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The effects of parties’ political motivations over electoral equilibria have always received
considerable attention in the literature on electoral competition.! Most of the analysis,
however, has been done within the spatial model of elections where the winner of a
plurality of votes takes full control of policy and government, a framework usually referred

to as winner-take-all electoral competition. One of the main conclusion of this literature
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Abstract

We study a model of consensual democracies, where two political parties com-
pete for policy influence in an electoral process, and they share power afterwards
proportionally to the number of votes received in the contest. First, we show un-
der mild assumptions that a stable outcome does not always exist in this type of
democracies. Second, we offer a condition of symmetry on parties’ political moti-
vations which guarantees that a family of proportional power sharing elections sat-
isfy strongly better reply security. This reestablishes the existence of pure strategy
equilibrium, though the equilibrium does not need to occur at the median preferred
policy. Both findings, particularly the effect of ideology on electoral equilibria and
the radicalization of the electoral campaign, stand in sharp contradiction with what
happens in winner-take-all democracies, where deterministic voting always leads to

the median voter result regardless of parties’ motives for running for office.
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is that in the one-dimensional case, parties’ ideologies are significant to explain electoral
outcomes only if candidates cannot predict voting behavior precisely. Otherwise, under
deterministic voting, the median voter result holds regardless of parties’ motives for
running for office (Duggan 2012).

Winner-take-all are obviously a rather especial type of democracies. In 2012, for
instance, Barack Obama won the US presidential election with 51% of the popular vote
against his closest rival Mitt Romney, who got 47.2%. Yet two months after winning
office for the second time, President Obama struggled to pass a fiscal package through
the American Congress to avoid the so called “fiscal cliff.”? After intense negotiations with
the opposition, a compromise bill designed to avert the fiscal cliff was finally approved
on January 1, 2013. The deal was a “something-for-everyone” mélange. It included low
investment tax rates sought by the Republicans and an extension of tax credits for the
working poor that were considered among the Democrats’ main priorities.

The previous example about the last US presidential election illustrates nicely that
in reality, in most democratic countries “the relative power of the majority party for a
given election outcome varies with the degree of separation of powers, the organization of
chambers, the assignment of committee chairmanships, and institutional rules on agenda
setting, allocation of veto powers, and obviously electoral rules,” (Herrera et al. 2012).
These institutional details shape the mechanism that transforms the votes obtained in
the election into actual power to influence policy. Borrowing from Lijphart (1984), we
call this second type of polities, where policy making power is shared among parties, con-
sensual democracies. Do political motivations play a distinct role over parties’ campaign
strategies and the electoral equilibria under this alternative power sharing mechanism?

In this paper, we analyze how parties’ interests in power and policy affect the elec-
toral process of consensual democracies. To addresses this matter, we consider a one-
dimensional, two-party, electoral competition model with mixed motivations, where par-
ties are interested not only in policy but also in their vote shares. We depart from the
classical model by assuming that the policy implemented after the contest reflects the
platforms of both the majority and the minority party. To be precise, we adopt a “re-
duced form” mechanism of power sharing where the policy implemented is a combination
of the platforms proposed by each party during the electoral campaign weighted by their

respective vote shares.®> Except for this, the paper remains in all other respects within

2The term fiscal cliff refers to the sharp decline in the budget deficit that could have occurred in
the United States at the beginning of 2013 due to increased taxes and reduced spending as required by
previously enacted laws.

3The idea is to capture in a stylized way the fact that a party winning with 51% of the votes will
experience more difficulty to carry out its proposal than one winning with say 80% of the votes. A similar
mechanism is used by Ortufio Ortin (1997), Lizzeri and Persico (2001), Persico and Sahuguet (2006),
and Herrera, Morelli and Palfrey (2012), to name a few.



the domain of the canonical theory of elections with two parties and deterministic voting.

Besides the simplicity of our framework, the model is shown to be rich enough to
deliver new and interesting results. First, an example with symmetric and single-peaked
preferences is provided where not only parties’ payoff functions are discontinuous and
non quasi-concave, but also pure strategy equilibrium fails altogether to exist. We show
the root of this instability lies on the fact that consensual democracies (proportionally
power sharing electoral games) are not always weakly reciprocally upper semi-continuous
(see Definition 5). This electoral instability never takes place under deterministic voting
and winner-take-all electoral competition. On the contrary, we already said the latter
delivers the median voter result independently of parties’ motives for running for office.

Second, to address the problem of equilibrium existence under proportional power
sharing, this paper takes advantage of recent developments in the literature on Nash equi-
librium in games with discontinuous and non quasi-concave payoffs. The paper shows
that in spite of the technical difficulties mentioned before, consensual democracies are
always payoff secure (see Definition 4). Moreover, when parties are equally concerned
about power, the election game also satisfies a refinement of Reny’s (1999) better reply
security for compact and non quasi-concave games, called strongly better reply security
(see Definition 3). The symmetry of parties’ political motivations reestablishes the ex-
istence of pure strategy equilibrium. But, as we argue below, the equilibrium does not
need to occur at the median preferred policy.

Indeed, the paper analyzes in the symmetric motivation case how the equilibrium
platforms vary with the relative interest in policy. The main message is that, contrary to
what happens in winner-take-all, ideology matters in consensual democracies even when
there is no uncertainty about voters’ preferences. In the purely ideological case, each party
campaigns in equilibrium on its own ideological side, proposing the most radical platform
possible. Then, as their appetite for power increases, they become more moderate, and
their electoral policies move towards the center of policy space. The median voter result
is eventually recovered when parties split their concerns equally between the two goals,
i.e. policy and votes. From that point on, as their concern for power continues raising,
the electoral equilibrium of proportionally power sharing election games coincides with
the equilibrium of winner-take-all electoral competition.

It is worth noting that, regardless of how much parties care about policy, in the
symmetric case the vote shares of each party as well as the implemented policy are the
same in both types of institutions. Thus, so long as political parties exhibit a common
motivation for competing in elections, consensual and winner-take-all democracies differ
only with respect to the campaign strategies of the electoral stage, but the realized

outcomes are in both cases the same. In consensual democracies, the dynamic of the



electoral campaign together with the nature of the power sharing mechanism lead parties
to adopt more extreme positions during the electoral process. However, what actually
happens afterwards at the post-electoral stage is consistent with the median voter’s result.
Having said that, recall that when parties do not share a common view about power, that
is, in the asymmetric motivation case, the median voter’s wish still prevails in winner-
take-all democracies, but consensual ones might not even admit a stable outcome in pure
strategies.

The rest of the paper is organized as follows. Section 2 presents the model and few
auxiliary results, it defines the proportional power sharing election game (consensual
democracy), and it discusses an example where pure strategy equilibrium fails to exist.
Section 3 focuses on the equilibrium analysis, formally stating and proving the main
results of this article. Final remarks and directions for further research appear at the end

of the paper in Section 4.

2 Preliminaries

Two political parties, indexed by ¢ = A, B, compete in an electoral contest by simultane-
ously and independently announcing a policy platform x; € X = [0, 1]. The electorate is
made up of a continuum of voters of mass equal to 1. Voters differ in a single parameter
0, which is distributed over [0, 1] according with a probability distribution function F'.
A voter of type 0 has preferences over X represented by a real-valued utility function
U(x,0). We assume that both F' and U(z,#) are common knowledge.

For every pair of announced policies (z4,75) € X x X, each voter votes deterministi-
cally for the party whose proposal offers the highest utility, voting for the two alternatives
with equal probabilities when indifferent.* The policy implemented after the election, de-

noted by z(za,xp), is given by

(x4, 28) = pa(za,zp) - xa+ pp(ra,28) - 75, (1)

where p;(z4,2p) € [0,1] denotes party i’s vote share, and ) . p;(za,25) = 1. As was
mentioned in the Introduction, a expression like (1) is employed in some important papers
of political economy, including Lizzeri and Persico (2001) and Persico and Sahuguet
(2006). Here we study the implication of that assumption for the existence of electoral
equilibrium and the effects of ideology.

We suppose throughout the analysis that the following assumptions holds.

4Notice that by Assumption 4 below, for all z4 # zp, F({6 € [0,1] : U(x4,0) = U(zp,0)}) = 0.



Ass 1 F(0) is twice continuously differentiable, with continuous density F'(-) = f(-) and
F(0y) = 1/2 for some 0y € (0,1).

Ass 2 U(x,#) is continuous in both arguments, strictly concave in z, and differentiable
in x everywhere, except possibly at Z(f) = argmax,cx U(x,0), with lim,_,o U(z,0) € R
and lim,_,; U(z,0) € R.

Ass 3 #(0) is strictly increasing in 0, with £(0) = 0 and z(1) = 1.

Ass 4 For all 2,y € X, with 2 # y, there exists at most one type 0 € [0, 1] such that

Let O(x 4, xp) be implicitly defined by U(z4,0(z4,75)) = U(xg,0(xa, 25)).

Ass 5 O(x4,rp) is differentiable with respect to 4 and g (x4 # 25).

F(a(:l‘l,:lf_l)) . . . 1—F(§(a:i,:n_i))
Ass 6 o) is nondecreasing in x;, and —rEot—5

oz, oz _;

is nonincreasing in x_;.?

It is easy to show that under Ass 6 both In(F(0(x;,x_;))) and In(1 — F(0(z;,7_,)))
are concave in z;.° Therefore, F\(6(x;, x_;)) and 1 — F(0(x;, 2_;)) are quasi-concave in ;.
Moreover, for any pair of distinct policies, the structure imposed so far allows to split the
electorate into two disjoint subsets, namely, the set of voters that supports party A and

the set that votes for party B. This result is stated formally in Lemma 1.

Lemma 1 For any pair of policies (xa,25) € X x X, with va # xp, pi(ra,xp) =
F([0,0(x4,25)]) and p_ij(za,28) = F([0(xa,25),1]) for somei= A, B.

Proof Without loss of generality, assume x4 < zp. By Ass 2 and Ass 3, U(z4,0) —
U(rp,0) >0 and U(za, 1) — U(zp,1) < 0. Thus, since by Ass 2 U(x4,0) — U(xp,0) is
continuous in #, by the intermediate value theorem there must exist 6 € (0, 1) such that
U(za, é) — Ul(zp, é) = 0. By Ass 4, 6 is unique; thereby by definition, § = O(x4,73).

Consider next any type ¢ € (0,6), and suppose by way of contradiction that
U(xa,0')—U(xp,0) < 0. Repeating the argument employed before, there must exist a
type 0 e (0,6") such that U(z 4, 5)—U(x3, 5) = 0, which provides the desired contradiction
with Ass 4 (because 0 < 0). Hence, for every 6 € (0,0), U(x4,0)—U(zp,0) > 0. Following
an analogous reasoning, it can be shown that for every 8 € (8,1), U(z4,0)—U(zp,6) < 0.
Thus, pa(za,25) = F([0,0(xa,2p)]) and pp(za, x5) = F([0(za,25),1]). 1

5Hereafter, it is understood that the index —i denotes B if i = A and A if i = B.
6See Bagnoli and Bergstrom (2005) for applications of log-concave probability functions into economics
and political science.




Using Lemma 1, we can determine for any pair of distinct policies, the response of
each party’s vote share to changes in its policy platform. In words, we show in Lemma 2
that as one party moves its platform toward that of (resp., away from) its opponent, it

increases (resp., decreases) its vote share.

Lemma 2 For any x; < x_;, (a) % > 0, and (b) %ﬁ’f‘” < 0.

Proof Consider any two policies z;, z_; € X such that z; < x_;. Let x} = z; + §, with
§ > 0 and o, < r_;. Assume by contradiction that 0(z;,v_;) > (2, x_;). Since 6 is

continuously distributed on X, there exists 6 between (z;, z_;) and 6(z, z_;) such that
U<m—i7 é) > U(I;, é)? (2)

where the last inequality follows from the fact that, by Lemma 1, p;(z},x_;) =
F([0,0(z,x_;)]). By Ass 2, #(f) > z/. Otherwise, if 2(f) < !, strict concavity (single-
peakedness) of U(-,8) together with 2/ < z_; would imply that U(z_;,8) < U(z},8),
contradicting (2). Moreover, #(8) > x} > x; implies that U(z},0) > U(z;,8); and com-
bining this with (2), we get that U(z_;,0) > U(x;,0), contradicting that by Lemma 1
pi(ws, ) = F([0,0(zi,2,)]).

Next, suppose 0(x;, x_;) = 0(z}, x_;). By definition of §(a/, x_;),

e, 2-)) = U, (a2, (3)

thus, o} < 2(0(z),2_;)) < _;. By Ass 3, 2(0(x,v_;)) = 2(0(, x_;)); and by definition,
Ulwi, 0(xi, 7)) = Ul 0(2s, 2-4)). (4)

Notice that the right-hand side of (3) and (4) are equal because by hypothesis the types
are identical. Thus, we have that U(z}, 0(x;,2_;)) = U(x;, 0(x;,7_;)), which stands in
contradiction with Ass 2 (recall z; < o} < #(0(x;,7_;))). Hence, for any z; < 7 <
v € X, 0(xy,x_y) < 0(xh,x_;); and since F(+) is an increasing function F(0(z;, z_;)) <
F(0(z},7_;)). Moving terms to the right hand side, dividing by J > 0, and taking the

limit as ¢ goes to zero (which exists by Ass 4), we have that

F0(z; +0,2_;)) — F(O(x;,2_;))

lim >0,
0—0
which delivers the result stated in (a). The proof of (b) follows a similar argument. |

Parties care about votes and policy. Formally, for every (z4,xp) € X x X the payoff



functions for parties A and B are, respectively,

Ma(ra,25) = Aa - pa(xa, x5) + (1 — Aa) - Ualz(z4, 7)), (5)

and
lp(ra,28) = Ap - pp(ra,78) + (1 — Ag) - Uplz(za, z5)], (6)

where \; € (0,1) stands for party i’s weight on his vote share, and U;(-) = U(-,6;) for
some 6; € [0,1]. We assume that party A (resp., B) represents a voter type located on
the left-hand (resp., right-hand) side of the median type, i.e., 04 < 0y < 0p; and we
identify the half-open interval [0, /) (resp., (far, 1]) with the left-wing (resp., right-wing)
ideological side. Notice that for any x; < z_; (resp. x; > x_;), the function U;(x(z;, z_;))
is single-peaked in x; (Ortuno Ortin (1997, p.433). Therefore, by Lemma 2, I1;(z;, z_;)
is single-peaked on x; < x_; (resp. x; > x_;) as well. This information about the shape
of the payoff functions will be useful in the proof of Proposition 2. Similarly, the result

that follows will be employed to prove Proposition 1.

Lemma 3 Fiz i = A, B and consider any profile & = (%;,7_;) € X x X. If either (i)

Ty # Ty, (ii) T, = 2(0p), or (iii) N; =0, then 11;(Z;, -) is continuous in x_; at T_;.

Proof Consider first the case where z; # z_;. Without loss of generality, suppose z; <
T_;. By Lemma 1, p;(z;,7_;) = F([0,0(z;,7_;)]), where 8(;, 7_;) is implicitly defined by
the equation U(Z;, 0(z;,7_;)) — U(Z_;,0(%;,7_;)) = 0, which has a unique solution in ¢
by Ass 2-4. Since F'(-) is a continuous distribution function, by Ass 5 (i.e., continuity of
0(z;, -)) the functions p;(Z;, -), 2(Z;, -) and U;(2(Z;, -)) are all continuous in x_; at _;.
Hence, I1;(z;, -) is continuous in x_; at z_; as well.

Next suppose T; = #(0p). If T_; # #(0p), then we can use the previous argu-
ment to derive the desired result. Thus, assume Z_; = (6);). Note that p;(Z;,7_;) =
1/2 = F([0,0y]). Consider a sequence {z",} — Z(0y). For any 2z, # #(0y), let
0" = 0(2(0y),2";). Notice that by Ass 2-4, 6" is well defined. Suppose, without
n. < #(0y). Clearly, 2(6") # a", (vesp., # #(y)). More-
over, if #(6") < 2", (resp., £(0™) > 2(Axr)), then Ass 2 would imply that U(z",, ") >
U(:%(QM), o) (vesp., U(x™;,0") < U(2(0n),0")), contradicting the definition of *. Thus,

. < 2(0") < #(0)); and consequently {#(0™)} — #(0a) as 2™, — 2(0r). Moreover,

loss of generality, that x

—Z7

{9”} — Oy as well, since otherwise we would have that lim,, ., 2(6") = £(0°) = ()
but lim, .. 0" = #® # 60,;, which stands in contradiction with Ass 3.7 Therefore,
0(2(0hr), 2™;) — Orr as 2™, — 2(0y), and F(O(2(0r),2";)) — 1/2. Hence, p;(2(0ar), -)
is continuous in x_; at x(@M) and so are z(Z(0y), -), Ui(z(2(0n), +)), and I1;(2(0ar), -).

"Notice that lim,, ., 0" = limgn 500,) 0(2(0ar),2™;) exists because (3 (0ar), -) is by Ass 5 contin-

uous on z_; # #(fyr), and so {0(2(0ar),z";)} converges as n — oo.
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Finally, suppose \; = 0, so that I1;(z;,z_;) = U;(z(Z;,7_;)). Recall that z(z;,z_;) =
pi(Zi, T ;) - [T — ;] + T_;. As was shown before, if ; # Z_;, then z(Z;, -) is continuous
in z_; at z_; and we are done. Otherwise, consider a sequence z" = (z}',z",) C X x X,
such that (z7,2",) — (Z;,Z_;). Taking the limit of x(z],2",) as (aF,2",) — (T;,7T—;),
we have that x(z!, 2™,) — z_; = x(Z;,T_;), since p;(x?, 2™;) is bounded and [z} — z™ ]
converges to zero as ™ — . Therefore, x(Z;, -) is continuous in z_; at Z_;, and so is the

payoff function II;(z;, ). |

Let G = (X,11;);—a 5 be a proportionally power sharing election game that
satisfies Ass (1)-(6). A pure strategy equilibrium (PSE) for G is a pair of policy platforms
(x%,x5) € X x X such that [14(z%, 2%) > a(y,z3) and Hg(ah, zf) > (2%, y) for
all y € X. When both parties care only about their vote shares, i.e., when \; = 1 for
all : = A, B, such equilibrium is known to exist and to coincide with the median voter’s
ideal policy Z(0yr) (see, for instance, Roemer 2001, p.26). Likewise, in the other extreme
case, that is, in the purely ideological case where \; = 0 for all i = A, B, Ortuno Ortin
(1997) shows that II; is continuous in x;; and he applies Brower’s Fixed Point Theorem
to conclude that a pure strategy equilibrium always exists as well.

In contrast with these positive results associated with the extreme cases of vote and
policy motivation, Example 1 below illustrates that when X; € (0,1) not only the con-
ditional payoff functions II;(-,z_;) are discontinuous and might not be quasi-concave,
but also that G does not necessarily possess an equilibrium in pure strategies. This
stands in sharp contrast with what happens in winner-take-all elections under similar cir-
cumstances, i.e., with mixed motivations and without electoral uncertainty. That model
admits in the one-dimensional case a unique equilibrium in pure strategies in which both
platforms coincide with the median voter’s preferred policy (Duggan 2012, p.16). Thus,
our example suggests that mixed motivations alone can’t be blamed here for the lack of

stability. The power sharing mechanism plays its role too!

Example 1 (Uniform distribution & Euclidean preferences) Suppose 6 is uni-
formly distributed on [0,1] and let U(x,0) = —l|jz — 6||. Then, z(d) = 6 and

g(xA,xB) = % = F(@(xA, rp)), meaning that Ass (1)-(6) hold. Assume that A4 = %

4 8
10° 10°

1 and 2 illustrate, near the critical points the conditional payoff functions are continuous

and differentiable; thereby the first order conditions imply that =% = ;—(1) and rp = %

Note in Fig. 2 that although party B’s second order condition is satisfied at the

and A\g = with 64 = % and 0 = and consider a PSE candidate x% < z7;. As Figs.

stationary point x% = 2/3, his conditional payoff function IIz(z%, -) is neither continuous
nor quasi-concave on [0,1]. Moreover, the local maximizer xj = 2/3 is not B’s best

response to z% = 11/20. Indeed, party B can do better by undercutting 11/20 from



below, which leads to an empty best response function for that value of x4. Hence, there

is no equilibrium in pure strategies with % < z7%.

r i 0.10f
02f f
| 005f
o1f : [

-0.05F

—01f r
r —0.10f

o2 ~015f

-020f

Figure 1: Party A’s conditional payoff Figure 2: Party B’s conditional payoff
2 11

function given zp = 3. function given 7 = 5.

Regarding the existence of PSE with x7% > x7, first the profile of median ideal policies
(1/2,1/2) can’t be a PSE unless \; > 1/2 for all i = A, B. In this example, this condition
fails to hold for party B, which has a profitable deviation to 1/2+ ¢ for § > 0 sufficiently
small. Similarly, there is no PSE with 2% = 2z}, = x # 1/2. For instance, if x > 1/2,
then party A has a profitable deviation to the left of x. Finally, there is no equilibrium
with 2% > x7 either, because: (i) If 0 < z7; < 64, then B can profitable deviate towards
%y (1) If 04 < oy < 0y, party A can continuously increase his payoff by moving closer
to a%;; and (iil) If 6y < 23 < 1, then A can increase his payoff by tying with B at z7;.
This together with the comments in the previous paragraph shows that the election game

under consideration has no equilibrium in pure strategies.

The example discussed above shows how sensible is Ortuno Ortin’s (1997) analysis
of proportional representation elections to the hypothesis that parties care only about
policy (A; = 0). This is not just because, as we saw, pure strategy equilibrium might
fail to exist under mixed motivations (\; € (0,1)). More importantly, in the latter case
the conditional payoff functions are not continuous and may violate quasi-concavity, and
this invalidates Ortuno Ortin’s (1997) approach to equilibrium existence, which is based
on the direct application of a fixed point argument. In the next section, we address this
problem using the recent developments in the literature on the existence of pure Nash

equilibria in discontinuous and non quasi-concave strategic games.

3 Equilibrium Analysis

The aim of this section is to provide a sufficient condition that generalizes Ortuno Ortin’s

(1997) existence result to a broader class of proportionally power sharing election games,



in which parties are concerned not only with policy, but also with their vote share.
Roughly speaking, the strategy consists in establishing a restriction on the parameters
A; such that the game satisfies a property called strongly better reply security (SBRS).
This property, recently proposed by Bich (2009), generalizes Reny’s (1999) better reply
security in a way that will become clear shortly. Technically, it guarantees that every
compact game admits a Nash equilibrium in pure strategies, regardless of whether the
game is quasi-concave or not (Theorem 3.2, Bich 2009, p.401).® As is shown in Example
3, in general the proportionally power sharing election game is not SBRS; hence the need
to restrict A;.

To proceed, we introduce first a local index of non quasi-concavity for the conditional
payoff functions of G. Fix z_; € X and recall that the function II;( -, z_;) is quasi-concave
on a nonempty and convex subset Y C X if for all y,v/ € Y and all a € [0, 1], one has
that I;(ay+ (1 —a) v/, x—;) > min{IL;(y, z_;), ;(y/, z_;)}. Equivalently, following Bich
(2009), one could say that II;( -, z_;) is quasi-concave on Y if for every natural number

n € N and every pair (a,y) € A"t x Y™,
(- y, ©-) > min{IL(y', ), ILi(y", 2-)} (7)

where A" 1 = {(a!,...,a") € R : Y7, o = 1} is the simplex of R". Next, we measure
how much (7) can be false at § € Y. This provides a measure of the lack of quasi-concavity

around the selected point. To do that, define the mapping ®;(-,z_;) : Y — R as
Vi e Y, ®i(g, ) = sup{min{ILi(y", ), ..., M(y", x )} = (g, z)}  (8)

where the supremum is taken over all n € N and all families {y',... 4"} C Y such that

g€ co({y',...,y"}).? (Bear in mind that x_; has been fixed above.)

Definition 1 The mapping o;, defined as o;(y,x_;) = limsup ®;(g,x_;) for ally € Y C
J—=y

X, measures the lack of quasi-concavity of IL;( -, x_;) at y.

As is noted in Bich (2009), for every y € Y, o;(y,z_;) > 0. Moreover, a compact
game is quasi-concave if and only if, for all x_;, o;( -, z_;) is equal to zero for every player
i at every possible point on the domain of II;( -, x_;). Finally, by definition, o; is upper
semi-continuous.

Let ﬁi(xi, x_;) = inf{m(z;, ;) : m(-, x—;) : X — R quasi-concave, IL;(-, z_;) <
mi( -, x_;)} be the quasi-concave hull of II;(x;, x_;) (with respect to party i’s strategy).

8 A strategic game is said to be compact if the pure strategy set of each player is a nonempty, compact
and convex subset of a topological vector space, and his payoff function is bounded. The game is said to
be quasi-concave if each player’s conditional payoff function is quasi-concave in his own strategy.

In the sequel, for every set S, co(S) stands for the convex hull of S.

10



Then, for any y € Y, ®;(y, x_;) = ﬁz(y, x_;) — ;i (y, x_;) (Prop 2.2, Bich 2009, p.398).
Thus, o; can be thought as the upper semi-continuous regularization of the distance
between IL;( -, x_;) and its quasi-concave hull (Remark 2.2, Bich 2009, p.399).

Example 2 (cont. Example 1) The quasi-concave hull and the index of lack of quasi-
concavity for the conditional payoff function represented in Fig. 2 are illustrated in Figs.
3 and 4, respectively. Fig. 3 overlaps the quasi-concave hull (in red) over the original
payoff function (in black). These functions differ only over the open interval (11/20,2/3),

by the amount represented in Fig. 4.

0.10? | o.ooef—
: (X, ) :
005 T\ 0.005}
XLZ 06 08 10 0004 ’
-005[ 3 p(Xa, *) 0.003F
—0.10; : o_ooz;
70.15; | 0.001;
o : . . .
02 0.4 10
Figure 3: Quasi-concave hull TIg(z%, -) Figure 4: Index op of lack of quasi-
: x _ 11 ; * ) o x 11
given 7 = ;. concavity for IIg(z%, ) given 2% = 55.

Let d : R¥ — R, denote the Euclidean distance on R¥, and let Bs(y) = {x € R :
d(z,y) < 0} be the open ball about y with radius § > 0.

Definition 2 Party i can secure a payoff a« € R at (x;,x_;) € X x X if there exists
Z; € X and § > 0 such that for all 2’ ; € Bs(x_;), 1;(Z;,2" ;) > a.

In words, party ¢ can secure a payoff « at (z;,2_;) € X x X if it has a strategy that
guarantees at least that payoff even if the other slightly deviates from z_;.

Let IT : X x X — R? be the vector payoff function of G, defined as Il(z) =
(M4 (z), p(x)) for all z € X x X. The graph of IT is a subset of X x X x R?; specifically,
graph(Il) = {(z4,25,114,11p) € X x X x R? : Vi, II; = I;(z4,25)}. Let cl(graph(II))
be the closure of the graph of the vector payoff function.!”

Definition 3 The election game G = (X, 11;);—4 p is said to be strongly better reply secure
if for all (z,11) € cl(graph(I1)) such that T is not a pure strategy equilibrium, some party

i can secure a payoff strictly greater than II; + 0i(T).

10Recall that (z,1II) € cl(graph(II)) if and only if for all € > 0, B.(z, 1) N graph(II) # 0.

11



Looking at Definition 3, it is clear that for compact and quasi-concave games, SBRS
coincides with Reny’s (1999) definition of better reply security, since in that case o;(z) = 0
for all ¢+ and all z. In general, however, SBRS strengthens Reny’s concept, since every
strongly better reply secure game is better reply secure; but the class of compact and
strongly better reply secure games strictly generalizes the class of compact, quasi-concave

and better reply secure games (Prop 3.5, Bich 2009, p.401).

Example 3 (cont. Example 1) As was said before, the proportionally power sharing
election game introduced in Section 2 is not always SBRS. To see this, consider again
Example 1. First, note that the profile &z = (Z4,Zp), with T4 = Zp = 0.509288, is not a
pure strategy equilibrium, since the conditional payoff function of A given zp (i.e., the
dark curve of Fig. 5) jumps up discontinuously at Z4 as A moves his platform slightly to
the left. Second, consider (z,II) € cl(graph(II)), where IT4 = limsup, ,_;, Ia(za,Zp)
and Ilg = liminf,, .z, Hp(Za,xp). Since p(Z4, ) is not quasi-concave, op(z) > 0;
actually op is determined by the distance between the red and the black curves of Fig.
6, which represent the quasi-concave hull and the conditional payoff of B, respectively.
Notice that B cannot secure I1p + 05(%), since as is illustrated by Fig. 6’s dashed curve,
Ip(Ts —6,2') < g+ op(Z) for any § > 0 small enough and all 2’3 € X. Following an
analogous reasoning, Fig. 5 shows that party A is unable to secure 114 + o4(Z) as well,
though II4(-Zp) is quasi-concave on X and o4(Z) = 0. Thus, this election game is not

strongly better reply secure.

0.045 F =

S _ 0040}
S JIAC, X = 0)

0.035
0.030

0.025 -

[ |
[ o

L 0191 L L L L L L L ?)(B o () XB L L L L

048 050 052 054

0.60 0.65 0.70 0.75

Figure 5: Party A’s conditional payoff Figure 6: Party B’s conditional payoff
given Tp = 0.509288 (resp. Tp — 9). given T4 = 0.509288 (resp. T4 — 0).

In the next pages, we define two conditions that imply together SBRS. These con-
ditions are Reny’s (1999) payoff security and a generalization of reciprocal upper semi-

continuity for non quasi-concave frameworks proposed by Bich (2009).

Definition 4 The election game G = (X,11;);—a p is said to be payoff secure if for all
x € X x X and all € > 0, each party i can secure a payoff of Il;(x) — € at x.
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Payoff security requires that for every profile z, each party has a strategy that virtually

guarantees the payoff it receives at = even if the other party slightly deviates from .
Proposition 1 The election game G = (X, 11;),—a 5 is payoff secure.

The strategy behind the proof of Proposition 1 is to show that because of the discon-
tinuities of the vote shares, when parties tie at any point on the diagonal of the strategy
space X x X (except at the median type’s preferred policy), there is always a suitable
deviation off the diagonal that provides to the deviating party a discontinuous increase
in the vote share that outweighs any utility loss from being farther away from the ideal
policy. This argument carries over so long as there is positive weight assigned to vote

motivation, regardless of how small such weight might be.!!

Proof Suppose, by contradiction, there exists a strategy profile 7 = (z4,7p) € X x X
and € > 0 such that for some i the payoff II;(Z) — € can’t be secure at z. This implies
that for all 7; € X and all § > 0, there exists 2’_;, € Bs(Z_;) such that

(2, 2" ;) < (7, 2_y). 9)

By Lemma 3, if either (i) z; # z_;, (ii) &; = 2(0p), or (iii) \; = 0, then IL;(z;, -) is
continuous in z_; at Z_;. Moreover, by definition of continuity, there exists § > 0 such
that II;(z;, 2" ;) > II;(Z;,7_;) — € for all 2, € Bs(z_;), contradicting that i can’t secure
the payoff I1;(Z) — € at Z. Therefore, T; = T_; = T # (0);) and )\; > 0.' Moreover,

ta,0) = (1= ) (1255 + U000 ) (10)

Without loss of generality, fix i = A. Two cases are possible.!?

Case 1: #(04) < T < 2(0p). Consider T4 > 7 sufficiently closed to Z. Define § =
d(z,74) and Bs(Z). Choose i, in such a way that Z — 4§ > 2(04) and 7 + 6 < #(0y).
Since #(64) < T < (), this number always exists. For any o3 € Bs(Z), let 25 = Z+ad,
with o € (—1,1), and recall 4 = Z + 0. Then, (T4, 23) = T+ 6[pa(Za, 2)(1 — a) +al;
and from (10)

HA<.fA, IZB) — HA(.f7 .f) =

Aa

=) (125 (paldan) = 5 ) + Ulaia), 02) = UGw, 62) ) -

HOff the diagonal (resp., at the profile of median preferred policies), payoff security follows from the
continuity of the payoffs. The same happens when \; = 0 for all <.

12In an abuse of notation, in the rest of this proof Z is employed at the same time to denote the vector
of identical platforms and the corresponding common value.

13The reader should verify that the remaining possibility, i.e. Z < #(04), is a variation of these cases.

13



On the one hand, note that by Lemma 1, pa(Za,2%) = F([0(Z4,2%),1]) > 1 because
0(%4,2'%) < Opr. In fact, no matter how small we define , party A’s share of votes
pa(Za,Z) jumps up discontinuously above 1/2 as x4 moves away from Z towards T4 =
T+9, and it remains well above 1/2 for any 2’5 due to the continuity of p4(-) for x4 # rp.
On the other hand, given that 0[p(7 4, 7%5)(1 — @) + a] > 0, the term U(x(F4,25), 04) —
U(Z,0,4) is negative; but by Ass 2 it converges to zero as § — 0. Therefore, for § small
enough (i.e., for 74 sufficiently closed to Z), we have that [14(Z 4, 23) — I1a(Z,Z) > 0 for

all 25 € Bs(z), providing the desired contradiction with (9).

Case 2: () < z. Consider 74 < Z and § = d(T,74), such that T4 =7 — & > 2(0u).
For any 2y € Bs(Z), we have that p(Z4, %) = F([0,0(Z4,2')]) and that z(i,2)) =
T+ Sla — p(T4,2%)(1 + )], where a € (—1,1). Thus, given that 0(Z4, %) > Oy, it
follows that p(Z4,z3) > 1/2 and, consequently, that x(Z 4, 2%;) < Z. Moreover, by Ass 2,
U(x(Za,x'3), 04) is greater than U(z,0,4). Hence, from (11), II4(Z4,2;) > Ha(Z, z) for
all 2’y € Bs(z), contradicting again (9). |}

Now we introduce the second condition, called weakly reciprocally upper semi-
continuity (WRUSC).

Definition 5 The election game G = (X, 11;),—a p is said to be weakly reciprocally upper
semi-continuous if for all (z,11) € cl(graph(Il)) \ graph(Il — o), there is a party i and a
strateqy T; € X for i such that I;(Z;,Z_;) > II; + 04(Z).

Contrary to what happens with payoff security, Example 3 illustrates that for arbitrary
values of \; € (0,1), the proportionally power sharing election game does not possess the
property of being weakly reciprocally upper semi-continuous. Indeed, given that G is
always payoff secure (Proposition 1), its failure to be strongly better reply secure (and
to possess a Nash equilibrium in pure strategies) for the parameter values of Example 3
must be attributed to the fact that G violates WRUSC.' That’s exactly where the root
of the electoral instability lies; and, as we argue below, it is a direct consequence of the
heterogeneity of the political motivations (Proposition 2).

To elaborate, Proposition 1 indicates that in consensual democracies the discontinu-
ities of the conditional payoffs do not preclude the contesting parties “to protect” their
payoffs from the undercutting behavior of their rivals. The trouble, however, is that
when such behavior takes place at any point on the diagonal, although the payoffs jump
in opposite directions, the shift of the electorate from one party to the other does not

posses the same utility value for the parties when these are differently concerned with

Bear in mind that payoff security together with WRUSC imply SBRS (Bich 2009).
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power. For instance, given that in Example 3 party A assigns more weight on the vote
share than B, the utility loss due to a reduction of A’s percentage of votes is bigger than
the utility gain due to a similar increase in B’s vote share. As a result, the sum of the
payoffs >, II;(-) is neither lower nor upper semi-continuous. The following lemma shows

that this never occur when political parties share the same electoral motivations.

Lemma 4 If \; = X € [0,1] for all i = A, B, then the sum of the payoff functions

> Hi(za, xp) associated to the election game G = (X,11;);=a 5 is continuous on X x X.

Proof Under the hypothesis of the current lemma, from (5) and (6) we have that for
every strategy profile (x4, 25) € X x X,

ZH7;<$A,$B) = A+ (1 — )\) <UA(37($A,$B>> + UB($<.TJA,J}B))>, (12)

where z(x 4, xp) is given by (1).

Suppose first that x4 # zp. By Lemma 1, pi(xa,25) = F([0,0(x4,75)]) and
p_i(va,xp) = F([0(za,25),1]) forsomei = A, B. By Ass 1 and Ass 5, p;(+) and p_;(-) are
both continuous at (z4,2p); and by definition so is the implemented policy z(-). There-
fore, the continuity of > . II;(-) at (x4, zp) follows from Ass 2, i.e., by the continuity of
the utility function U;(-) = U(-, 6;).

Alternatively, if x4 = 25 (= 2’ € X)), then by hypothesis p;(z/, ') = 1/2, and

ZHi(x',ac/) =A+(1-N) <U(x’, 04)+ U(2, 93)>. (13)

The rest of the proof follows the argument of the proof of Lemma 3. Specifically, con-
sider a sequence z" = (2%,2%) C X x X such that (27,2%) — (2/,2"). Note that
limgn . x(2%,2’) = a’. Therefore, by Ass 2 and the expressions in (12) and (13), it
follows that > . II;(z™) — . 1I;(2’) as 2™ — «’. This completes the proof. |

We now employ Lemma 4 to show that when both parties exhibit the same electoral

interests, consensual democracies satisfy weakly reciprocally upper semi-continuity.

Proposition 2 If \; = X\ € [0,1] for all i = A, B, then G = (X,I1;)i—ap is weakly

reciprocally upper semi-continuous.

Proof Consider any element (7,II) of cl(graph(Il)) \ graph(Il — o). If ¢(Z) = 0, then
(z,11) belongs to the closure of the graph of II but not to the graph; i.e., (z,1I) €
cl(graph(I)) \ graph(Il). Thus II; # II;(7) for some i. If II; < II;(Z¥) we are done.
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Otherwise, if II; > TI;(Z), then II_; < II_;(Z), because by Lemma 4 we know that
I; + T = I1,(Z) + 1_(7).

On the other hand, if o(Z) # 0, then we proceed as follows. Suppose without loss of
generality that o;(z) > 0. Thus 0;(Z) + 0_;(Z) > 0; and using the definition of o,

lim sup 11, (z;, T_;) + hm sup I1_(Z;, z_;) > limsup [IT; (z;, T_;) + H_(Zs, 2_,)] -

T, —T; i Ty T
N

J/

=10, +10_; b; Lemma 4

Therefore,
lim sup IT; (2, T_;) + hm sup II_;(Z;, x_;) > II; + T1_. (14)

Ti—T4 —i—T—;

Suppose T; = Z_;. (The other case with Z; # Z_; is similar). Note that o;(z) > 0
implies II;(-,7_;) jumps down at Z;. First, if limsup, .. I1;(2;, 7_;) = II;, then from
(14), limsup, .,z . II_;(%;,2_;) > H_;. Moreover, by Lemma 4, II_;(Z;,-) jumps up
at T_; and by assumptions Ass 1-6, 0_;(z) = 0 and limsup, ., . (%, 2_) =
limsup, _,;  H_;(%;,2z_;). Therefore, limsup, _ II_;(z;,z_;) > II_; and by con-
tinuity of II_;(z;,-) for x_; # Z_;, there must exists Z_; € X closed enough to z_; such
that TT_;(Z;, &) > I,

Second, if limsup, _,; . II;(z;,Z_;) > II;40;(Z), as is illustrated in Fig. 7a, then we use
the argument of continuity employed above. To be concrete, since II;(+, Z_;) is continuous
for z; # 7_;, there exists #; € X closed enough to #; such that IT;(Z;, 7_;) > II; + 0(Z).

lim sup IT; (x;, ;)

|
|
Ti—T—i }
|
|

lim sup IT;(z;, T,

Ti—T—;

H'i ************
|
|
(a) lim SUDg, 4z, Hi(l‘i, i‘_i) > ﬁl + O'i(.f). (b) lim SUDg, 7, Hi(xi, j—i) = ﬁl + O'i(.f).
Figure 7: Proof of Proposition 2.
Finally, the last possibility illustrated in Fig. 7b takes place when
lim sup IL; (25, 7_;) = I; + 03() (15)

T;—T—;
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Let 2 = argmax,, II;(z;, 7_;). Recall that ¥ exists because II;(-, Z_;) is quasi-concave;
and that it is unique by Ass 1-6. Clearly, II;(z}, 7_;) > limsup, ,; . (25, 7)) =
limsup,, ,,  ;(z;,7_;), where the last equality follows from the quasi-concavity of
IL(-,Z_;) at T_;. (Otherwise, if II;(z}, Z_;) < lim SUP,, .z, I1;(, Z_;), then o;(Z) would
have been smaller than limsup,, _,z  II;(z;, Z_;) —II;, which would contradict (15)). More-
over, (15) implies that IT;(x}, Z_;) = II;(x}, Z_;), because II;(x;, Z_;) is single-peaked for
x; > Z;. Therefore, I;(x},7_;) > II; + 04(7). |

Finally, we state and prove the main result of the paper.

Theorem 1 If \; = X\ € [0,1] for all i = A, B, then the proportionally power sharing

election game G = (X, 11;);—a 5 possesses a pure strateqy equilibrium.

Proof First, note that G is compact because (i) X is a nonempty, compact and convex
subset of the real line, and (ii) II; is bounded (both p;(-) and U;(-) are bounded). Sec-
ond, by Propositions 1 and 2, G is payoff secure and reciprocally upper semi-continuous.
Therefore, G is strongly better reply secure (Bich 2009, Proposition 4.4); and thereby it
possesses a pure strategy equilibrium (Bich 2009, Theorem 3.2) |

Consider the election game discussed in Example 1, which is a workhorse model of
electoral competition, and suppose the two parties possess symmetric motives, in the
sense that for all i = A, B, \; = X for some A € (0,1). Then, the equilibrium policies as

a function of this common value of \ are as follows.

Proposition 3 Suppose 6 is uniformly distributed on [0, 1] and let U(x,0) = —||lx — 6|
Then, if \i = X for all i = A, B, the election game G = (X, 7;)i—ap has a unique pure
strateqy equilibrium with the property that:

LI A< 1/2, then 23 (N) = 525y < 5 < 1= gty = 25(V);

2. If A\ >1/2, then x4 (\) = § = 25(\);
3. For all A € [0,1), pi(z5(N),z5(N\)) = 1/2;
4. Forall A €10,1), z(z%(N),z5(N) = 1/2.

Proof Under the hypotheses of Proposition 3, a Nash equilibrium in pure strategies
(%, x%;) always exists. Moreover, it is easy to verify that x% < % and that 0,4 <

x(a¥,x%) < Op. Suppose first % < x}. Since p;(+) is continuous for x4 # xp, then

15Note that showing that G is better reply secure is not enough because even after restricting A; to be
equal for both parties, the conditional payoff functions need not be quasi-concave.
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must exist ¢ > 0 sufficiently small such that for all (z4,25) € X (%) x X(25), 04 <
z(xa,xp) < Op, where X (zf) = (2} —€,2] +¢€), i = A, B. Thus, for any strategy profile
(xa,xp) € Xc(%) X Xc(z}), party A’s payoff function can be written as

My(2s. 1) = A (@) - K@) at <1 _ @) oy QA} -

Fix a5 € X (z}), and consider party A’s best response to x%; over X (z%). This is
obtained by solving the optimization problem max, ,cx, (x*A) a(xa,2}). The first order
condition for this problem provides a stationary point 5 ( N Note that this critical point
actually maximizes the conditional payoff T14(z 4, z%) over X (z%) because 4 (x4, x75)
has an interior maximum on X,(x%).'® Moreover, since I14(-, z}) is strictly concave over
Xe(zh), Wlth M = —(1 — A\) < 0, the maximum is unique; and consequently
Ty = (1 N A sunllar argument shows that x; = 1— (1);/\). Thus, p;(x%, x5) = 1/2 and
x(zh, x}) = 1/2. Finally, notice that 2% < z73; if and only if A < 1/2, which implies that
< 1/2 < ay.

Let’s now consider the possibility of a PSE where both parties propose the median
type’s preferred policy, i.e., where 2% = x5 = 1/2. Consider first a deviation for party A
to any platform 2’y < 1/2. For convenience, let’s write 2y = 1/2—4, with 6 > 0. Routine
calculations show that 4 (z/y, 2%5) = 1/2(—=14+8 —204(—1+X) +6%(—1+ ) +2X—25)) >
—1/24 604+ X — 04\ = a(x%, x3) if and only if A < %Ig, which converges to 1/2 as
d goes to zero. Thus, A has no profitable deviations below the median if A > 1/2.
Second, imagine party B deviates to any platform 23 = 1/2 +§ > 1/2. Repeating
the previous argument, IIg(z%, 2’) = 1/2(1 + 0 + 205(—=1 + \) + 6*(=1 + \) — 26)\) >
1/2+0p(—1+ \) = lp(zh,x5) if and only if A < ;jg, which once again converges to
1/2 as § goes to zero. Thus, B has no profitable deviations above the median if A > 1/2.
The careful reader should verify at this point that party A (resp., B) has a profitable

deviation above (resp. below) the median preferred policy if A < 1+5

, which converges
to —oo as 0 goes to zero and to -1 as ¢ goes to 1/2. Hence, so long as A > 1/2; the
strategy profile (z%,z%) = (1/2,1/2) constitutes a PSE for G. Obviously, in this case
pi(1/2,1/2) = 1/2 for all i, and = 1/2. Routine calculations also show that there is no

other equilibrium in pure strategies with identical policies. |

Figure 8 illustrates the equilibrium platforms characterized in Proposition 3. The
graph shows in the green region how parties trade off ideology for power (votes) as their
common relative interest in power A changes. In the purely ideological case with A = 0,

each party campaigns on its own ideological side proposing the most radical platform

6Bear in mind that the assumption that (z%,z%) is a PSE implies that I14(z%, %) > (24, 2%)
for all 2% € X (x%); i.e., % is an interior maximizer of IT4(-, 2%) on X (x%).
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possible. Parties become more moderate as their relative interest for power increases,
moving their electoral policies towards the center in accordance with the stationary points
of the first order conditions (which capture the costs and benefits of being more moderate).
The median voter result is recovered when A achieves the critical value of 1/2, which
denotes an equal concern for both goals, policy and votes. From that point on, the
electoral equilibrium of proportionally power sharing election games coincides with the

equilibrium of winner-take-all electoral competition.
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4 Discussion

This paper analyzes a model of democracy where political parties compete for policy
influence in an election and afterwards they share power proportionally to the votes
gathered in the contest. The paper uncovers the difficulties to guarantee the existence
of a stable outcome in these polities, and it provides a sensible condition on political
motivations that ensures the existence of pure strategy equilibrium. The main lesson
is that, paradoxically, consensual democracies lead to more radical electoral campaigns.
Indeed, the electoral equilibrium when it exists is shown to vary with the relative interest
in power, starting with radical policy platforms when parties are solely concerned with
ideology, and smoothly converging to the center of the policy space as parties get more
appetite for power. Although electoral politics is as we explained considerably affected by
parties’ ideologies and their electoral motivations, the analysis shows that post-electoral
politics responds exclusively to the median voter’s preferences.

Despite the fact that the model considered here is rich enough to pick up several

features of electoral competition that have been overlooked in the literature, there are
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a number of issues that would require more attention in future work. Among them, it
would be interesting to relax the assumption of deterministic voting and to explore the
effect of electoral uncertainty about the median voter’s preferences. One way of doing this
would be by permitting endogenous voter participation. Herrera et al. (2012) has recently
studied a related problem in a Poisson game with population uncertainty, but they don’t
look at the effect of political motivations over voter turnout. Do electoral motivations
and party ideology have any effects on voter participation? To put it differently, do office
motivated candidates generate less enthusiasm in the electorate and higher abstention
rates? Under which power sharing mechanism are these effects stronger?

In addition to the electoral uncertainty, there is at least another (more technical) issue
that might be also worth exploring. The analysis in this paper focuses on the equilibria
of a specific type of consensual democracy, in which the power sharing function (i.e. the
influence on policy) is linear in parties’ vote shares. But, of course, this function should
depend on institutional and cultural factors. In general, the power sharing mechanism
should be a nondecreasing function of the vote shares, but not necessarily a proportional
or linear one. It could be even a discontinuous function if, for instance, going from
50 — €% to 50 + €% of the votes matters more in terms of policy making influence than
going from say 80 to 82%. What are the conditions for equilibrium existence in this more
general model of consensual democracy? Does the symmetry of the electoral interests still
ensure that the electoral game satisfy strongly better reply security? What’s the effect of
ideology over the equilibrium platforms and the implemented policy”? We conjecture that
the results found in this paper hold under a more general class of power sharing functions.
However, a full analysis of this conjecture and a complete equilibrium characterization
under different conditions of preferences and uncertainty are beyond the scope of this

paper and they are left for future studies.
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