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our more general setting, pure strategy equilibréy not exist, but we can compute a
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1. Introduction

In a well-known paper, Kanbur & Keen (1993) use aedsel of spatial competition
between neighbouring countries (or jurisdictions) aHotelling line, to investigate
the relation between commodity tax rates and cgucitiaracteristics. Specifically,
with 2 countries of equal land mass but differeapydation densities, the country
with the larger population density (and hence #rgdr population = the “bigger”
country here) will set the higher commodity taxerdh a similar framework, but with
countries having the same population density affi@roig land masses, Ohsawa
(1999) concludes that the country with the largerdl mass (and hence again the
bigger country in our sense) will set the highex tate. Moreover this positive
correlation between bigger countries and higher roodity taxes is borne out in
various other theoretical modél$iowever empirical evidence is mixed. For instance,
in 2 of the models in Estelle-More and Sole-Oll6Q2), US state taxes are negatively
related to the state population; the Netherland#) wne-fifth of the population of
neighbouring Germany, has a petrol tax rate thwéspercent higher than Germany;
and the tax percentage in Luxembourg's petrol pscg9.9, whilst that in the bigger
neighbours Belgium and France is 70.6 and 76.g¢eaively’  So it is certainly not
clear that the empirical reality offers full suppéor such a theoretical correlation.

Our paper offers a way out.

Synthesising Kanbur & Keen (1993) and Ohsawa (1999 model with differing
population densities and differing land masses,coaefirm what is a very general
“bigger country-higher tax” relation irpure strategy equilibrium of the tax
competition game. However, as Kanbur & Keen (19@3pals, differing population

densities lead to discontinuous reaction functionghis game, and in our more

Y For instance, Trandel (1994) argued that when twermments are maximising social welfare of the elsiin
residents, dependent on the provision of publicdgdaanced by tax revenue, the more populatedtopsets the
higher tax rate. Wang (1999) studied a Stackelgarge based on Kanbur and Keen (1993), with thedigtry
as leader. At equilibrium, the ‘bigger country reghax rate’ rule is repeated, and the tax diffeeeis even larger
than that in the simultaneous tax game. Niels@@12 also reproduced the ‘big country higher tae’result.
And Ohsawa and Koshizuka (2003) have a versiohefésult based on a 2-dimensional geography, tchwie

return later.

2 See Rietveld and van Woundenberg (2004).



general setting there are cases where only a nsixategy equilibrium exists. We are
able to compute fully all such mixed strategy dbué, and we show that,
probabilistically speaking, the bigger country-heglax link may be broken. Precisely,
bigger countries may set lowexpected tax rates, and bigger countries maynte

likely to be (with probability exceeding Y4he lower tax country.

Section 2 describes the model and its pure stragegylibria. Section 3 offers the

mixed strategy analysis, and section 4 concludes.

2. The model and its pure strategy equilibria

The world is a 1-dimensional interv@, L, +L,] with [O,L,] representing the land
mass of country 1 andL,L,+L,] that of country 2, wherg,L,>0. The
population size of country i & >0, uniformly distributed over its land with density
o >0, so A=4dL, i=12. Without loss of generality we assume throughout
thatd, = J,. Each individual in the world wishes to buy ingieally 1 unit of the only

good available, and incurs cosjs< to travel a distance x. There are producers

located at each point in the world, who producedbed at constant marginal cost

(normalized to zero), meeting the demand of allscomers wishing to buy at their

location. The government of country i levies a t@x p throughout i, and the

competition between the continuum of producersangures that this will also be the

price of the good throughout i. An individual lignn i will then make their purchase

either from the producer at their location (cg9tor by traveling to the border
(distance x say) to buy from country j (cpstt yx). If p =p,, there will be no

“cross-border shopping”, all consumers buying IpcaBGenerally, ifp = p;, there

will be cross-border shopping out of country i ddoa

G(p —p)=min{g(p - p)/ ), A} (2.1)



Governments choose tax ratgs, p, =0 and payoff functions (revenues) in the

simultaneous move, non-cooperative tax competg@me are

(P, P,) =[A+C,(P,—pJlp, if ps<p,
(pu P,) = . (2.2)
£ {ﬂlR(pl' pz):[Ai_Cl(pz_ pj)]pl if p=p,

ng_(pl’ pz):[A2+C1 pl_pz]pz if P=P,
(P P,) ={ ( ) . (2.3)
an(py pz):[Az_Cz(pl_pz)]pz if P=p,

We consider first pure strategy Nash equilibriuiVe can take it in (2.1) that

¢(p—p;)=9(p—p;) since choosing p so thatd (p, —p;)/y=A implies

77 =0 which can never be a best response for X0 is attainable at anyp, >0
from p positive and small enough). The resulting payoffctions 7z in (2.2) and
(2.3) are continuous everywhere, differentiableegtavhenp, = p,, strictly concave
in p for p>=p, and for p <p,, but not necessarily globally strictly concave
because of the kink ap, = p,, as follows. Recalling that, = J,, the derivatives of

- and 77° atp, = p, = pare such that;

ﬂ:pi—dzpzaﬂf :A‘l_dlp (24)
op y  op, y
0, _p 0P 07 _ ) 0P g
ap, y op, y

If o, =9, bothn, andn,are globally strictly concave, generating well-betth
(continuous) best response (reaction) functionsreldeer, from (2.4),7z “kinks

down” as p, increases througp, whend, >3J,,so 7 is again globally strictly
concave. Howevers, “kinks up” from (2.5) whe, >9,, precluding global
concavity of 7z,. The reason for this difference is clear.pf is a little smaller than

p, there is cross-border shopping into country 1 andeiases inp, reduce this at a



rate proportional td,; if p,is a little larger thanp,there is cross-border shopping

out of country 1 at a rate proportionaldo>d,. Hence the upward kink for the

country with the lower population density, and tihewnward kink for the high

density country. The consequences for best resparsgsee appendix for proof):

Lemma 1Suppose, =9, .

(a) Country 1's best response is:
YOL, 125, +p, 12 if p, 26,13,
Pr =93P if < p, < )0L, /19,
W i2+p, 12 ifp Sy

(b) With p; = )t,4/9,/9, , country 2’s best response is:

2

_{ycszz/ZJl if p, 2 p,
W, 12 ifp < p

Figure 1 illustrates the best response graphs e, ; that of country 2 “jumps”

atp, between the valugsy =1p,(1+./5,/d,)andp; = p;5 /J,/9d, . It is clear
from figure 1 that there will be at most one putexttegy Nash equilibrium when

J, >0,, either with p, > p, at an intersection of the best response graphchesn
that are above the (dashed) 45 degree line indiduyror with p, < p, when the

branches below the 45 degree line intersect. Vdhe,, both best responses are

linear functions, and they intersect uniquely.



4 A
Py Py

P,
> D, I 5 > p
W /o, ps’ pX 2
(a) Best response of country 1 (b¥tBesponse of country 2
FIGURE 1

The resulting pure strategy Nash equilibria are masily derived (see appendix for

proof):
Theorem 1Suppos®, =J,, and leh=,/d, /9, . Pure strategy Nash equilibria are as
follows:

(@)p, =2, /3n* + b, /3 p, = b, 13n* +2)t, /3, whenL, /L, < (3h* -h?)/2,
(b) p, =2k, /3+)h°L, /3 p, = ), I3+ 20°L, /3, whenL, /L, 2 (3h- h? )2,
P P

(c) there is no pure strategy equilibrium wiggm—h?)/2> L, /L, > (3h*-h*  )/2

(d) in any pure strategy equilibriunp, — p, has the sign ofA - A,.

Figure 2 illustrates parameter values indicateth@orem 1. In region ILA, > A, and
from (b) and (d) there is a pure strategy equiliforiwithp, > p,; in region Il

A <A, and from (a) and (d) there is a pure strategy #ajisim withp, < p,; and in

6



regions Il (whereA >A,) and IV (whereA <A,) there is no pure strategy

equilibrium, from (c).

1 L,/L, =@Bh-h?)/2

I P_—

> L, /L, =h?

11 L/, =@ -h?)/2

v

FIGURE 2

The earlier results of Kanbur and Keen (1993) anda@ia (1999) emerge as special

cases of Theorem 1. Ohsawa (1999) takes the case whe J,(h=1 in figure 2), so

the kinks/jumps in best response of figure 1 disap@nd there is always a unique

pure strategy equilibrium in which the country withe greater land mass sets the
higher tax ratel(, /L, =1,h = implies region | andl, /L, <1,h =1implies region ).
Kanbur and Keen (1993) assumig =L, but allow differingd 's. Here the

kinks/jumps of figure 1 do emerge, but they do paclude existence of a unique

pure strategy equilibrium which has the properst thow the country with the greater
population density sets the higher tax ratg/(, =1, h<1limplies region I). The

unifying result of theorem 1 (d) shows that in gmyre strategy equilibrium the

country with the larger population (our “bigger”wry) sets the higher tax rate.

In fact theorem 1 (d) is true much more generdilgnt in our specific model. It

requires only minimal assumptions in the cross-borgdhopping functions, and

7



remains true also in the two-dimensional worldglgtd by Ohsawa and Koshizuka
(2003). Indeed they have a version of the followtimgorem 2. We offer the following

alternative, which applies to both the one- and-tdimensional worlds, but which

assumes more general cross-border shopping fusctonR, - [O,A] :
wherec, ( p - pj) is the cross-border shopping out of country i wheigp;) is the
tax rate in countri(j). These functions need only be continuous with akwea

monotonicity inp; — p; . The appendix proves:

Theorem 2In any 2-country model wheréh > A, and where the cross-border
shopping functions are continuous witt(0)=0 and ¢ (p, - p;) >0 whenp >p,,

a necessary condition for a pure strategy NasHiequm is p > p;, .

3. Mixed strategy equilibria

Returning to our specific model, we now compute adixstrategy equilibrium for
region Il and IV in figure 2, using a method foundually in the product
differentiation literature (see, e.g. Krishna (1989 The procedure derives from the

fact that if country 1 has a strictly concave péyahction and country 2’'s (pure

strategy) best response jumps between 2 valpés and p) at some particular

(pure) strategy of country 1) in a way which precludes a pure strategy
equilibrium, there will be a mixed strategy equililtm in which country 1 chooses

p, purely and country 2 randomises, choosimg with some probability
a(0,1) and py with probability 1-a. The reason is that ang (0[0,1] will

be a best response by country Dtpsince they will be indifferent (at the jump) to

3 Theorem 2 of Krishna (1989) is an analogous result
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playing p,” or pX purely. Given nonexistence of pure strategy @uoyitim,
country 1's best response tp;,” would be a pure strategy (given the payoff strict
concavity) lower thanp, (see figure 1) whilst that top} would be above,. By

continuity there will exist a(0,1) where 1's best response is exaqtly,

completing the Nash properties. The calculatioms peoduce:

Theorem 3 Suppos&), >J,, h=,/3,/d, and(3h—-h?)/2>L, /L, >@Eh*-h*)/2.
Then there exists a mixed strategy equilibrium incivh

(a) country 1 chooses the pure stratpgy p; ;

(b) country 2 chooses the mixed strategg, = p; with probability a ,

2L, +h2L, - 3L,

andp, = pX with probability (1-a), wherex =
p2 p2 p y ( ) 3h|_2 (1_ h2)

0@0Y;

(c) country 1's tax ratep,, is lower than the expected tax rate in country 2,
Ep, =ap; +@A-a)ps ,ifand only if L,/L, <h(3+3h*-4h)/2

(d) country 1 is more likely to have the lower tate (i.ea < 1/2, if and only if
L, /L, <h(3+3h?-2h)/4.

Proof Since 7z is strictly concave, country 1's expected payoffl e strictly
concave and we now find conditions fg O(p; , p5 to)be a stationary point of
this expected payoff. Forp, O(ps,py ), the expected payoff
is:Em =a[d L, +3,(p; - p)/YIp + A-a)[SL, +3,(p; —p)/ VP

dErg _

0 implies:
dp, P

51L1+52(p2R* - pl)/y_dzplly:a[dl(pl_ plz_*)+51p1+52(p;k - pl)_dzpl]/y

Noting p;" - p, =, (L-h)/2,p, - p; =y,h@-h)/2, with p, = p, =hL,this



gives;
20,L, +0,L, -3hJ,L, =al,(30,h-35,h+ 3, — d,h?)
This rearranges to provide the formula claimed in (b). AndaD(O,l) under the

parameter restrictions assumed in the theoremnstéaiie completing the proof of (a)

and (b).

For (c), Ep,—p, =ap;, +(@-a)py - p,

LA, A A L i Lo )
6h L 2

_ 2 3 _
— 3h|_2 2h L2+ 3’] L2 4LJ_20’ |f Lis h(3_2h+ 3.]2 ) QED

1
For ()7 -a ehL, (1-h?) ,

NG

Figure 3 focuses on the regions (lll and IV in figw2) of non-existence of pure
strategy equilibrium. Theorem 3(c) holds in regidits, Ilic and IV, and Theorem 3(d)
holds in regions llic and IV. Recalling that coyntt has the larger population
throughout region lll, it follows that the biggesuntry is more likely to set the lower
tax rate in region llic and, in addition, the taate in the bigger country is, in

expectation, lower in region Ib.

4 A numerical example may help illustrate the pietdVhen 4,=4,5,=1,1,=10,L,= 3; country 1 is bigger
than country 2, wherej L, =40>J,L,= 32. However, p, =5y, Ep, = %:'y: p,<Ep,. On the other hand,
a =g , below 50%. In this case, the bigger countryeitisg a lower expected tax rate, and is moreyikelset
a lower tax rate.
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L, /L,

"/l LIL, =h(3+3h? —4h)/2

lla e~ _ L,/L, =h@3+3n*-2h)/4
b .-~
/l //// IIIC i i:hZ
! ,/’/ L,
Y
1 h
FIGURE 3

CONCLUSIONS

In price-setting games amongst firms, a commonicsih of mixed strategy
equilibrium is that, once prices are randomly delécfirms would typically want to
choose differently when they see the rivals’ cheja@nd in many real contexts such
ex post information is available and such ex postepadjustment is easily feasible,
undermining to some extent the appropriatenessiefetjuilibrium concept. In our
context we feel the ex post tax adjustment is sssghtforward, and the criticism
less appropriate. Countries and jurisdictions tgibycplan to make decisions on tax
rates only at well-defined points in time (e.g. #tart of a fiscal year), and immediate
adjustments otherwise in the light of neighbouricée are less feasible than in (say)
the case of 2 neighbouring high street shops. $giting models of Kanbur and
Keen (1993) and Ohsawa (1999), the paper has shmmnsuch mixed strategy
commodity tax equilibria can provide explanatiohsvay, probabilistically speaking,
bigger countries may set lower tax rates, when dhb reverse and empirically

guestionable correlation can be found with puratsgies.
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APPENDIX

Proof of Lemma 1

a) 07 /10p, = A+0,(P,~P,)/y-9.p/y=0 when p =y5,/(25,L,)+p,/2<p,

if p,=2yLo,/d,. Given the strict concavity ofz , this ensures the top branch of
the p, statementin (a).

Similarly 9727 /dp, = A -9,(p,~p,)/y-p./y=0 when p =yL /2+p,/2=p,

if p,<yL,, ensuring the bottom branch. Whem O[yL, L5,/ 5], the maximum

of 7 is at the kink p, = p,, ensuring the middle branch.

(b) Note fist the following 3 observations:

(i) om/10p,=A,+3,(p,~p,)/y-9p,/y=0 when p,=y5,L,/(23,)+p,/2 and
m, =0,(yL,0,/ 0, + p1)2/(4y) when p, = p,, iff p,>yL,3,/0,.

(i) om/op,=A,~d,(p,~p)/y-9,p,/y=0 when p,=(yL,+p,)/2 and
R =3,(yL,+ p,)* (4y) when p <p, iff p<yL,.

(iii) at the values in (i) and (i), > 775 iff p,=)4/J,/d,L,. Given the concavity
of 77, and 77, and the downward kink iz, when p, = p,, it follows that the
p, value in (i) provides the best response if eitflEyr, p, > yL,0,/9,, p,<yL, and
P2 W3,13L, (7t 2m%), or, (2) p2yL,d,/d, and p2yL,. Since §27,,
the union of the conditions in (1) and (2) is siynpp, = y\/mLz, establishing the
upper branch of thep, formula in (b). Similarly thep, value in (ii) provides the
best response if, either, (3)p,2yL,0,/d,, p<syL, and p <y,d,/9L,
(my <my), or (4), p<yd,L,/d, and p <yL,. Now (3) and (4) are equivalent to

p, < ¥4,/ 9,L,, completing the proof. Q.E.D.

Proof of Theorem If &, = J,, so h=1, best responses ag = (yL, + p,)/2 and

12



p, =(yL,+ p,)/ 2, intersecting uniquely at

p, =(2yL,+yL,)/3,p,=(yL,+ 2/L,) /3. When 9, > 7, there is a unique equilibrium
with p, > p,, iff there is a solution withp, = p, (see figure 1) to the equations:
p,=(yL,+p,)/2 and p,=(yL,0,/0,+p,)/2.

Remember p* =y\o,/ oL, : At the solution,
p1=(2yL1+yh2L2)/3, pZ:(yLl+ 2yh2L2) /3 and p,2p* : iff
L/L,2 (3h—h2)/2 , completing (a). Conversely there is a unique ildgiwm, with
p<p, , iff there is a soluton with p<p,* (again see figure 1) to
p, =(yLd,/0,+p,)/2 and p,=(yL,+p,)/2.

At the solution, p1=2yL1/(3hZ)+yL2/3, p,=yL, /( 312)+ YL, /% and p < p*

iff L /L, (3h3—h2)/2 , completing (b), and hence (c). In case (),

P- P, =V(A-A)I3S,), and in (b), p,—p,=y(A-A)/(3,), conpleting (d).
Q.E.D.

Proof of Theorem 2AWithout loss of generality, assumd >A,. Let p* and

p,* be a pure strategy Nash equilibrium with payoffs* and 7,*. Here we
can assume thatz*, z,* >0 , and p*, p,* >0. Otherwise somez* =0 and

0] if p,*=0, choosing p, sufficiently small and positive ensureg >0,

(i) if p*>0, p =p,*, ensuresrz >0.

Now supposep,* > p* >0 . It must be the case that country 1 or 2 doeswait
to Nash deviate to a slightly higher/lower tgx*+& / (p,* -¢ , for £>0 and

small such thatO<&<-p *+p,*.
From (2.2) and (2.3) these 2 requirements become:
pTA+C{-pf +p3)] X pi +H At -, +8, J)F (D)

13



or, p*[A—cL-p* +p3) | X 3 ¥ [A,-cl-Py +P, ¥ ()
Rearranging, we have, writing,* =c,( p,* —p;* ):

PL*C* —EA (3)

(PP < S

*o* —g
P, pz*_gAZSCZ(pZ*_pl* _5) (4)
2

(3) and (4) imply that the right side of (3) islaast as large as the left side of (4),

which becomes:
(p*+p*)cs <(pr +&) A,—(p% —€)A ()

The left side of (5) is strictly positive under agsumptions. Hence

N f
—2>22___ forall €0[0,—-p *+p.*] .
. D e [0,—p,*+p,]

For & sufficiently small, there is a contradiction, né, <A and p* > p,*.
Suppose finally that there is a pure strategy éxjium where p* = p,* = pf >0 ,

say. Then there is no equilibrium cross-border pmap(c,(0)=c,(0)=0). Again
it must be the case that country 1 (2) does not teaNash deviate to a higher (lower)
tax p*+¢ (p* -9 , where sD(O, p*), which requires, since country 1 is the high
tax country in each case:

pP*A2(p*+9[ A-c( 9] (6)

p* A 2(p* -9l A+c( 9]  (7)

£A <c(&) si

Hence ———
p* +£ p* _g
And iz p*-¢

, for all £0(0,p*), which again provides a contradiction fer
A prte

A

sufficiently small, as—= <1.

Q.E.D.
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