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A noteon sustainable agricultural intensification through agro-biodiver sity

conservation

This paper addresses the relationship betweenkagdoversity conservation and
sustainable agricultural intensification. It shawat in biodiversity poor agro-
ecosystems both agro-biodiversity and conventiomalt intensification may increase
through optimal adjustments of input use. Increasgro-biodiversity conservation
is a necessary condition for optimal adjustmermgoilibrium but whether input use
will increase or decrease along this optimal pajhethds on the buffering effect of
agro-biodiversity on ecosystem damage and thevelatelfare impacts of output
reductions and ecosystem damage. The model paihtba&t ecosystem damage
(through agro-biodiversity loss) can decline evaedar increased agricultural

intensification.
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A noteon sustainable agricultural intensification through agro-biodiver sity

conservation

This paper addresses the relationship betweenlagdosersity conservation and sustainable
agricultural intensification. It shows that in bieersity poor agro-ecosystems both agro-
biodiversity and conventional input intensificatioray increase through optimal adjustments
of input use. Increase in agro-biodiversity conagon is a necessary condition for optimal
adjustment to equilibrium but whether input usd mitrease or decrease along this optimal
path depends on the buffering effect of agro-biediity on ecosystem damage and the
relative welfare impacts of output reductions aocdsgystem damage. The model points out
that ecosystem damage (through agro-biodivers#ty)loan decline even under increased

agricultural intensification.

KEYWORDS: Agrobiodiversity, sustainable agricultural intditsition, ecosystem services



1. Introduction

It is widely accepted that agricultural productymiust increase to cope with the
increasing food demands from a rising populaticaireg} a background of relatively
inflexible cultivable land area. At the same timesirecognised that the modern intensive
agricultural practices, that have been the maimcgoof productivity gains in recent decades,
may not be sustainable (McNeely and Scherr; MooGepper and Reid; Jackson, Pascual
and Hodgkin). Further, as people confront poputatjmowth, increased food demand,
climate change, and the globalization of agricaltunarkets, agricultural landscapes are
undergoing unprecedented transitions. Thus wedad®llenge of raising productivity
without compromising the flow of valuable ecosystegnvices (MEA, Perrings et al.; FAO)

A key issue here is the contrast between two vigtle interactions between

agricultural production and ecological processesth® one hand the competitive vision of
agricultural production that has dominated agrigalt practice in industrial countries,
supports an approach that adjusts the environnoethiag growing conditions for a target
species (the ‘crop’) are optimised while thosedompeting species (e.g. ‘weeds’ and
‘pests’) are deliberately worsened. This approaaiow being questioned since it ignores
well-known interactions between species as wedl emnge of processes that contribute to
short and long-term agricultural productivity (Alti; Swift Izac, and van Noordwijk). The
alternative view suggests that long run produgtiigtmore likely related to maintenance of
specific ecosystem functions rather than the nurabspecies per se. Further, agro-
biodiversity is likely to enhance agro-ecosystemctioning when assemblages of species are
added whose presence results in unique or comptanyesffects on ecosystem functioning

(Tscharntke et al.; Jackson, Pascual and Hodgkin)



These contrasting effects indicate an ambiguoagioalship between productivity
and agro-biodiversity since the conservation of-omp species introduces a trade-off
between increased direct competition with crop sseor land, light, nutrients, moisture
etc.) and the increased support that these spemegle for agro-ecosystem functions (such
as nutrient recycling, biological pest control,lp@tion etc.) that promote crop productivity.
In fact, there is a growing interest in empiricalyalysing the productivity effect of agro-
biodiversity in the short and long run. Studiesnsee confirm that agro-biodiversity is
instrumental to increasing the mean level whilthatsame time decreasing the variance of
crop yields (e.g., Smale et al.; di Falco and ChadaFalco and Perrings) and also adds to
technical efficiency in farming (Omer, Pascual &wsell). This concurs with experimental
and observational ecological studies about theabégro-biodiversity for the stability and
productivity of agricultural biomass (Loreau e).ahdditionally, there are some emergent
theoretical studies that create stylised ecologgcahomic frameworks to better understand
the role of biodiversity in agriculture (e.g. Bauaingper and Quaas). Our study also uses a
stylised representation of an agro-ecosystemedisdwith the relationship between
increasing use of inputs and the stock of bioditygrand addresses the problem of
sustainable intensification. Specifically we addréne role of agro-biodiversity conservation
as a means of enhancing the buffering capacity @ggo-ecosystem. This supports the
sustainable intensification of agricultural prodactprocesses along an optimal pathway that
generates maximum economic welfare. To our knogdet other study has yet addressed
these issues.

Here we address this relationship theoretically spell out the conditions that are
necessary for finding a positive relationship bewagro-biodiversity conservation and
agricultural intensification. The model shows ttiese conditions occur in quite general

circumstances where there is (1) an agriculturadlpetion technology that supports a



positive relationship between ecological integafya given agricultural area and agricultural
productivity in that area, and (2) decision make&fg@rences that recognise this positive
relationship and generate resource allocation medgthat support it.

The model is structured as follows. The next sedbwilds up the model and then
Section 3 offers a qualitative analysis of the mdidynamic relationship between
agricultural output and agro-biodiversity levelfieh section 4 further addresses the
relationship between ecosystem damage and inrigification along the optimal path.

Finally section 5 concludes.

2. Themodsd

The present model focuses on maximizing the diseoupresent value of utility
flows to perpetuity where utility is assumed to €llegh on a sustained flow of marketable
agricultural outputy (t), with disutility arising from agro-ecosystem daradg(t). The latter
is related to the use of artificial inpud(t). For the decision maker, the problem becomes to
optimally allocate resources on a given area a Erany period, between marketable
agricultural outputY(t), and environmental conservation effort or expends,C(t), in order
to enhance the current biodiversity stoBk).

The direct utility functionlJ=U[Y(t),D(t)], is assumed strictly concave, linearly
separable ity andD, and with positive and diminishing marginal utilityth respect tor(t)

i.e.U, >0,U,, <0. In addition, the marginal utility dd(t) is specified to be negative and

decreasingy , <0,U, <O0.

2.1. Agro-biodiversity and agro-ecosystem damage
The stock of agrobiodiversitfa(t), enters into the production function alongsideuveetor of

artificial inputs,X(t), thus assuming that biodiversity is a natural irfauburing crop



production. The agricultural production functidfX(t),B(t)], is assumed to be strictly
concave and twice differentiable, wig > 0, F;; <0andF, >0,F,, <0, and to exhibit
weak essentialityF (0) = 0. Due to the ambiguous nature of the relationskigvben
agricultural productivity and biodiversity, lineseparability is assumed betweeandB.

The latter separability assumption is used dubearidefinite scale of the present analysis; a
given ‘area of land’ is consistent with a ranggos$sibilities from field/farm level to
watershed/region level. Since each level has afstb-components and hence a different
interaction with production process, the main dffda change in stock of biodiversig(t),
on the marginal product of artificial inpuf(t), is likely to be different at each level or
sublevel ofB(t). For instance, an increase in the diversity of@bs or soil micro-organisms
is assumed to increase the marginal product dicaatiinput use, e.g. fertiliser, since it is
expected to enhance the soil productivity, Fg, = 0. Alternatively, an increase in natural
vegetation diversity would decrease the marginadipct of fertiliser as it increases the
competition against the cultivated crops, giviRg, < 0. Similar examples could be stated

for other components of biodiversity. Generally&iermine the effect of an increase it)B
on marginal product oK(t), requires detailed and specific information onchhi
component(s) of biodiversity is changed. Hencesfoplicity, F[X(t), B(t)], is assumed to
be linearly separable B(t) andX(t).i.e. Fyz = Fg =0.

The effect on agro-ecosystem services of intesgsifigricultural production is
represented by the ‘damage (or ‘degradation’) fion¢tD(t)=D[X(t), B(t)], to reflect that the
dynamics of such ecosystem service degradatioenisity dependent. In this case, we
assume that increasing the stock of biodiversitiena positive contribution to ecosystem
resilience and hence to its ability to better talerand overcome the adverse effect of

agricultural activities, hend®, < 0,D,; > 0. In addition, ecosystem damage due to

application ofX is assumed to rise at an increasing rateDi,e> 0,D,, >0.



However the secondary relationship between the atngiaX on ecosystem service
degradation and the stock of biodiversity (i.e. $lgg ofDxg) is harder to ascertain. On the
one hand this relationship may be negative as@ease in biodiversity stock increases
resilience of the agro-ecosystem and also rediieedadmage generated by any given level of
X application. On the other hand the increased beydity stock could become more
accessible and thus more vulnerable to being dasnagecreasing, suggesting a positive
relationship. Given this ambiguity, the damageastdunction is made linearly separable in
X(t) andB(t), i.e. D,z = Dgy =0.

The state variabld3(t), is assumed to evolve according to a process rafte() the
natural dynamics of biodiversity, (ii) purposivetiversity conservation activities, and (iii)
conventional agricultural activities carried outlne agro-ecosystem using conventional
inputs, yielding the following simple extended Isiig function:

(1a) B=aB(l-B/K)+d& - )X

wherea > 0 might reflect the natural dynamics of B, &dtands for the maximum diversity
that can be obtained in the land area under a giggural evolution without artificial input
application, echoing the idea of a carrying cagdait B. As in highly intensified agricultural
systems it is typical to find relatively low leved$ biodiversity compared t, the termB/K

is expected to be negligible, and without lossexigrality, equation (1a) can be
approximated as:

(1b) B=aB+dC - )X

wherea, d andy are all constants. Equation (1b) shows that bierdity is enhanced
proportionally to investment in conservation,dheing the rate of induced grovitland that
biodiversity is degraded proportionally to artificinput application. In addition, it is
assumed that no depletion in biodiversity occura eesult of its support to the production

process.



2.2. The maximum principle

The objective is to choose the time paths for th@rol variablesX(t) andC(t), that
maximise the value functigiW,considering the instantaneous effect on utilityd #re inter-
temporal impact on the state of biodiversity. Tikig effect a problem of identifying the
trade-off between consumption and biodiversity eovation that involves optimising the
production process by controlling the scale ofagdtural intensificationX(t). The problem

is described as:
(2) MaxW (Y (t), D()) = Te“‘uw (), D(t))dt

wherep >0 is the utility discount rate, subject to (i) thguation of motion foB(t), (ii) the
non-negativity constraints, i.eX 20 and D = 0, (iii) the initial condition B(0) = B,, (iv) the
impact functionD(.), and (v) the environmental conservation investmenttion (3):

3 C(t) = F[X(t), BO)] - Y (t)

This yields the current-value Hamiltonian:

4) H. =U(Y,D) +¢(aB+ F () - Y —)X)

where¢ is the current shadow value of biodiversity. Thaxiinum Principle for an interior

solution shows that:

(5a) ?¢C =B =aB+J[F()-Y]- X
Mo _ o
(5b) e =U, -8 =0
50 A =UyD, +4(F, ~1)=0
(5d) $=-UoD, - 9la+F, ~p)=- L+ pg



Equation (5a) restates the state equation, (5Bpkstes that the current shadow value of
biodiversity ) is positive, while (5c) states thétshould be allocated such that the marginal
utility and disutility of artificial input use argalanced. For an interior solution, the bracketed

term (JF, —y) is positive ag is positive and the first term is unambiguouslgatéve.

Equation (5d) is the standard non-arbitrage camadlivhich dictates that for an optimal
solution, no gain in utility can be achieved byll@zating natural capital in the form of
biodiversity from one period to another. This oscwhen the current marginal returnBg(t)

equals its marginal cost.

3. Qualitative analysis
In order to gain analytical insights into the dyneilmehaviour of the relationship between
agriculture and its impact on biodiversity, a gtadive analysis that focuses BiY space for
this agro-ecological system and a differential e¢iguefor Y, is derived from the optimal
solution. From (5b-5¢X can be defined as an implicit functionYo&ndB giving equation

(6), with X; >0 and X, <0, i.e.X (Y, B)is the level oX that solves the optimality
conditions.

(6) U, [y -y]+d),D, =0

In addition, the optimal path fof is derived from the Maximum Principle by totally

differentiating (5b) with respect to tifhe

™ V=St a - pr & [ Y22

UYY X
Equation (7), together with the state equatia),(§ives a new set of non-linear
dynamic relationships for this agro-ecological syst withY (0) left free. To examine the
dynamic behaviour of the system B, (Y) space a phase diagram can be constructed.(c.f.

Figure 1).



The dynamic system, at equilibrium is denoted as:

B =g(B,Y)
Y = f(B,Y)

This system is assumed to have a unique solutetrsttisfies the initial conditions
B(0) = B,. Two demarcation curves (isoclined € a@dY = 0) are drawn, that divide the

phase space into four regions (I to IV), with detiént mix of time derivatives for(t) and

B(t).
[FIGURE 1 around here]

As regards the slopes of the biodiversity and africal output isoclinesB= @&ndY =0,

respectively, they are given by their implicit faioos dv —ﬁ, andﬂ = _Te

Bls-o 9y dB Y=0 fY

where, recalling (5a), @ = ,03(B,Y) =aB(t) + F(.)-JY - )X , and

(8a) 0g =a+dF, +(F, —y)Xg >0

(8b) gy =—0+[F, —y]x,<0

and (dFX —y)>0 from (5c). Additionally, sinceg, <0, as Y increaseB undergoes a

steady decrease. AsU, /U,,) > 0in equation (7), th&f = Oagricultural output isocline is

given by:

[(B.Y) == p+ &y ~[F, -/ 22

X

hence:

(9a) fB:d:BB_ [d:x_y]DXDBB+dDXDBF);XXB_[d:x_y]DBDXX <0
(D)

and



:_[djx DgFux —[Fy _y]DBDXX]XY
(D )?

The signs of (9a) and (9b) imply that tile=  isbcline is also upward sloping to the right.

(9b) f, >0

Also, f, >0 implies that a¥ increasesf undergoes a steady increase.

We assume that f,/f, >-g;/9g, , so that the output isocline is steeper than the
biodiversity isocline in the neighbourhood of theasly state. At E both variabld® &ndY)
are stationary, but at any other point eitBer Y (or both) would be changing over time as
shown by the directional arrows in Figure 1. It tenconcluded from the pattern of
streamlines in these phase diagrams that the lequih is a saddle point as long as
- fz/f, >—0;/9, . In the opposite case (i.e. , wherf,/f, <-g;/0, ), the system
would show no local stability (see Appendix).

The qualitative analysis focuses on the propertiégyp variables along the
converging path illustrated by Isosectarlh particular we look at the dynamics of
agricultural input use as it adjusts towards elriilim over timeX , and the corresponding

adjustment of ecosystem service degradaban,

4. Thereationship between ecosystem damage and input intensification

The optimal adjustment of agricultural input usdéscribed by the following expression

X =+ {[d:x _y]UYYY+dJDDDXDBB} . N1+ Nz

(10)
{_dJYFXX_dJDDXX_dJDD(DX)Z} L

According to the sign conventions previously addptecan be shown that while the

denominato(L) in (10) is positive, the sign of the numeratoambiguous.

The first term in the numeratoN, = (d:x —y)UYYY <0, can be rewritten as

(dFX —y)/7YUY % <0, wheren, =Y(U,,/U,) measures the elasticity of marginal utility of

10



output. This elasticity shows the percentage changearginal utility for a one per cent
change in output and can be interpreted as a neastow tolerant the decision maker is to
reductions in agricultural output. Intuitively thisould be measured by the extent to which
declining utility levels due to reductions in outpuwe cushioned by offsetting changes in the
marginal utility of output. This term represents tveighted’ effect of a change Xon

utility, through its impact on biodiversity stockdoutput, where the weight is the rate of

output growthY /Y . Given the assumptions about the nature and distégaof the functions

in the model (see section 2), this term is negative
. : : B
In a similar wayN, = dU,,D, D;B> Omay be rewritten agD,¢/./7,U B where
n, =D, /U,) measures the elasticity of marginal utility of egsiem damage (the

. B
decision maker’s tolerance to ecosystem damageyapd- D, D measures the damage

elasticity with respect tB. The latter elasticity shows the percentage reduati@tosystem
damage for each percentage increase in biodiveasdythus reflects the relative impact of
changes in biodiversity stock in cushioning ecasystiamage. This second term in the
numerator represents the ‘weighted’ effect of angeanX on utility, through its impact on

biodiversity stock and ecosystem damage, wherevéhight is the rate of growth in the stock
of agro-biodiversityB/ B . Given the assumptions detailed in section 2,t#1is is positive.

Input use will be increasing along the optimalatinent path X > PwhenevelN,
> Nj; and the numerator as a whole is positiviénis will depend on the extent to which the
decision maker is either less tolerant to redustioroutput N; smaller) or more tolerant to
increases in ecosystem damalyelérger) where tolerance is measured by the extent
which reductions in utility occasioned by eithertliése changes is cushioned by offsetting
changes in the corresponding marginal utilities. imglication is that preferences displaying

greater tolerance to ecosystem damage (or lesamake to reductions in output) would tend

11



to support increased input use along the optimid fwaequilibrium and thus the
intensification of agricultural production processé&his tendency would be further supported
in an agro-ecological system where the damage@tgsif biodiversity is greater (increasing
the value olN, above) so that biodiversity has a greater custgpoimpact on ecosystem
damage.

We also investigate the relationship between optageo-ecosystem degradation and
agricultural intensification by considering the iopal co-evolution ofX and D along the

convergent path in this Isosector. Totally differatimg the damage functip® (X,B),with
respect to time, i.eD = D, X + DB, the effect of the change in inputs Dralong the
optimal path, can be derived by substituting ¥orfrom equation (6)pbtaining the following

equation of motion for ecosystem damage as a fumcti agroecological effects, the motion

of biodiversity and agricultural output and theffieets on utility:

D= {[wopxx +dJYFXX]DBB_[d:X _y]DXUYYY.}

11
) {dJYFXX+dJDDXX+dJDD(DX)2}

From (11) and based on the assumptions aboutathieenand derivatives of the functions in

the model (see section 4), is unambiguously negative where ba@&h> a®dY > Q i.e. for

a biodiversity-poor agro-ecosystem that could Ipeegented by Isosector I.

That is, in Isosector D < @nd this will be the case even whn> . Bimplies
that along the optimal path to the long run eqtiilifm, in biodiversity poor agricultural
landscapes, ecosystem damage would decline evaminpat use increases. The point is
thus that along the optimal path, at relatively lewels of biodiversity, increasing input use
can be consistent with reductions in ecosystemadiagion. This result is more likely to arise
when biodiversity stock has a strong cushioningatfbn ecosystem damage and when
decision maker preferences show greater toleraraecbsystem damage and less tolerance

for reductions in output.

12



5. Conclusions
The theoretical model presented here rests on styfied assumptions regarding the role of
agro-ecosystem on a fixed area of land. Accordmngutch assumptions it is possible to show
that in principle it should be possible to find@stimal path of agricultural intensification
that is consistent with a reduction in ecosystematge (or lowering agro-biodiversity loss)
as the systems adjusts towards the long run equitib This trajectory would maximise
welfare for a decision maker over time. In thisrvele show that (1) decreasing ecosystem
damage is a key characteristic of this adjustmedtthat (2) only in certain circumstances
this can be accompanied by an increase in thefumgiftcial inputs leading to intensification
of agricultural production processes. While therfer result is unsurprising, this latter result
suggests that there should be room to explorexiséeace and the conditions accompanying
sustainable agricultural intensification processes.

This result relates to farming systems where agvdibersity has been greatly
depleted. Thus, the potential for recovering higbeels of agro-biodiversity through
conservation activities while at the same timenigyio enhance agricultural production is
possible. More specifically, while a decrease iosystem damage is a characteristic of the
optimal adjustment path across all the circumstaatlewed by the current model, whether
input use will increase or decrease as the ecanygptimally adjusts along this pathway will
depend on the nature of the production technol@gyg @and on the preferences of the
decision maker. Increasing input use (intensifargtis most likely to arise as an optimal
strategy where the existing low levels of biodivigreave a greater impact in cushioning
ecosystem damage so that the ecosystem is maliene® damage from agricultural
production processes. Sustainable intensificaBalso more likely to arise when the

decision maker is more tolerant to ecosystem daraadéess tolerant to reductions in

13



available output, where tolerance is measured &lkhsticity of marginal utility with respect
to output and ecosystem damage respectively. Tlaikéy parameter that provides an index
of the extent to which the effects on utility, dfasges in output and ecosystem damage, are
cushioned by offsetting changes in marginal utility

The result implies that the sustainable intendificaof agricultural production
processes, that would help support security of quply in the face of increasing demands
from an increasing and increasingly affluent popataunder further competition for
agricultural land, could be facilitated by policisit encouraged agro-ecosystem resilience
and greater tolerance by the decision maker toyste&rm damage.

While the analysis is consistent with policies this aimed at reducing ecosystem
damage (e.g., environmental stewardship schemie @AP in the EU), the implications go
further than this and show first of all (especiditly regions in developing countries that have
become highly intensified at the expense of agaahlversity), change in agricultural
production practices that enhances the bufferifigence of biodiversity on ecosystem
damage could promote food security, even in thetsbiom, by supporting sustainable
intensification. This lends support to further exghiag the call for research on agro-
ecosystems and environmentally friendly farmingeys (Altieri; Perrings et al.; Jackson,
Pascual and Hodgkin). Ultimately the feasibilitysofstainable intensification will depend on
the relative extent to which welfare responds twsgstem damage versus potential
reductions in agricultural output. It is not clegnether this characteristic of individual and

societal preferences might be altered by infornmaéiod education programmes.
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Footnotes/Endnotes
1. The parameted can also be interpreted as the marginal degradatid(t) caused by
increase irY (t) i.e. the opportunity cost @(t).
2. See the Appendix for a full illustration of ttveo partial derivativesln addition the second
order conditions, required for optimality of thisligtion are met, i.e. both the utility and

production functions are strictly concave.

3. Concavity arises from the fact that=  le@ds toy = F(,)+% B_% x , therefore the locus

of B = 0 exhibits the same curvature as that of the praoludtnction.

4. There is also a converging path in Isosectowhiére initial levels of biodiversity are
higher and convergence requires that both biodiyesiad output decline over time.
Analysis of relationships in this Isosector, thatilcl be relevant to biodiversity-rich agro-
ecosystems, is not the focus of this paper.

5. This expression is obtained by totally differaitig equation (6) with respect to time and

rearranging terms.

15
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Appendix: Details of the Mathematical Analysis

The Partial Derivatives of the Implicit Function, X{B,
Equation. (6) is relabelled as (Al):

(A1) U, [oF —y]+U,D, =0
Eq (Al) is differentiated w.rZ, and rearranging:

_dJDDDBDX

X - -.>O
i ldJYFXX +dJDD(DX)2 +dJDDXX

(A2)

By differentiating (A1) w.r.ty and rearranging:

(A3) X, =t [d:x _y]UYY .<0
[_dJYFxx _dJDD(DX)Z _dJDDxx

The denominator is positive and the numerator istieg, as(ddF/dX —y) >0 by (5c).

Transversality Conditions:
The optimal path satisfies the following transvatgaonditions:

(Ad.a) tIim,u(t):O i.e. u(t) - 0 ast - o«

Equation (5b, Section 2) gives the solution pathuti) as

1
* [ _ﬂ
(A4.b) M 5o e

Equation (A4.b) implies that fdd, to tend to infinity,Y must approach to zero.

However, in this modéet* does not tend to zero tiapproaches infinity since setting

o‘H%{ =0 rules out any corner solution. The exponentiahtiends to zero, dgjoes to

infinite. Therefore, the first transversality comoln is satisfied. The second transversality
condition is

(Ad.c) limH =0 l.e.H -~ 0ast - o

| )
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For the specified problem, the solution pathdas

(A4.d)

H* =U(Y,D)e™ +u (aB +dF()-d —X')

U(.)e™™ tends to zero as whéemoes to infinite. The bracketed expression insteond

term, i.e. the state equation, is zero by the defmof the steady state. Therefore, the second

transversality condition (ii) is also satisfied.

Sufficient Conditions for optimality:

If the Hamiltonian is strictly concave, then theximaum principle is sufficient for a

unique global maximum. The Hessian matrix of thenit@nian is

(A5.a)
H XX H XY
H = HYX |_lYY
H BX H BY

where:

Hyx =0
Hyy =Uyy
Hyp =0

Hgg :UDD(DB)2 +U [ Dgg + @I, <0

HBB =UDD(DB)2 +UDDBB+¢d:BB <0

T

XB

I

YB

T

BB
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After rearranging, the Hessian determinant is givgn

|H | = [U D DXX + ¢d:XX ]|_U YYU DD (DB)2 +UYYU D DBB + ¢dJ YYFBB
A5.b
( ) +UDD(DX)2[UYYUDDBB+¢dJYYFBB]<O
To verify that the supplementary conditidt'nm HA)[B()-B*(t)]= , dso holds, itis

shown above that the transversality condittion,dinn =0 is also satisfied. Hence, regardless

whether the termB (t) — B*(t)) is bounded or tends to zerotagoes to infinity, this condition
is satisfied as an equality singé) tends to zero astend to infinity. Consequently, given the

concavity of the Hamiltonian, the maximum princiesufficient for a global maximum.

Local Stability Analysis

The characteristic roots of the linearised diff¢iarequation systemg,Y ) are

examined:

(A6.a) B=aB+d()-dY - X

(A6.5) V=SV g ot OF, [, - Yot
YY DX

The linearised system of the differential throughaglor expansion around the steady state

— = Bl. o
(B,Y), where tJdL?} IS constant is given by:

3| |B, B, [B]_[E B|] _[O
(A7) BI_|Bs B IBI]BI_y, 5=
Y |Ys Y Y] |Y Y| |0
where J, is the Jacobian matrix for this system. The twitedential equations are assumed

to be functionally independent i | # 0. (If |3,/ =0, theB = OandY =0 would coincide

and give an infinite number of equilibrium pointsihe behaviour of the phase trajectories
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near the equilibrium point depends on the sigrhefaharacteristic roots of the Jacobian

matrix.
(A8.a) BB =a+d, +[F, - VX,
(h8.) B, =~5+[F, ~yIX, <0
(A8.c) Y =—U—Y .. — [y — Y10y Dgg + Dy DgFyy Xg —[F — yIDg Dy X
T[T 0, )
(A8.d) Y, =- U, [-dD,D:Fy +[d:x2_y]DBDXX]XY 0
Uyy (Dx)

If |34 <0, it implies that the steady state is locally adtagoint (Figure 1). IfJ,| >0, the

sign of the trace of the Jacobian determinant neetle checked to determine the type of
equilibrium. However, the maximum principle solutisatisfies the sufficiency conditions
and therefore, the dynamic system of this modekected to generate a saddle point

equilibrium.
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Figures

B(t)
Figure 1. E as a saddle point equilibriun{®; Y)phase space
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