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1 Introduction

It is well-known in the literature on decision under uncertainty and risk that people view
certain and impossible events markedly different from likely or possible events, respectively.
In particular, very small deviations from certain or from impossible events have significantly
more impact on choice behavior than similar deviations from other likely events. People are
optimistic about unlikely good news events but pessimistic about unlikely bad news events.
They are prepared to pay comparatively large amounts for lottery tickets where there is a small
chance of winning a large price, and at the same time they are willing to buy insurance against
large losses that are unlikely to occur. To derive a model that can account for such behavior
with a relatively simple preference foundation has been a central topic since at least the work
of Friedman and Savage (1963).

Classical expected utility is not able to accommodate optimism and pessimism about small
probability events because it must capture all exhibited sensitivity in the utility function.
The empirical literature on sensitivity towards probabilities is overwhelming (e.g., Allais 1953,
Ellsberg 1962, Kahneman and Tversky 1979, MacCrimmon and Larsson 1979, Cohen and
Jaffray 1988, Camerer 1989, Tversky and Kahneman 1992, Wu and Gonzalez 1996, Abdellaoui
2000, Abdellaoui, Vossman and Weber 2005), and a key role for optimism and pessimism has
clearly been identified (see Wakker 2001 for a discussion and a thorough review of the descriptive
evidence).

For the rank-dependent theories of Quiggin (1981, 1982), Schmeidler (1989) and Tversky
and Kahneman (1992), Wakker (2001) has provided a complete and general account of op-
timism and of pessimism. In those models the role of utility is to account for sensitivity to

changes in outcomes and a second instrument, a weighting function (or capacity for choice



under uncertainty), is measuring the sensitivity towards probabilities (or towards the uncer-
tainty about events). Optimism comes down to a concave weighting function and pessimism is
described by a convex weighting function. Wakker (2001, p. 1048-49) particularly highlights
the descriptively most plausible pattern for weighting functions, namely the inverse-S shaped
ones that are concave for unlikely good news events and convex for unlikely bad news events.
A characterization of this important class of probability weighting functions is also provided
there.

One difficulty with rank-dependent utility is, unlike with expected utility, that the weight-
ing function complicates the derivation of results in applied work because of the additional
mathematics that is required to deal with the weighting functions. For example risk premia
and certainty equivalents have a more complex expression. Also, when eliciting utility and its
curvature more advanced tools are required (see Wakker and Deneffe 1996, Abdellaoui 2000,
Bleichrodt and Pinto 2000). A technical problem with general rank-dependent utility is also
that decision weighting may cause unwarranted kinks when the rank of outcomes changes (see
Wakker 1994). Expected utility, which is the special case of rank-dependent utility with lin-
ear probability weighting, proves to be immune to such jumps and, thus, gains some elegance
because of its mathematical simplicity. It appears thus that, when choosing the appropriate
model for applications, one must trade off mathematical elegance and simplicity for descriptive
realism.

This paper suggests a different approach, namely a compromise as advocated by Bell (1985),
Cohen (1992) and recently Chateauneuf, Eichberger and Grant (2007). Instead of adopting gen-
eral probability weighting functions one can adopt a specific variation that serves both to model
the combination of optimism and pessimism with a single weighting function and to maintain

mathematical tractability. The specific probability weighting function is linear for non-extreme



probabilities, but may be discontinuous at 0 and at 1. As a result, in our model, much of
the normative content of expected utility is preserved although substantial descriptive power
is incorporated. Wakker (1994) has also highlighted the empirical interest in discontinuities of
weighting functions at 0 and at 1 plus continuity on (0,1). The original prospect theory model
of Kahneman and Tversky (1979) explicitly used such weighting functions. More recently,
Gonzalez and Wu (1999) tested the linear and discontinuous weighting function, and Kilka and
Weber (2001) and Abdellaoui, Vossmann and Weber (2005) provided estimates for the two pa-
rameters required to fully describe optimism and pessimism in our model. Parameter estimates
for prospect theory specifications were also provided in Abdellaoui, I’'Haridon and Zank (2009).
They also highlight the role of this class of weighting functions in linking the economic concepts
of optimism and pessimism with the interpretation of curvature and elevation originating from
psychology.

The existing preference foundations for the type of behavior coined as the non-extreme
outcome expected utility, or NEO-EU model by Chateauneuf et al. (2007), have invoked a rich
structure on the set of outcomes. We show that those models are also valid for the case that
the set of outcomes lacks this additional structure, as is often the case in real applications,
e.g., for health states. We adopt the approach of Abdellaoui (2002), which was also followed
by Diecidue, Schmidt and Zank (2009) and Zank (2010), and assume a very general set of
outcomes. Different to these approaches we will also use a weaker continuity condition and
this can complicate our derivation. As will be pointed out in Section 4, and to avoid certain
unwarranted cases, some minimal structural assumption on the preference relation is required
in order to achieve the familiar uniqueness results for utility and for the weighting function.
Thus, we obtain cardinal utility (that is, utility is unique up positive affine transformations)

and unique parameters for the weighting function.



The paper is organized as follows. Section 2 presents general notation. In Section 3 we
review expected utility, and a provide specific preference foundation for this classical theory
which will help to extend it to NEO-EU preferences. Section 4 highlights the difficulties that
can occur when relaxing continuity and the independence axiom underlying expected utility,
and presents the structural assumption that we require to derive our main results. Following
that, in Section 5 we propose a new preference foundation for NEO-EU. Section 6 concludes.

All proofs are deferred to the Appendix.

2 Preliminaries

Let X be a set of outcomes. For simplicity of exposition, we assume that X is finite, such that
X ={xo,...,r,} for a natural number n.? A lottery is a finite probability distribution over the
set X. It is represented by P = (po, Zo; . - . ; Pn, T») meaning that probability p; is assigned to
outcome z; € X, for j =0,... ,n. Let L denote the set of all lotteries. The numbers py, ... ,p,
are nonnegative and sum to 1. We denote by supp(P) = {z; € X : p; > 0} the support of P.

The set of lotteries L is a mizture space endowed with the operation of probability mixing,
ie., for P,@ € L and « € [0,1] the mixture aP + (1 — «)Q is also a lottery in L. A preference
relation, %=, is assumed over L, and its restriction to subsets of L (e.g., all degenerate lotteries)
is also denoted by ’=. The symbol > denotes strict preference, ~ denotes indifference, and <
respectively < are the corresponding reversed preferences.

We assume that no two outcomes in X are indifferent, and further, that outcomes are

ordered from worst to best, i.e., g < --+ < x,.> The strict ranking of outcomes in X is not a

2None of our results depends on this assumption. The case that X contains only one outcome is trivial.
Extensions to the case of infinite X are obtained following a similar approach as in Abdellaoui (2002).

3We identify the degenerate lotteries (1, x;) with the outcome x; for any j =0,... ,n.



restriction for our theory. This assumption will further simplify the subsequent presentation.
It can be shown that, if outcomes in X are allowed to be indifferent, our results also hold using
similar arguments as in Abdellaoui (2002) and in Zank (2010).4

The aim is to provide preference conditions for »= in order to represent the preference relation
over L by a function V. That is, V' is a mapping from L into the set of real numbers, IR, such
that for all P,Q) € L,

PrQeV(P)2V(Q).

This necessarily implies that = must be a weak order, i.e., = is complete (P = Q or P < @ for
all P, € L) and transitive (P > @ and @ = R implies P = R for all P,Q, R € L).

Ezpected Utility (EU) holds if the following function represents = on L:

BUP) = S pruey),
i=0
where u, the utility function, assigns to each outcome a real value. Under EU the utility is
cardinal, that is, it is unique up to positive affine transformations.

Let mp denote the worst outcome in P that has positive probability, i.e., mp = x; € X
where ¢ := min{j : p; > 0,7 = 0,...,n}. Similarly, let Mp denote the best outcome in P
that has positive probability, i.e., Mp = x; € X where ¢ := max{j : p; > 0,5 =0,... ,n}.
Non-Extreme Outcome Expected Utility (NEO-EU) holds if the preference on L is represented
by

NEO(P) =~yu(mp) + (1 =y —0)EU(P) + du(Mp),
where 0 < 4,0 < and v+ ¢ < 1 are uniquely determined constants and utility is like under

EU.S

4Essentially, the proofs the apply to indifference sets.
°Note that NEO-EU agrees with the special case of rank-dependent utility RDU(P) = >_" [w(p; + - +

Pn) — W(Pit1 + -+ + pr)]ulz;) with w(0) =0, wp) =6+ (1 —y—d)pfor 0 <p <1, and w(l) = 1.



Clearly, if v = 0 = 0, then NEO-EU coincides with EU. Otherwise, NEO-EU can accommo-
date more general preferences. Note that NEO-EU “discounts” the expected utility of a lottery
by (1 —+ —4) and places the residual weight, separated into proportions v and 0, on the utility
of the worst, respectively, on the utility of the best outcome that can obtain in that lottery. A
natural interpretation of NEO-EU, therefore, is that this model is “expected utility with the
best and worst in mind” (see Chateauneuf, Eichberger and Grant 2007).

An alternative interpretation of the NEO-EU model, one that originates from the analysis of
probabilistic attitudes, is also plausible. To illustrate this we recall that probabilistic attitudes
are not necessarily globally consistent in the same sense as risk attitudes captured by concave
utility under EU. Optimism, for example, is associated with attitudes towards marginal changes
in the small probabilities of best outcomes: more attention is given to the small likelihood
of obtaining the best outcome in a lottery as compared to the objective probability of that
outcome. Pessimism also refers to increased attention above the objective probability of an
outcome, however, it refers to the worst outcomes in lotteries (see Wakker 1994, 2001, for
comprehensive analyses of probabilistic risk attitudes). The overwhelming empirical evidence
suggest that people are ambivalent, and typically exhibit both optimism and pessimism.

We now look at optimism and pessimism as modeled in NEO-EU. We observed before that
in the NEO-EU model (1 —« — ) measures the total deviation from expected utility. Some of
this deviation results from pessimistic attitudes and some from optimistic attitudes. As a result,
a statement that some agent A is more affected by these probabilistic risk attitudes than some
agent B means that (1 —~y4 —d4) > (1 —yp — dp) (with the subscripts A and B indicating the
respective agent’s NEO-EU parameters) but this does not provide further information about
whether agent A is more optimistic (or more pessimistic) than agent B. Suppose now that two

lotteries P and @) are evaluated by NEO-EU and that they have the same support. Then, P



and @) have the same best and the same worst outcome, i.e., mp = mg and Mp = My and, as
a consequence, the preference between the two lotteries is governed entirely by their expected

utility. For example, if P = @), substitution of NEO-EU gives
yu(mp) + (1 —~v = ) EU(P) + du(Mp) > yu(mg) + (1 — v — 6) EU(Q) + ou(My),

which, after elimination of common terms is equivalent to EU(P) > EU(Q). Hence, NEO-
EU and EU cannot be distinguished on subsets of lotteries that have the same support (or
lotteries with common best and common worst outcomes). For such lotteries, a comparison of
risk attitudes of agent A and agent B is solely based on the risk attitudes captured by their
respective utilities. To extract information about optimistic behavior we need to look at a
different set of lotteries.

Consider now the case that the two lotteries P and () have common worst outcomes but
different best outcomes. Then, the weights v and ¢ will be influencing preferences. For example,

if P = @, then substitution of NEO-EU and cancellation of common terms gives

) o

EU(P) + mu(Mp) > EU(Q) + mU(MQ)-

The weight 0 := §/(1 —~ —J) can be interpreted as a measure of optimism about obtaining the
best outcome in the respective lottery relative to the total deviation from expected utility. This
measure is consistent in the sense that it is independent of the utility of the best outcome, thus
independent of the magnitude of outcomes, but also independent of the positive probability of
obtaining the best outcomes.

At first it seems awkward for the measure 6 to be used for interpersonal comparisons of
optimism because of the presence of the parameter v in the definition of . So, a statement
that agent A is more affected by optimism than agent B being equivalent to 64 > 65 needs

some more elaboration. Suppose that agent A and agent B have common utility and common



parameter 7. Then 64 > dg < 04 > 0 under NEO-EU, and the statement that agent A
is more optimistic than agent B is not controversial. However, if, for example, 4 = dp and
v4 < g then 64 > Op also holds and the statement that agent A is more affected by optimism
than agent B is counter-intuitive at a first glance. But note that in this example 64 = 0p
and v4 < g means that the expected utility of lotteries is discounted more for agent B than
for agent A and thus agent A attaches more of the weight taken away from the EU value of
lotteries to best outcomes relative to the weight attached to worst outcomes (i.e., 04 > 0p).
So, while optimism and pessimism are two separate components of probabilistic attitudes, in
the NEO-EU model both must be understood as being measured relative to the deviation from
EU.S

Using similar arguments one can show that the measure of pessimism about obtaining the
worst outcome (relative to the total deviation from EU), ¢ := ~/(1 — v — 9), is critical when
comparing lotteries with different worst outcomes but common best outcomes. This measure
of pessimism is also consistent, similar to the measure of optimism. Hence, an alternative
interpretation of NEO-EU as “expected utility with consistent optimism about best outcomes
and consistent pessimism about worst outcomes” seems appropriate. As we show in Section 5
below, this consistency requirement is critical for NEO-EU.

Before concluding this section, we recall the two conditions that are satisfied by EU but
which may be violated by NEO-EU. The preference relation = satisfies vNM-independence
(short for von Neumann-Morgenstern independence) if for all P,@Q, R € L and all « € (0,1) it
holds that

P=Q&aP+(1-a)R=aQ+ (1 —a)R.

6This interpretation is analogous to the understanding under expected utility of risk aversion for money as

being a deviation from expected value.



That is, the preference between P and () remains unaffected if both, P and (), are mixed with
a common R. Note that in the definition of vNM-independence no restrictions apply to the
choice of R.

The preference relation 3= satisfies J-continuity (short for Jensen-continuity) on the set of

lotteries L if for all lotteries P > @) and R there exist p, u € (0,1) such that
pP+(1—p)R>Q and P > pR+ (1 — u)Q.

It is well-known (e.g., Herstein and Milnor 1953, Fishburn 1970) that a preference relation =
satisfies weak ordering, Jensen-continuity and vNM-independence on L if and only if it can be
represented by expected utility.

As pointed out earlier, if only lotteries with the same support are considered, then EU and
NEO-EU are indistinguishable and, therefore, NEO-EU must also satisfy vINM-independence
and J-continuity on sets of lotteries with equal support. The difference between the two func-
tions must be in the way that they connect the different sets of lotteries with common support
to give an overall representing function for preferences. It will not be sufficient for NEO-EU to
restrict vINM-independence and J-continuity to hold only for lotteries with common support.
To clarify this, it is worth having another look at the preference foundation for EU and its

stability when relaxing some preference conditions. We do this in the following section.

3 Expected Utility

For any subset of outcomes Y C X let Ly denote the set of lotteries with support Y. For
example, Ly is the set of lotteries that assign positive probability to each outcome in X.
Obviously, L = UycxLy. We assume throughout this section that > is a weak order. We
note that, if for each Y C X the preference relation restricted to Ly satisfies J-continuity and

10



vNM-independence, then on each set Ly we have (a restriction of) an EU-function representing
the preference on that set. Additional information about preferences, which would ensure that
these different EU-functions are restrictions of the same EU representation on L, may not be
available. If we relax only J-continuity to hold on each set Ly but maintain vNM-independence
on L there is sufficient information to retain expected utility on L. We formally define this
restricted property for =, and then we prove that we can still retain EU with the weaker
continuity assumption.

The preference relation = satisfies restricted J-continuity if it satisfies J-continuity restricted
to the sets Ly for each outcome set Y C X. That is, the following holds for each set Y C X:

for all lotteries P > () and R in Ly there exist p, u € (0, 1) such that
pP+(1—p)R>=Qand P> uR+ (1 — u)Q.

We prove in the Appendix that, in the presence of weak ordering and vNM-independence,
restricted J-continuity implies J-continuity on L, an thus EU on L. Formally, we have the

following lemma:

LEMMA 1 Assume %= is a weak order on L that satisfies uNM-independence. Then, = satisfies

restricted J-continuity if and only if = satisfies J-continuity on L. U]

If we weaken vNM-independence to hold only on lotteries with common support but retain
J-continuity on L (and weak ordering) of the preference relation »=, then EU still holds. The
preference relation = satisfies restricted vINM-independence if the following holds for each set

Y C X: for all lotteries P, and R in Ly and any « € (0,1) we have
P=QeaP+(1-a)R=aQ+ (1—a)R.

Note that the restricted version of vINM-independence is, on its own, not powerful enough to
ensure stochastic dominance on L. (First order) stochastic dominance requires for all P,Q € L

11



that P = @ whenever Y /" .p; > 37" q; for all j = 1,...,n and P # Q. Because, for
Jj =1,...,n, the decumulative probabilities p; := Z?:j p; of P, which indicate the likelihood
of receiving outcome z; or better, are at least as high as the corresponding ¢;, and for some
outcome z, 1 < k < n, we have pr > qx, P assigns more probability to better ranked outcomes,
and thus it is natural for P to be strictly preferred to Q.

The unrestricted version of vINM-independence implies first order stochastic dominance. We

formulate this observation as a lemma:

LEMMA 2 Assume that = satisfies uNM-independence on L. Then, = satisfies stochastic dom-

mance. O

Jensen-continuity is weaker than (Euclidean) continuity on L, but in the presence of weak
order and stochastic dominance it implies the latter (see Abdellaoui 2002, Lemma 18). The
preference relation = satisfies (Euclidean) continuity if for all P € L the sets {Q € L : Q >~ P}
and {Q € L : @ < P} are open sets in L. As a result it then also follows that restricted
vINM-independence is sufficient to derive EU if a weak order satisfies stochastic dominance and

J-continuity. We reformulate this remark as a lemma:
LEMMA 3 The following two statements are equivalent for a preference relation = on L:
(i) The preference relation = on L is represented by expected utility.

(i) The preference relation = is a Jensen-continuous weak order that satisfies stochastic dom-

wance and restricted vINM-independence.
The utility function u is cardinal. O
In terms of probabilities of obtaining an outcome, stochastic dominance implies that an

elementary shift of probability ¢ > 0 from a lower ranked outcome z; to an adjacent out-

12



come of higher rank x;,; improves a lottery (j = 0,... ,n — 1). Successive elementary shifts
can be applied to show that any shift of probability ¢ > 0 from a lower ranked to a higher
ranked outcome improves a lottery, which, by repeated applications is equivalent to stochastic
dominance.

It has been shown that, when the lotteries are presented in a non-transparent format with
multiple elementary shifts being applied, people often violate stochastic dominance (see, e.g.,
Birnbaum (2008) for a summary of experimental evidence). We could, therefore, have for-
mulated stochastic dominance as a preference for lotteries resulting from improvements by an
elementary shift of probability. From an empirical and behavioral point of view, this definition
seems more appealing because elementary shifts in probability are transparent and people’s
choices agree with the preference for the lottery that is improved by an elementary shift.

There is a further implication of vNM-independence that refers to the effect on preference
of common elementary shifts in probabilities. We introduce some notation before formally
stating this condition, which will also prove useful when considering variations of this principle.
Let P € Ly with Y = {y;,... ,ym} for 0 < j < m < n, and let z € X. For ¢ > 0 let
(—€,yi; €, 2) P be the lottery in Ly} in which probability ¢ is taken away from an outcome

y; € Y immediately preceding outcome z in the rank and ¢ is added to z. Formally,

(

(Djs Yji -+ 3 Pi = €3 Yi5 €5 23 Dig1s Yi 15+« + 5 Pmy Tm), if Y < 2 < iy and @ < m,
(=& Y5 2)P =9 (pj,yji. . 5D — £, Yii € + Dicts Yirti - -+ Py ) if 43 < 2 = Yoy and i < m,

(DjsYss -+ 3 Pme1s Ym—1;Dm — €, Ym; €, 2), if Y < 2.

\

Because (—¢,y;,¢,2)P € L it is implicit in this notation that ¢ < p;.
Similarly, for € > 0 let (e, z; —¢, y;) P be the lottery in Ly .} in which probability € is taken

away from an outcome y; € Y immediately following outcome z in the rank and ¢ is added to

13



z. Formally,

(Pjs Yjs - Pi—1 Y156, 2505 — €, Yis -+ 3 Py @), i Y1 < 2 < y; and @ >

(6,2 —&,4:)P = (P, Ys3 - €+ Pic1, Yis1506 — € Y5 -+ - 3 Py Tm), if Y1 = 2 <y and i > j,

\ (€, 2505 = €, Y53 Pjt1s Yjt1i - -+ 5 Pms Ym), if 2 < ;.
Here, too, we require (e, z; —¢,y;) P € L, hence, it is implicit in this notation that ¢ < p;.

The preference relation = satisfies independence of common (elementary) probability shifts

on L if

(—e,zise,241)P = (—e,xi56,241)Q,

whenever P, Q, (—¢,z;;6,xi41)P, (—¢, 256, 2,41)Q € L. This property, formulated here in a
transparent form that involves only elementary probability shifts, says that joint elementary
shifts in probability leave the preference between two lotteries unaffected. The next lemma
formally states that vNM-independence implies the weaker independence of common probability

shifts.

LEMMA 4 Assume %= is a weak order on L that satisfies uNM-independence. Then, = satisfies

independence of common probability shifts. O

We can now provide an alternative foundation for EU, which will serve as comparison to

the NEO-EU foundation that is presented in Section 5. We formulate this result as a theorem:

THEOREM 5 The following two statements are equivalent for a preference relation = on L:

(i) The preference relation = on L is represented by expected utility.

14



(i) The preference relation = is a Jensen-continuous weak order that satisfies stochastic dom-

inance and independence of common probability shifts.
The utility function u is cardinal. 0

REMARK 6 Theorem 5 remains valid if we replace J-continuity by restricted J-continuity. The-
orem 5 also remains valid if one restricts independence of common probability shifts to hold only

for lotteries with common support. 0

Restricting in statement (ii) of Theorem 5 both J-continuity and independence of common
probability shifts to hold only for lotteries with common support implies that EU holds on
each set Ly for each non-empty set of outcomes ¥ C X. However, in general, EU need not
hold anymore as can be inferred from the fact that NEO-EU also satisfies all those resulting
properties. While those properties are necessary for NEO-EU they are not sufficient. The
examples in the next section indicate that additional properties must be invoked to derive

NEO-EU.

4 Complications for General Preferences

In this section we present examples that illustrate difficulties for deriving NEO-EU when con-
sidering lotteries over general sets of outcomes. The first example shows that, while for lotteries
with common support EU holds (as mentioned in Section 2 this is common to EU and NEO-EU

preferences), it need not be the case that NEO-EU holds for a preference on L.

EXAMPLE 7 For a lottery P let supp(P) = {9}, ... ,y}} for some 0 < k < n, and assume that

15



yY < -+~ < yl. Define the preference relation = on L as follows:

/

v - g
- oryf:y?foralli<jandyf>y]9’ for some j =1,... ,n,
Pz Q<o
or EU(P) > EU(Q), if supp(P) = supp(Q) # X,
or EU(P) > EU(Q), if supp(P) = supp(Q) = X,

\

for some (possibly different) utility functions w, @ : X — IR that order outcomes according to

the ranking z¢p < - -+ < x,,. O

The preference in the previous example cannot, in general, be represented by NEO-EU, and
the example shows that simply restricting J-continuity and vNM-independence will not retain
enough power from the original properties to tie down NEO-EU preferences: one loses, e.g.,
stochastic dominance. In addition, this example also points at two other important aspects
that need to be addressed when the set of outcome is arbitrary. First, for general preferences
the existence of common cardinal utility for the representations on sets of lotteries with dif-
ferent support may not be given, and second, a unique pair of parameters v, to measure

optimism/pessimism may also not exist. Consider the following example:

EXAMPLE 8 Let X = {zg,x1,22} and let u be a utility function defined as u(x;) = i/2 for

i=0,1,2, and take 7 = 6 = 1/6. Let the preference = on L be represented by
V(P)=1/6u(mp) + 2/3EU(P) + 1/6u(Mp).

Observe that the representation
V(P) = 1/3t(mp) + 1/3EU(P) + 1/3a(Mp),

with @(z;) = (= 2u(x;)) for i = 0,1,2 and 4 = § = 1/3 represents the same preference on L.[]

16



Example 8 illustrates an identification problem that may occur if there is no possibility to re-
late the sets of lotteries that have different support. In Example 8 preferences agree with an EU-
representation on the set of lotteries A := Ly 21 203UL {20 203 UL{z,}. Accordingly, the ranking of
lotteries in A is completely independent of the degrees of optimism or of pessimism. The latter
matter only when comparing lotteries from A with lotteries from the sets L1, Lizg,1}s Lz, 00}
and L,,y. But notice that the image under V of L = AU L;3 U Lz 23 U Liz, 203 U Lig,y 18
a disconnected set, i.e., it is the union of five disjoint sets. This lack of connectedness means
that one can, for example, increase the parameters 7,0 by any arbitrary small ¢ > 0 (here
e = 1/6) and re-scale the (cardinal) utility w appropriately (here 2u is taken) to obtain a
different representation, ‘7, that agrees with the ranking of lotteries on L and has different pa-
rameters 7, § that govern pessimism and optimism. Note that for V the measure of optimism
is /(1 —~ — &) = 1/4 while for V the measure of optimism is 6 /(1 — 5 — 8) = 1.

In Example 8 preferences satisfy weak order, stochastic dominance, restricted J-continuity
and independence of common probability shifts restricted to lotteries with common support
(by comparison, see statement (ii) of Theorem 5 where the restrictions do not apply). The
example shows that, by restricting jointly the independence of common probability shifts and
J-continuity to lotteries with common support, structural richness is lost that prevents the
simultaneous identification of a unique pair of parameters v, together with cardinal utility.
Without uniquely determined measures of optimism or pessimism any interpersonal comparison
of these attitudes is impossible. To avoid this extreme situation (like in Examples 7 and 8), we

make the following structural assumption for preferences.

ASSUMPTION 9 Ifn > 1 then, for any i € {1,... ,n — 1}, there exist P € L, , . .} and

Q € Lya,,.. any such that P ~ @, and there exist R € Ly, 2,y and S € Ly, .. .} such that

17



R~S. O

For preferences that satisfy Assumption 9 there is sufficient “overlap” between the images
of the sets of lotteries with different support to allow for the identification of cardinal utility.
This way, preferences like those in Example 7 are excluded. The principle that will be used for
this purpose is a weaker variant of independence of common probability shifts. The preference

= satisfies restricted independence of common (elementary) probability shifts if

Pz Q& (—&,2i6,041)P = (—&, 2456, 241)Q,

whenever P, () have common best worst and common worst outcomes and (—¢, z;; €, x;11) P, (—¢, z;; €, x4
have common best and common worst outcomes.
Restricted independence of common probability shifts says that the preference between
two lotteries with common best and common worst outcomes remains unaffected by a joint
elementary probability shift if the resulting lotteries also have (possibly different ) common
best and common worst outcomes.
Together with the structural assumption, restricted independence of common probability
shifts excludes preferences like those of Example 8 if weak order, restricted J-continuity, sto-
chastic dominance and restricted vNM-independence also hold. A cardinal utility must exist in
this case. Yet, as the following example shows, this is still not sufficient to guarantee a unique

pair of parameters ~, d, given those properties.

EXAMPLE 10 Assume that X = {zg, 21, 22} and let u(x;) = i. Define the preference = through

the representation
1/6u(mp) +2/3EU(P) + 1/6u(Mp) if mp = xq

V(P) =
5/6EU(P) + 1/6u(Mp), otherwise.
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Example 10 combines two NEO-EU forms. Specifically, lotteries for which the worst out-
come x can obtain are evaluated by NEO-EU with v = 1/6 = §, while lotteries where xg
is impossible are evaluated by NEO-EU with 4 = 0,0 = 1/6. This example illustrates that
NEO-EU preferences must satisfy additional conditions that pin down the parameter v and
the parameter ¢ such that these become independent of the magnitude of the worst and best
outcomes.

We conclude this section by noting that the preference in Example 8 or Example 10 belong
to a larger class called the security and potential level (SPL) preferences (Lopes 1986, Cohen

1992, Diecidue and van de Ven 2008), which have the general representation

SPL(P) = f(mp, Mp)EU(P) + g(mp, Mp),

with a cardinal utility v and some real-valued functions f(mp, Mp) > 0, g(mp, Mp) that depend
only on the worst and best outcomes within a lottery and such that SPL respects stochastic
dominance (see, e.g., the main theorem in Cohen 1992, p.116). Security and potential level
preferences agree with NEO-EU preferences if and only if there exist unique 0 < «,6 < 1 with
v+ 46 < 1such that f(mp, Mp) = (1—~—4) and g(mp, Mp) = yu(mp) + du(Mp). In the next

section we propose preference conditions that ensure the latter conditions.

5 Preference Foundation for NEO-EU

The previous section has illustrated a few complications that may occur if J-continuity and
independence of common probability shifts are relaxed. A structural richness assumption for
preferences was required to identify cardinal utility. We now focus on the identification of the
parameters v and 0 which are uniquely determined under NEO-EU. The fact that these parame-
ters are independent of the magnitude of the worst, respectively, best outcome is characteristic
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for NEO-EU. The following analysis demonstrates an implication of NEO-EU.
Suppose we have found lotteries P € Ly 4, 2,) and Q € Ly, 3 such that P ~ (). Suppose
now that we shift a sufficiently small probability € > 0 from outcome x; to outcome x5 and

when we do this for both lotteries we obtain two new lotteries ordered as follows’

(_87 Ty, €, x?)P % <_57 L1 €, x2)@

Under weak order, restricted J-continuity, restricted independence of common probability shifts
and stochastic dominance we know that EU holds on Ly, 4, 2,3 Hence for any o € (0,1) we

have

a(—e,x1;56,29) P + (1 — a)[(—¢, 2158, 22)Q] X (—¢,21;€,22)Q.

The latter preference can also be written as

(=€), x5 08, x9)aP + (1 — a)[(—¢, 2156, 22)Q] X (—¢, 2156, 22)Q.

For « sufficiently small we can find 6 > 0, such that a additional probability shift from x; now

to x4 reinstalls indifference:

(a(—e = 0),z1;a(e +0),29)aP + (1 — a)[(—e,x1;€, 22)Q] ~ (—¢,x1;€,22)Q.

Note that we use a to ensure that the resulting object is a well-defined lottery in Ly 2, 2}

Substitution of NEO-EU in the latter indifference implies

Olu(xs) — u(z1)] = EU(Q) — EU(P)

and substitution of NEO-EU into P ~ @) gives

0lu(zz) —u(z1)] = (1 —v = 9)[EU(Q) — EU(P)].

"Note that stochastic dominance excludes a strict preference for the first lottery. Further, EU implies

indifference between the lotteries that follow.
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From theses two equalities we obtain

4]

V=15

Note that this relationship is independent of outcomes and probabilities. That is, if we, e.g.,

find P’ € Lz, gy24y and Q" € Lyz, 4,3 such that
Pl ~ Q/
then NEO-EU requires that
(o (=€ = 0),x9;0 (e + 0),23)' P' + (1 — &) [(—¢€', wa; &, 23) Q'] ~ (—&', a5, 23) Q)

for any sufficiently small o/,¢’ € (0,1). Hence, the relative measure of optimism 6 must be
consistent within and across sets Ly .

We can now formulate this property of consistency for =. The preference relation = satisfies
consistent optimism on L if for any P € Ly, . oy and Q € Ly, . ;13,1 <1 < j, e, € (0,1),

and € > 0 with P ~ () and
(a(=e = 0),zj1;0(c +0),2;)aP + (1 — a)[(—¢, zj-1;8,2;) Q] ~ (=&, 7156, ;) Q,
and any P’ € Ly, . oy and Q' € Ly, . 2}, k <K <[, with P' ~ Q" it follows that
(o (=€ = 0),21_1;d/' (€' + 0),x)a' P' + (1 — &)[(—¢€', x1-1;", 1) Q'] ~ (=€, 215", 1) Q,

for sufficiently small €/, o/ € (0, 1) such that (o/(—¢'—0), z;_1; &/ (€'+8), ;) o/ P'+(1—a/)[(—¢€', m—1; €, 21
L{l’k,...,l‘l}'

In a dual manner we formulate consistency for the relative measure of pessimism 1. The
preference relation = satisfies consistent pessimism on L if for any P € Ly, . 2,3 and Q €

Ligipry iz, 1< J < js e, €(0,1), and ¢ > 0 with P ~ @ and

(ale + ), i a(—e =), 21)aP + (1 — a)[(e, 255 —€, 2i41) Q] ~ (&, 745 —€, 241)Q,
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and any P’ € Ly, .. oy and Q' € Ly, .. 2y, B <1 <1, with P' ~ Q" it follows that

(O/(gl + 1/])7 Tk; O/(_gl - z/})7 CL‘k+1)OéIP, + (]- - a,)[(gla L _8,7 xk+1)Q/] ~ <€I7 L _817 xk+1)Q,

for sufficiently small &’,a/ € (0,1) such that (¢/(¢' + ¢), zg;0/(—€" — V), xp41)d’ P 4+ (1 —
)€ xp; =€, 241) Q'] € Ly a1}

These two variants of consistency are very weak forms of the probability tradeoff consis-
tency property discussed in Abdellaoui (2002) and Kébberling and Wakker (2003). Related
consistency properties appeared in Chateauneuf (1999) and Zank (2010). They are necessary
for NEO-EU and in the presence of the preference conditions discussed in the previous section

also sufficient. This is our main result and is presented next.

THEOREM 11 The following two statements are equivalent for a preference relation = on L

that satisfies Assumption 9:

(i) The preference relation = on L is represented by non-extreme outcome expected utility.

(i) The preference relation = satisfies (a) weak order; (b)Jensen-continuity restricted to lot-
teries with common support; (c) first order stochastic dominance; (d) restricted indepen-

dence of common probability shifts; (e) consistent optimism; and (f) consistent pessimism.

The function u is cardinal, and the parameters v and § are uniquely determined (whenever

there are more than 2 strictly ordered outcomes). U

Note that Theorem 11 supplements the preference foundation for NEO-EU with a tool for
measuring the indices of relative optimism # and relative pessimism ¢ directly from preferences.
This makes the result appealing for empirical and experimental analyses. The proof of Theorem

11 is presented in the Appendix.
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6 Conclusion

Our main objective in this paper has been to provide a preference foundation for NEO-EU if
the set of outcomes is very general. We have shown that, under some minor structural rich-
ness of preferences, a foundation of NEO-EU preferences is obtained by relaxing J-continuity
and by adjustments of the vINM-independence principle in specific ways. We need to maintain
stochastic dominance and relax only the implication of vNM-independence that concerns com-
mon probability shifts. The latter are permitted as long as probability is shifted to common
outcomes that either were possible in the original pair of lotteries or were impossible. Further,
shifts of probabilities are also permitted for best (worst) outcomes but only after appropriate
adjustment for optimism (pessimism). Our main theorem shows that the latter implication is
the critical difference between EU and NEO-EU. Moreover it demonstrates that NEO-EU has
a very rigid means of accommodating optimism and pessimism. The corresponding consistency
properties reveal that optimism and pessimism under NEO-EU are completely independent of
the magnitude of best or worst outcomes, respectively, but also that optimism and pessimism
are independent of the probability of best or worst outcomes. This suggests that the interpreta-
tion of the popular NEO-EU model as expected utility with consistent (and constant) optimism

and consistent (and constant) pessimism is appropriate.

7 Appendix: Proofs

PrROOF OF LEMMA 1: Obviously J-continuity on L implies restricted J-continuity. We now
prove the reversed implication. There is not much to show if X contains a singleton. For the

case that X = {xg, 21} we have to prove that J-continuity holds on L, i.e., to demonstrate that
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forany P> @ , P,Q € L and R € L there exist p, u € (0, 1) such that

pP+(1—p)R>Qand P> uR+ (1 —u)Q.

By definition, any S € L is a mixture of zo with z; for a unique ag € [0, 1], that is, S =
asr1+ (1 —ag)zg. From P > @ it follows that ap > . This follows from vNM-independence
and reflexivity of =. Two cases have to be considered: R > () and R < Q.

If R > @, then agp > ag and, thus, for any convex combination pap+ (1 —p)ag, p € (0,1),
we have pap+(1—p)ar > ag. This implies that pP+(1—p)R > @ for any p € (0,1). Further,
vNM-independence implies aR + (1 — )@ = @ for all a € (0,1). Now, take any sufficiently
small ¢ € (0,1) such that ap > pag + (1 — p)ag. Then P = pR + (1 — )@ follows.

If R 5 @, then vNM-independence implies @) = aR+(1—a)Q for all a« € (0,1) and together
with P >~ @ and transitivity of > we obtain P > uR + (1 — )@ for any p € (0,1). Also,
because ap > g > ap there exist p € (0,1) such that pap + (1 — p)ar > ag, which implies
pP+(1—pR >~ Q.

Together the previous two cases imply that J-continuity holds on L if X contains exactly
two outcomes.

If X contains more than two outcomes then X also contains a best outcome, x,,, and a worst
outcome, xg. Hence, 2o < S < x,, holds for any S € L different from xq or x,,. This follows from
vINM-independence. Thus, weak ordering and vNM-independence together with J-continuity
on Lz 2,y imply that any S € L different from x4 or x,, is indifferent to a mixture of z with z,,
for some ag € (0,1). Obviously, by setting o, = 1 and a,, = 0, it follows that for any S € L
there exists a unique ag € [0, 1], with S ~ agz, + (1 — ag)xg, such that S = S’ < ag > ag.
Now the proof that J-continuity on L holds follows from analogous arguments as in the case

that X contains two outcomes.
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This concludes the proof of Lemma 1. O

PROOF OF LEMMA 2: Assume that »= satisfies vINM-independence and that for some
P,Q) € L we have p; > g; for all j =1,... ,n and P # (). Suppose that lottery @) equals P
except that ¢; < p; for some ¢ € {1,... ,n}. Hence, P is obtained from @) by an elementary
shift of probability p; — ¢; (or equivalently p; — §;) from outcome x;_; to outcome x;. We prove

that P > (). The following equivalences follow from repeatedly applying vINM-independence.

Define
Dit1 Di+1 DPn
R - (1_ j_ ) z;;yxi—&-l; 7771:71)
qi qi i
Then
T — T
R
1-Bye v lp » 1-%y,  + %R
i Di Di Di
=
(1=20 s P s e = (=L L e P ),
Di i i Di i i i

A subsequent application of vINM-independence by mixing both lotteries in the previous pref-

erence with

Po Pi—1
S:: ey T, Ti—1),
(1—]5/% 1" 1

by giving probability weight (1 — p;) to S, gives P = Q (using ¢;_1 = p; — ¢; + Di_1)-

Suppose now that we have shown that P’ > @’ whenever p; > ¢} for all j =1,... ,n and
P # Q" if the set [ := {j : p; > ¢}} is of cardinality [/| < k for some k > 1. We proceed by
induction on |I| and show that this statement must be true also for |I| = k. Assume that for
P,Q) € L we have p; > ¢; forall j=1,... ,n, P# @, and |I| = k. We prove that P > ). Let
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i be the smallest index such that p; > ¢; (that is, for j < i we have p; = ¢;). Let now R, S be

lotteries defined as follows

ﬁi+1 Di+1 Pn
R = (1— ~ o Liy —— 7$z‘+1;-~-;7,$n)
and
Giv1 iyt In
S = (1-= ,xz’;faﬂﬁwlé---;t,xn)‘

By the induction assumption it follows that R > S because p;/q; > ¢;/¢; for all j > i, R # S

and [{j : p;/¢ > 4;/4;}| = k — 1. By vNM-independence the following equivalences holds

R -~ S
=
(1-— %)xz—i—%R - (1—@)xi+%5
Di Di Di Di
==
(1—pi+1, z’?p—ifl,%ﬂ;---;]?—n, n) >~ (1—%A+1, i;%;xz#l;w-;({_na n)
Di Di Di Di Di Di

A further application of vNM-independence by mixing the latter lotteries with

( Do . . Pi—1
T l=pi

7'ri—1)7

thereby giving probability weight (1 — p;) to the latter lottery, gives P = Q.
Recall that P and () were arbitrary with p; > ¢; for all j = 1,... ,n, P # @, and |I| =

{j : p; > ¢;}| = k. Therefore, by induction, it follows that P > () whenever p;, > ¢;

for all j = 1,...,n, P # (). Hence, first order stochastic dominance is derived from vINM-

independence, which concludes the proof. L]

PRrROOF OF LEMMA 3: That statement (i) implies statement (ii) is immediate. The reversed
implication follows from the observation that on Lx the properties in statement (ii) imply that
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EU holds on Lx. Further, as observed in Lemma 18 of Abdellaoui (2002), weak order, stochastic
dominance and J-continuity imply the stronger Euclidean continuity on L. Therefore, there
exists a unique continuous extension of the (previously established) EU-representation on Ly
to L that represents preferences on L. This implies statement (ii). Uniqueness results for utility
are carried over from EU on Ly to its extension on L, thus w is cardinal. This completes the

proof of Lemma 3. O

PrROOF OF LEMMA 4: Assume that = satisfies vINM-independence. Take any P, € L
such that P = ) and such that p;,q; > 0. Suppose, to the contrary, that there exists ¢ > 0
such that for the two lotteries (—¢, z;; e, ;11)P and (—¢,x;; ¢, 2;,41)Q the following preference
holds

(—5, T €, ZL’Z‘_H)P < Qs.

Then vNM-independence says that

P

v

Q=

s

1/2P + 1/2[(—¢&, x4 6, 2441) Q) 1/2Q + 1/2[(—€, x5 6, mi41)Q),

and further that

<—€,ZL’Z‘;€,JI¢+1)P =< Q€ =

1/2[(—e, 2356, 41) Pl +1/2Q < 1/2[(—¢, 256, 2:41)Q] + 1/20Q.

Transitivity the implies that 1/2P + 1/2[(—¢, x5, 241)Q] = 1/2[(—¢, 56, x441)P] + 1/2Q
which contradicts reflexivity. This shows that P = Q = (—¢,x;;6,241)P = (—¢, 26, 2:41)Q.
The reversed implication is derived in a similar way. Hence, for all (admissible) € > 0 it follows

that P = Q < (—¢,x5;¢6,2i01)P = (—¢,26,2;,1)Q. Because P,QQ € L were arbitrary it
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follows that independence of common probability shifts holds. This completes the proof of

Lemma 4. |

PROOF OF THEOREM 5: That statement (i) implies statement (ii) is immediate. Next we
derive the reversed implication and we concentrate on the case that n > 1 (the other cases
are immediate). We write lotteries as decumulative distributions (see also Abdellaoui 2002,
Zank 2010 and Diecidue, Schmidt and Zank 2009, who use similar notation). So, instead of
P := (po, o3 - - - ; Piy Ti5 Pit1s Tit1; - - - Py Tn) We write P = (py,... ,Dy) with p; = Z?:Z.pj for
i = 1,...,n (for simplicity we drop the outcomes from the notation as well as py which is
always equal to 1). Then J-continuity, and weak order are defined similarly for decumulative
distributions, while stochastic dominance and independence of common probability shifts are
translated as monotonicity with respect to decumulative probabilities and additivity, respec-
tively. Formally, monotonicity says that P = () whenever p;, > ¢; for all © = 1,... ,n with
P = @ if at least one of the inequalities is strict. Additivity says that for all j =1,... ,n and

1>e>0
P?Qﬁ(ﬁlw"ﬁjflapj%—g?“' 7ﬁn+5)>f‘_(qu?"'(jjflanj+€7"' 7qAn+€)7

whenever P?Q? (]517 .- 'ﬁj—laﬁj +E ... 7]571 + 5)a (le? - 'qu—17(jj +E ... 76_?71 + 5) e€L.
An important implication of additivity is (comonotonic) independence of common decumu-

lative probabilities or, simply, independence:

(Prs- - Dj=1:T:Djg1--- > Pn) = (G- Gi=1, T, Qg1 - -+ > Gn)

54

A

(ﬁ17"']§j*17‘§j7ﬁj+1“' 7pn) 7 ((:?17“‘qu*17§,]'7qu+17“‘ ,Qn),

A A

whenever (p17' -+ Dj—-1,T5;Pj+1 - - - >pn)7 (Q1a <o 451,75, 45415 - - - aQn)a (plw -+ Dj—-1,85,Dj+1 - - - 7pn)7
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A~ ~

(G1s---qj=1,85,4j+1,--- ,Gn) € L.

Independence follows from applying additivity twice, first with e = |f; — §;| at the j*
decumulative probability and then also at the (j + 1)** decumulative probability.

We know from Abdellaoui (2002) that weak order, J-continuity and monotonicity imply
Euclidean continuity and thus, by Debreu (1954), the existence of a representing function
V : L — IR. We use the results of Wakker (1993) to show that by adding (comonotonic)

independence the representing function V' is additively separable as follows:
n
V(P) =) Vi(h),
j=1
with continuous strictly monotonic functions Vi, ..., V,, : (0,1) — IR which are bounded except
maybe V; and V, which could be infinite at extreme probabilities (i.e., at 1, or at 0, respectively).
Further, additivity implies that the functions V; are linear, and hence, proportional to their
sum. The V}’s can then be extended continuously to 0 and 1 (this follows from Wakker 1993,
Proposition 3.5). Hence, by requiring V;(0) = 0 for all j = 1,... ,n we can conclude that there
exist positive numbers a; such that
Vi(p) = a;p.
We define utility iteratively as u(xp) = 0 and u(z;) = u(x;_1) +a; for j =1,... ,n. Therefore,
Vi(pj) = pja; = pjlu(x;) —u(zj_1)] for j =1,... ,n with utility u respecting the ranking of the
outcomes, i.e., r; < xy < u(r;) < u(zy) for all outcomes z;, zy € X. Hence, statement (i) of
the theorem has been derived.
The uniqueness results for utility follow from the fact that the functions V; are jointly

cardinal and from the specific construction of w.

This completes the proof of Theorem 5. U

PROOF OF REMARK 6: If we replace J-continuity by restricted J-continuity then Theorem
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5 is true if we also replace L by Ly for any ¥ C X. We then obtain an expected utility
representation EUy on Ly. Independence of common probability shifts (or additivity) implies
that for any Y C X it follows that uy = ux (up to positive affine transformations). Then
statement (i) of Theorem 5 follows for = on L.

If we restrict independence of common probability to lotteries with common support, the
proof of Theorem 5 remains valid if we restrict > to Lx. Euclidean continuity, which holds on
L as a result of J-continuity and stochastic dominance, implies that £U on Lx can be extended
uniquely to EU on L. Statement (i) of Theorem 5 then follows.

This concludes the proof of Remark 6. O]

PROOF OF THEOREM 11: First we assume statement (i) and derive statement (ii). We
briefly present the arguments: That = is a weak order follows immediately from NEO-EU.
Restricted J-continuity follows from observing that NEO-EU and EU agree on lotteries with
common support. Stochastic dominance follows because utility respects the strict ordering of
outcomes under NEO-EU. NEO-EU also agrees with EU if lotteries have common best and
common worst outcomes, hence, independence restricted to lotteries with common best and
common worst outcomes is satisfied. It has been indicated in the main text that NEO-EU
satisfies consistent optimism. Similarly, consistent pessimism follows from NEO-EU. Hence,
statement (ii) holds.

Next, we assume statement (ii) and derive statement (i). If X contains a single outcome
the proof is trivial. For two strictly ranked outcomes weak order and stochastic dominance
already ensure that we have a representation of preferences solely based on the probability of
obtaining the best outcome. This representation is continuous. Any monotone transformation

of this representation (e.g., one which is continuous and linear for probabilities in (0, 1) leading
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to NEO-EU, i.e., to statement (i)) is also representing the preference relation. It is well known
that in this case uniqueness results are obviously different.

We assume throughout the rest of the proof that X contains at least three strictly ordered
outcomes. We note that on Ly U (U{mwn}cy Ly), the set of lotteries with mp = 2 and
Mp = z,, EU holds with utility function u. This follows from observing that the properties
in statement (ii) of Theorem 11 imply statement (ii) of Theorem 5 if = is restricted to Ly U
U (z0.mm}CY Ly). Further, by stochastic dominance and restricted independence of common
probability shifts the same EU function also represents = on any subset of lotteries Ly for
Y G X.

We proceed with the proof by induction on | X|, the cardinality of X.

First we derive NEO-EU for X = {zg, x1,x2}. We extend the representing function EU on
Lx to a NEO-EU representation for = on L. We define utility as u; := u(x;),i =0, 1, 2.

Case 1: By Assumption 9 there exists P € Ly and () € Ly, »,} such that P ~ Q). It follows
that EU(P) > FEU(Q) by stochastic dominance. Hence there exists a uniquely determined non-
negative number p such that EU(P) + p[ug — u1] = EU(Q). We show that p is independent of
P, Q. Suppose that there exists P’ € Lx and Q' € Ly, ,} such that P' ~ Q.

From P ~ @ and EU(P) > EU(Q) we know that for any sufficiently small € > 0 we have
(€, w0; =€, 1) P = (€, %03 —€, 21) Q-

As EU holds on Ly and (e, zo; —¢,21) P, (¢, 29; —¢,21)@ € Ly it follows that for all a € [0, 1]
we have

al(e, xo; —e, 1) Pl + (1 — a)[(€, xo; —&, 1) Q)] = (&, x0; —&, 1) Q.

By restricted J-continuity on Ly and stochastic dominance there exists a unique ¥ > 0 such
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that

la(e + ), zo; —a(e + ), x1]aP + (1 — a)(g, xo; —&,21)Q] ~ (g, x0; —€,21)Q

for « sufficiently small, such that the resulting object is a lottery in Lx. Substitution of EU

into the latter indifference reveals that p = 1. Further, by consistent pessimism,

P ~ Q?
[a(e + 1), xo; —ale + ¢), x1]aP + (1 — a)[(g, z0; —&,21)Q] ~ (&, 20; —¢,21)Q,

and P' ~ ('
imply
[0/(8/ =+ 1/])7 To; _O/(g/ + w)7 'Tl]O/P/ + (1 - Oé/)[<€/, Zo; _8/7 xl)Q/] ~ (8/7 To; _5/7 xl)le

for €',/ € (0, 1) sufficiently small. Substitution of EU into the latter reveals that EU(P’) +
Ylug — w] = EU(Q'). Thus p (=) is independent of P € Ly, Q € Ly, 4,3 With P ~ Q.

Note that Case 1 also demonstrates that on Lx U L 4,3 U Lis, 4} the functional
V(P) := EU(P) + vu(mp),

with cardinal utility and uniquely determined v ,represents the preference relation »=.

Case 2: By Assumption 9 there exists P € Ly and ) € Ly, 4,3 such that P ~ Q). It follows
that EU(P) < EU(Q) by stochastic dominance. Hence there exists a uniquely determined non-
negative number o such that EU(P) + ouy — u;] = EU(Q). We show that o is independent
of P, Q). Suppose that there exists P’ € Lx and @)’ € Ly, 4,y such that P’ ~ Q. From P ~ Q

and FU(P) < EU(Q) we know that for any sufficiently small € > 0 we have

<_67 T15€, Ig)P < (_57 T15€, x2)Q
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As EU holds on Lx and (—e&, 156, 29) P, (—¢,21;€,22)Q € Ly it follows that for all « € [0, 1]
we have

al(—e,x156,29) Pl + (1 — a)[(—¢, 2156, 22)Q] < (—&, 2156, 29) Q.
By restricted J-continuity on Lx and stochastic dominance there exists a unique # > 0 such
that

[—a(e +0),x1;a(e + 0), x2]aP + (1 — )[(—¢,x1;€, 22)Q] ~ (—&, 2158, 22)Q

for a sufficiently small, such that the resulting object is a lottery in Lx. Substitution of EU

into the latter indifference reveals that ¢ = . Further, by consistent optimism,

P~ Q,
[—a(e +0),z1;a(e + 0),x2)aP + (1 — a)[(—¢,x1;6,22)Q] ~ (—&,21;¢,22)Q,

and P ~ (@
imply
[/ (" +0), 2150/ (' + 0), 23]/ P' + (1 — &) [(—¢€', 215 €, 22) Q'] ~ (=&’ 158, 29) Q)

for ¢’,a/ € (0,1) sufficiently small. Substitution of EU into the latter indifference gives
EU(P') + 0luy — wq) = EU(Q'). Thus o (= 0) is independent of P € Lx,Q € Lyyyu}
with P ~ Q.

Similarly to Case 1, the analysis in Case 2 demonstrates that on Lx U Ly, 2,3 U Lizg.2,} the

functional

A

V(P) := EU(P) + 0u(Mp),

with cardinal utility and uniquely determined 6, represents the preference relation *=.
Note that V (P) + Ou(Mp) is also representing the preference = on Lx U Lz 2oy U Lz 20

A

(because Mp = x3) and, further, pu(mp) + V(P) is also representing the preference = on
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Lx U Lz0000 U L{gy ey (because mp = x0). We therefore conclude that
V(P) :=yYu(mp) + EU(P) + 0u(Mp)

is representing the preference = on Lx U Lz 251 U L{z; 20} U Lz 21)- By stochastic dominance
it follows that V' can be extended to xzy and to x, such that it represents preferences on
Lx U L{gg2sy YU Lz, 203 U Lfzg 21} U L{gey U Lgz,y (wWhich equals L\ L,,y). It now remains to show
that V' can be extended to z1, so that it represents the preference on all of L.

Case 3: By Assumption 9 there exists P € Lx and ) € Ly ,,} such that P ~ (), and
similarly, there exists P’ € Ly and Q" € Ly, 4,) such that P’ ~ ()'. By stochastic dominance
we know that Q' = 1 = @, hence, by transitivity, P’ = z1 = P follows. As EU represents
preference on Ly, is continuous in probabilities, and Lx is connected, it follows that there
exists a lottery S € Lx such that S ~ z;.

Similarly to Case 1 above, we can find sufficiently small ¢, € (0,1) and obtain
[a(e + 1), xo; —ale + V), x1]aP + (1 — a)[(g, xo; —&, 1) Q] ~ (€, x0; —&,71)Q

from

P~ Q.
By consistent pessimism, the latter two indifferences, together with S ~ xy, imply that
[/ (e + 1), xo; =/ (' + ), 21]a/S + (1 — /) [(¢', x0; 1 — ', 21)] ~ (€, w0; 1 — &, 1)
for ¢, o’ € (0,1) sufficiently small. Substitution of V' into the latter indifference reveals
Yu(mg) + EU(S) + 0u(Mg) = Yu(xy) + EU(x1) + Oulxy).

It is worth noting that, to derive the latter equation, we could have exploited P’ ~ @', the
analysis in Case 2, and then apply consistent optimism and substitute V. We conclude that V'
represents preference on L.
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To complete the proof for the case that X = {xq, x1, z3}, we define v, € [0,1) with y+6 < 1

through

R S
TR0+ T 10+

and set NEO(P) :=V(P)/(1+ 6 +1). We observe that

b 0
l—y—§ = 1— .
7 1+0+¢ 1+0+4
B 1
I T

and obtain that

NEO(P) = vyu(mp) + (1 — v = §)EU(P) + du(Mp),

with cardinal utility v and unique parameters v,d € [0,1) and v+ § < 1, represents > on L.

This concludes the proof for | X| = 3.

Assume now that | X| =7 > 3 and that for any non-empty subset X’ of X the function
NEOX/(P) = ’yxl’l,t(mp) + (1 — Vxr — 6)(/)EU<P) + 6X/U(Mp),

with cardinal utility v and unique parameters vx:,dx: € [0,1) and yx + dx < 1, represents =
on Uycx/Ly.

We need to show that vy, dx/ are independent of X’ and that functions NEQy. are restric-
tions of a common function N EQO, that represents the preference relation on L.

First, we note that X} = {xo,... , 2,1} and X| = {xy,... ,z,} have {z1,... ,2,_1} (and
any subset of the latter set) in common. Thus, by the induction assumption and the uniqueness
results for NEO-representations, it follows that «vx, and dx/ are independent of X’. Hence, we
can drop the subscripts and use v and ¢ henceforth.

It remains to show that NEO(P) = vyu(mp) + (1 — vy — §)EU(P) + du(Mp) does indeed

represent > on L. Recall that NEO represents = on Lx U (|J (20.n}CY Ly) as it agrees with
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the EU representation on this set.
By Assumption 9 there exists P € Ly, 4} and @ € Ly, 1 such that P ~ (). Because

NEO represents the preference = on Uycy,,,. 2} Ly it follows that
NEO(P) = NEO(Q).

Division of this equation by (1—+—4§). Substitution of v/(1—v—9) =: ¢ and § /(1 —y—3) =: 0
gives
Yu(xy) + EU(P) + Ou(z,) = Yu(zs) + EU(Q) + Ou(z,)
or, equivalently,
EU(P) + ¥lu(z1) — u(z2)] = EU(Q).
From the latter equation we observe that for any sufficiently small € > 0 we obtain

EU((e,x1;—¢,22)P) + Yu(z1) — u(xs)] = EU((e, x1; —¢€, 22)Q),

and for any a > 0 such that [a(e+v), xo; —a(e+1)), v1]aP+(1—a)[(e, xo; —€,21)Q] € Lia,,..2}

we obtain
aEU((, 21; —¢, 22) P)+ ot [u(1) —u(x2)]+ (1= ) EU (e, 71; —&, 23)Q) = EU((&, 21; —, 22)Q).
This is equivalent to
EU([o(e + 1), mo; —ale + ), z1]aP + (1 — a)[(e, wo; =, 21)Q]) = EU((&, 215 —€, 22)Q)
or, in preference notation,
(e + ), o; —ale + ), z1)aP + (1 — a)[(e, zo; —&, 21)Q] ~ (&, 1; —&, 22)Q.

Recall that P ~ Q. Further, by Assumption 9 there exists P’ € Lx and Q' € Ly, 4, such

that P’ ~ (). Hence, by consistent pessimism, we obtain

[0/(" +4), mo; —a/ (€' + ), wa]a’ P + (1 = )[(e', wo; —€', 21) Q] ~ (€', w15 =€, 2)
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for €/, € (0,1) sufficiently small. Substitution of EU gives

EU(P') + ¢[u(xr) — u(zz)] = EU(Q')

which is equivalent to

NEO(P') = NEO(Q").

So, NEO represents preferences on Ly U Ly, 4,3. This way v is uniquely determined.

By a similar argument, starting from P € Ly, 2,3 and Q € Ly, 2,3 With P ~ @

goee

and adding P' € Lx and Q' € Ly, 5.} With P’ ~ Q' we obtain, now by exploiting consis-
tent optimism, that NEO represents preferences on Lx U Ly, .2, _,3- This way 0 is uniquely
determined.

It follows that, vy =¢/(14+ 60+ ) and 6 = 0/(1 + 0 + 1) are uniquely determined, and that
N FEO is indeed representing the preference = on L. Hence, by induction, it follows that for any
set X consisting of finitely many strictly ranked outcomes the preference > on L is represented
by NEO. This proves statement (i).

Uniqueness results for utility and the parameters v, d apply by construction. This completes

the proof of Theorem 11. O
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