {z € R, : 0 < z(j) < M,j =
1,2,--+,L.}; since Gy is compact, u;(w,-) is uniformly continuous. Since F,,, has only
finitely many states, 36 > 0, Va,b € Gy, if ||a — b|| < 4, then |u;(w,a) — u;(w,b)| < § for all
w € Fp,.

We claim that Jk; € N, such that Vk > ki, ||2F(w) — 2(w)|| < & for all w € F,,.

Suppose the claim is not true, then Vk; € N, 3k > ki, ||2F(w) — 2(w)| > 6 for some
w € Fy,. Since Fy,, has only finitely many states, 3wy, € F,,, and a sequence {k, }men,
such that [|zF7 (wg,) — 2(wg,)|| = 6 for all ky,. Thus d(zF, z) = sup, [+ min{[|zF" (w;) —
z(w)|l, 1} > q%) min{||2* (wg, ) — 2(wg, ) ||, 1} > qio min{d, 1}, which contradicts the assump-
tion that d(z*,z) — 0 as k — oo. Hence we prove the claim.

For k > ky, [|2"(w)—z(w)|| < § for allw € Fiyy, so |ui(w, 2% (w)) — ui(w, 2(w))| < § for all
w € Fyn,. Therefore, for any E; € I, |mingep, wi(w, 2 (w)) — mingep, wi(w, 2(w))] < §,
hence
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Z [min wu;(w, 2*(w)) — min u;(w, 2(w))]m(E)

E; €l wek wek;
< in k ~ in (B
_EEH’”O ur)re%niuz(w,z (w)) e ui(w, z(w))| T (E;)
€
< §7Ti(Fm0)
<<
5

Summing up the two terms, |V;(2*) — Vi(z)| < € for all k > ki, we prove that V;(-) is

uniformly continuous. O

8.3 Proof of Section 3

Proof of Lemma 2.

We will divide the proof into three parts. Firstly, we restrict the commodity space
to be a compact set and show that the set of MEE is nonempty. Secondly, we relax the
compactness assumption in step 1 and construct a sequence of economies, for each economy
in this sequence we could get an equilibrium based on the results of step 1, then the sequence
of equilibria has a convergent point. Thirdly, we prove that this convergent point is exactly
the MEE for the original economy.

Let now Q be a finite set, this restriction will be relaxed in Theorem 1.

Step 1: This step is standard and we include it for the sake of completeness.

Let X; be the compact commodity space for agent ¢ such that e;(w) is an interior point
of X; for any ¢ € I and w € Q).

For any price vector ¢ € A, the budget set is B;(q) = {y; € L; : ¢ -y < ¢q-
e, y;(w) € X for all w € Q} . Since e; is an interior point of X, it is lower-hemicontinuous;
moreover, B;(-) has compact range and obviously has a closed graph (hence it is upper-
hemicontinuous). Thus, B;(+) is continuous.

Define the demand correspondence as follow: D;(q) = {z; € B;(q) : Vi(z:) > Vi(yi), Yy; €
Bi(q)}, where ¢ € A. By Berge’s maximum theorem, D;(-) is upper-hemicontinuous,
nonempty and compact-valued. Moreover, V; is a concave function since u; is concave
and B;(q) is convex, and therefore D;(q) is convex.

Define Z(q) = > _;c; Di(q) — >_;c; €i- Since D;(+) is upper-hemicontinuous, nonempty,
convex and compact-valued for any i € I, so is Z(+).

Vg € A, Vz € Z(q), Fx; € Di(q) for all i € I, such that z =, ;o — >, ; e;. Since
x; € Di(q) € Bi(q),s0 q-x; < q-e; foralliel,thusq-z <0.

It follows from the Gale-Nikaido-Debreu lemma, 3p* € A, such that Z(p*) N R™ # (),
where m is the number of states in Q. Suppose z € Z(p*) N R™, then Jz; € D;(q) for all
i€l ,suchthat z =3, x; — ), ;e;. This means that

e Vi e I, x; maximizes the ex ante utility V; subject to the budget set B;(p*);

® D ier®i <D icrti
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Step: 2: We now relax the compactness assumption.
For all k € N and i € I, let X be the set:

l 1
XF=Az: Zx(o_;,h) <k Z Zei(w’,h) for all w € Q}.
h=1

w'€Q h=1

Then Xf is compact, convex and nonempty. Define X* = HXf, by the proof in step 1,
for every k, there exists a sequence (p*, z%) € A x X*, suchl‘flllat for all £ € N,
(i-k) for all i € I, 2% € B;(p*);
(ii-k) for alli € I, V;(z¥) = max Vj(y;);
yi€Bi(p*)

(iti-k) >,ep 2l (w) < 3,cp€i(w) for all w € €.

Define Y = (HMEQ HZZI[O, > icr€ilw, h)])l, then Y is compact and ¥ € Y for each k. It
means that there is a subsequence, say {(p*, z¥)}, which converges to some (p*,z*) € AxY.

Moreover, Vi € I, x¥ € B;(p*) for every k implies that =} € B;(p*), and Yier zh <
> _ics €i for every k implies that ), ;27 < > . ;e;. Because of the strong monotonicity
assumption of the utility function, we get the equality >, ., o7 = >, €.

Step 3: We check that (p*,z*) is an MEE.

Suppose that there exist ¢ € I and y; € L; such that V;(y;) > Vi(z}) and y; € B;(p*),
by the continuity of u;(w,-) for every w, without loss of generality we may assume that
Vi(y:) > Vi(x}) and y; - p* <e; - p*.

Moreover, xf — 27 implies that there exists a ki, such that for k > k1, V;(y;) > Vl(xf)
Because V;(z¥) = Zler%ag;k)vi(zi), so y; - p¥ > e; - p¥. Taking the limit, y; - p* > e; - p*, a
contradiction. o

Therefore, we have proved the existence of MEE, i.e.,
1. for all ¢ € I, x} maximizes V;(-) in the budget set B;(p*);
2. Y e ®i(w) =D e ei(w) for all w € Q.

Proof of Theorem 1.

For every m € N, £™ is a truncated economy of £ defined in the subsection 8.1. By
Lemma 2, there is an MEE for every economy ™, say {p™,x™}.

By Assumption (E.3), 3M > 0, such that Vw € Q and 1 < j <1, >
Define

ie]e’i(whj) S M.

G={zeR,)*:0<z(w,j)<Mforallwe Qand j e=1,2,---,L}.

For any m € N,i € I, w e Qand j = 1,--- 1, 27" (w,j) < > ,cei(w,j) < M, thus
m,e
z, " €Gq.
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Since A x G is a compact set, {(p"™°, 2™ )} has a convergent subsequence, w.l.o.g, we
assume that there exists an allocation (z,p) € A x GI such that (p™°,2™¢) — (p,z) as
m — 0o. Moreover, it is easy to see that z is feasible since ™ is feasible for every m.

We verify that (p,z) is an MEE.

First z; € B;(p), since z["° — x;, p™° — p and z]"° € B;(p™?).

For any y € B;(p), let y* be the restriction of y on F}, then d(y*°,y) — 0 as k — oo,
hence V;(y%0) — V;(y).

For every k, 3m;, sufficiently large such that mj; > k and y* is in i’s budget set'*

mi
%

B;(p™*) in the truncated economy £™*, since x."* is the maximal point,

S (i o @B € 3 Lmin o (@)} (),
Een ' Bl '
[min s, P DI < 3 [min w22 ())me( ),

ot weE; Bicll wekE;

which implies V;(y*0) < V;(2]"*°) for every k.

K3

Then V;(z;) = limg_oo Vi(z]™¢) > limsupy_,o. Vi(¥¥°) = Vi(y), x; is the agent i’s
maximal point in his budget set.

The proof completes. O

8.4 Proof of Section 4

8.4.1 Proof of Subsection 4.3

Definition 11. A feasible allocation x is said to be an e-mazximin core allocation (e-
MC) in the economy &, if there do not exist a coalition C C T, u(C) > 0, and an allocation
y such that

(1) Vi(yt) > Vi(ze) + € for p-almost allt € C;

(ii) [oy(t,w)dp = [, e(t,w)du for allw € Q.

For any allocation x, agent ¢t € T and € > 0, let Pf(xy) = {y € L : Vi(y) > Vi(z¢) + €}
and Py(z;) = {y € L, : Vi(y) > Vi(x¢)}. Throughout this subsection, we assume that
the step allocation f is in the maximin core of the economy .. ¢(t) = Pi(f:) U {e:} and
P (t) = Pﬁ (fimu{el}, where f{™ and e}” are the restrictions of f; and e; in the truncated

economy &

Lemma 3. Suppose Assumptions (E), (U) and (I) hold. For any e > 0, there exists M

such that for every m > M, f™ is an e-MC allocation in the truncated economy E*.

Proof. By Assumptions (E) and (U), 3K > 0, such that u;(w, fi(w)) < K for every w € Q
L pC
and t € T. By Assumption (I), 3M >0, Z34 < £ Vi€ I.
For any m > M,

Vi(fe)

Here we slightly abuse the notation, y* is now considered as an allocation of the economy £™*, such that
y*(w) =0 for w € F, \ F.
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> [waleigut(W,ft(w))]Wt(E)

Eell,

= Y minu(w, fi(@)]m(E) + Y [minw(w, fi(w))]m(E)
Eel EgI

< D minu(w, fi(w))]m(E) + Km(F7)
EEH'”

< m(Fn) V" () + em(Fin).

Then fix m > M, suppose f™ is not an e-MC allocation in the truncated economy &£",
then there exists a coalition C C T, u(C) > 0, and an allocation g such that

(1) Vi (g¢) > V" (f") + € for almost all t € C;

(ii) [ 9(t,w)dp = [, e(t,w)dp for all w € Q™.

Define
g(t,w), ifweQm
e(t,w), ifwé¢qQm.

Then in the economy &, Vi(z(t)) > m(Fpn)Vi™(g:) > me(En) [V (fi) + €] > Vi(fi). T w €
Q" Joatw)dp = [pgtw)dp = [pe(t,w)dps if w ¢ Q7 [ 2(tw)dp = [ e(t,w) dp.
The coalition C' maximin blocks f via z, a contradiction. O

Lemma 4. Suppose Assumptions (E), (U) and (I) hold. If p™-a > p™ fT " dp for every
a € qu’)m Ydu and p™° — p as m — oo, thenp-b > p- fTetdu for every b such that
= [; g(t,w)dp for some g(t) € ¢(t).
Note that fT e dp is well defined since it is only finite dimensional, but fT e;dp is not
the Bochner integral: p- [.e;du denotes Y ., p(w) - [ e(t,w)dp.

Proof. By way of contradiction suppose that there exists an allocation g such that g(t) €
o(t) for every t € T, b(w) = [, g(t,w)dp for any w and p-b < p- [, e, dp.

We claim that for every ¢t € T, IM; > 0, Vm > M, g™ (t) € ¢™(t) in the truncated
economy &

Define Eg = {t € T : g(t) = e(t)}. If t € Ey, g™(t) = e™(t) € ¢™(¢) for any m.

Otherwise, let e, = Vi(g(t)) — Va(f(¢)) > 0. In the proof of Lemma 3 we have shown
that 3K > 0 such that ug(w, fr(w)) < K for every w € Q and ¢t € T. Then there exist M}

)
and M2 such that (TI\/I%) < 5f and —7— —
m Z Mtu

1 1
3> e Let M; = max{M}, M?}. For

V(g™ () ~ V()
= 3 i, g7 @) (B) — 3 i, (@) ()

Eely genp
1 ) .
= 7 (Fon) [E;It[bl}lelgut(w,gt(wmﬂt(E) — Eéznzn[glelg ug(w, gr(w))]me(E)
- Z [%Eut(w’ft(w))]ﬂt(E)‘*‘ Z [Ul}ggut(wyft(w))]m(E)]
Eell, Bty
= (} 702 Iminw(w, ge@Nm(B) = 3 [minw(w, fiw)iny" (B) = Km(Fy)]
thm Eell, e Ecll,; we
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1 €¢

Ey V) =IO - 5
> %

>

Therefore, g™ (t) € ¢™(t).
Define E,, = {t € T : g*(t) € ¢*(t) for all k > m}, then E,,, C Ep, 11 and UX_(E,, = T.
For m > 1, define
gm(t), teEy,

hE) = em(t), t¢ B

then h™(t) € ¢™(t) for all t € T
Because h™¢(t) — g(t) p-a.s. and p™° — p, so p™ - (R™(t) — e™(t)) = p™° - (h™€(t) —
e(t)) = p- (g: — er) p-a.s. We have

P /T (W™ (t) — €™ (1)) dp = /T P () — em (1)) dpt — /T p- (gt) — e(t)) du
—p /T (9(t) — e(t)) dp=p- (b /T (1) dps),

The first equality holds since p™, b and e™ can be regarded as finite dimensional mappings,
the convergence is due to the Lebesgue dominated convergence theorem, the second equality
is due to the Fubini theorem. Thus there exists some M > 0 such that for any m > M,
p™ - ([ h™ () dp — [, e™(t)dp) < 0, a contradiction. O

Proof of Theorem 3.

One direction is obvious, we only need to prove that the MC allocation is also an MEE
allocation.

Suppose that f is an MC allocation, by Lemma 3, for sufficiently large m € N, f™ is a
%—MC allocation in the truncated economy £, then the set fT @™ (t) dp is nonempty and
convex by Lyapunov’s theorem.

Define L, to be the function from Q™ to RfH_, we claim that [fT el dp — L++] N

Jr @™ dp = 0. Otherwise, there exists z € L, and an integrable function g™ (t) € ¢™ (t)

for p-a.e. t € T, such that
/ eftdpy—z = / g™ (t) dp.
T T

Define S = {t eT:g™(t) € Pt%(ftm)}, then g™ (t) = e} for p-a.e. t € T\ S and

/elnd,u—zz/gm(t)du.
s s

Since z # 0, we have u(S) > 0. Define h™(t) = g™ (t) + ﬁz, then [gefdu = [¢h™(t)dp
and h™(t) € ¢™(t) for p-a.e. t € S because of the monotonicity of the preference. This is
a contradiction.

By the separation theorem there is a nonzero linear functional ¢, such that v (a)
([ el dp) — ¢(z) for every a € [, ¢ dp and z € Lyy. Since z is arbitrary, ¥ (a)
([ ey dp) for every a € [ ¢ dp; since [ ef* dp € [, 7" dp, p(z) > 0 forevery z € L.
There exists a p™ # 0 such that ¥(a) = p™ - a. Since ¥(z) > 0 for every z € L4, p™ > 0.

>
2
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Then p™ -a > p™ - fT ey" dy for every a € fT @7 dpu. Since p™° € A for every m and A is
compact, Ip € A which is a convergent point of {p"%},,en. By Lemma 4, p-b > p- fT e dp
for every b e [, ¢(t) dp.

Following the standard arguments in Hildenbrand (1974), we can show that (f,p) is an
MEE. O

8.4.2 Proof of Subsection 4.4

Proof of Theorem 4.

Suppose that f is maximin blocked by the coalition A via ¢', then [, ¢'(t,w)dp =
Jae(t,w)dp for every w € Q and Vi(g;) > Vi(f;) for every t € A. Define A; = ANT;, for
each w € Q, let g;(w) = A 11 fA g:(w) dp; suppose g is defined as g(¢,-) = g; when t € A;.
Then [, g(t,w)dp = [, e(t,w)dp and Vi(g¢) > V;i(f) for every t € A; by the concavity of
Vi().

Because of the uniform continuity of V;(-), g;" 0 converges to g; as m — oo; thus there
exists some M > 0 such that for every m > M, V,(¢/"°) > Vi(f,) for every t € A; with
p(A;) >0, and [, g7 (w)dp = J 4 et(w)dp for every w € Fp,

Fix m > M, consider the finite dimensional atomless vector measure restricted to A,
for S C A,

) = ([0 - ) auwnts)

Applying Lyapunov’s theorem to 7, we obtain that for any a € (0, 1), there exists a coalition
B C A, with u(B) = ap(A) and [5(g7"(w) — e () dpt = a [, (67" () — e7*(w)) da = 0 for
every w € F,. Let

97 (w), if we Fp;

ﬁ fB er(w)dp, fwé Fy;

Thenifw € Fy,, then [ hy(w)dp = [, 97" (w) dp = fB er(w) dp; if w ¢ Fpy, then [ hy(w) dp =
Is (IJ«(B Jpet(w d,u) dp = [pew)dp. B; = BNT;, for every i with u(B;) > 0,

Vi(he) > Vi(gi™°) > Vi(fy) for t € B;, the coalition B maximin blocks f via h.

If u(A) =1, we are done; otherwise u(7T\ A) > 0. Since V( ) is continuous on the set of

feasible allocations for every ¢ € I, we can choose g such that (A) Ja (e(t,w) —g(t,w))dp =
z(w) > 0 for every w € Q and Vi(g:) > Vi(fi) for every t € A,.

Given « > 0, consider the allocation g, (t,w) = ag(t,w) + (1 — a) f(t,w). By concavity
of Vi(+), Vi(ga(t)) > Vi(f(t)) for every t € A. By the uniform continuity of V;(-), there
exists some M; > 0 such that for every m > My, Vi(¢2¢(t)) > Vi(f) for every t € A.

Consider g,(w) = fi(w) + 244 2(w), then Vi(g,) > Vi(f:) by monotonicity. By the

I
uniform continuity, there exists some My > 0 such that for m > My, Vi(g;"¢) > Vi(f;) for

every t.
Fix M > max{My, Mz}, consider the finite dimensional vector measure v restricted to
T\ A, for CCT\A,
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Applying Lyapunov’s theorem to v, for o > 0, there exists a coalition B C T\ A, such that
1 u(B) = (1 - a)u(T\ A);
2. [p(e () = () du= (1= a) fr (e () = i () dpe.

Consider the coalition S = AUB, then p(S) = pu(A)+(1—a)u(T\ A). Define the allocation
y from S x € to Rl_|r as follow:

ga(t,w), if we QM and t € A;
ye(w) = q fr(w) + O/T((l%)z(w), ifwe QM and t € B;
ﬁs)fset(w)du, if w¢ QM.

Ift € A Vi(y) = Vi(gh(t) > Vi(fy). If t € B, since fi(w) + 4B 2(w) > fi(w) +
:E’}(\AX)z(w) =7,(w), Vi(ye) > Va(@M°) > Vi(f). We only need to check that y is feasible.

If we QM|

[t d
S
au(A)

~ [trans [ (sew+ 20 an
— [ (gt + =)t dut [ Fltw)dn+an()z(w)
A B

—a [ ctwrans |-t [ tw)di--a) [ ettt d
:oz/Ae(t,w)dqu/Be(t,w)d,u+(l—oz)/e(t,w)du

A
— [ etw)dns
S

If w¢g QM
/ y(t,w)dp
S
—/ ( ! /e(t w)d,u)du
s \u(S) Js 7
= / e(t,w) du.
s
Therefore, the coalition S maximin blocks the allocation f via y, and the proof is complete.

O

8.5 Proof of Section 6

Proof of Theorem 7.

Suppose {z;}icr is an maximin efficient allocation and not MCIC, then there exist a
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coalition C' and two states a and b such that: v;(a,y;) > vi(a, ;) for all i € C, where

ei(a) + x;(b) —e;(b) ifw=a,
yi(w) = .
x;(w) otherwise.

Extending the allocation y for all agents by letting

ei(a) + x;(b) — e;(b) ifw=a,
yi(w) = .
Zi(w) otherwise.

foralli e I.

First we check that {y; }icr is feasible.

(i) fw#a, yi(w) =zi(w) foralli € I, 50 3, yi(w) =D i vi(w) =0 ei(w);

(i) f w = a, Y ;e vila) = X icreila) + D crzi(b) — Docrei(d) = Y ic;eila), since
Yier€i(b) =2 e zi(b).

Second, we show that all the agents in C' are better off and all other agents are at least
the same if taking the allocation y instead of x.

Fori € C and E; € 11, if a ¢ F;, then for any w € E;, v;(w,y;) = v;(w,z;), because
yi(w) = x;(w) for all w € E;; if a € E;, then for any w € E;, v;(w,y;) > v;(w, z;) because
of our assumption; therefore V;(y:) = > p crp. vi(Ei, yi)mi(Ei) > Y g cnp, vi(Ei, wi)mi(E;) =
Vi(x;) for all i € C.

Fori ¢ C and E; € 11;, if a ¢ E;, v;(E;,y;) = vi(E;, z;), because y;(w) = z;(w) for all
w e By if a € E;, then b € E; and e;(a) = e;(b), hence u;(a,yi(a)) = ui(a, e;(a) + x;(b) —
ei(b)) = ui(a, zi(b)) = us(b, yi (b)).

w(Be) = i (w(as(@). i w5

= min (w000 i (o))

w#a,weE;

= A vl i)

2 min ui(w, z;(w))

= vi(Es, ;).

Then V;(yl) = ZEiEHi ’UZ(EZ,yl)TQ(El) Z ZE{,EH{, vl(El,xi)m(El) = V;((El) fOI‘ all 7 ¢ C
Since ey; — y; as e — 1 in (R}, )> and V; is continuous, there exists € € (0,1) such that

Vi(ey;) > Vi(x;) for all ¢ € C.
For all w € Q, define

eyi(w) ifi e C,

zi(w) =
yi(w) + H},;EH Yiccyilw) ifi¢gC.

Then V;(z;) = Vi(ey;) > Vi(z;) for all i € C. Moreover, since u;(w, -) is strongly monotone,
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Vi(zi) = Vi(yi + Hll—;é‘l\ Yicc ¥i) > Vilys) > Vi(z;) for all i ¢ C.
Then we check the feasibility of z, for every w € €,

D ziw) =Y ) + Y wilw) + (1—6) D yiw)

i€l icC i¢C icC
= yilw) =) ei(w).
i€l iel
Thus {z; }:e; is not maximin efficient, a contradiction. O
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