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Expectations Hypothesis Tests in the Presence of

Model Uncertainty

Abstract

We extend vector autoregressive (VAR) model based expectations hypothesis tests of the
term structure by relaxing some specification assumptions in order to reflect model
uncertainty. Firstly, the wild bootstrap is used to allow for conditional heteroskedasticity
in the VAR residuals without imposing any parameterization on this heteroskedasticity.
Secondly, the model selection procedure is endogenized in the bootstrap replications and
supplemented with a multivariate autocorrelation test robust to conditional
heteroskedasticity to reflect true uncertainty about the VAR order and to ensure the
absence of residual serial correlation. Finally, a stationarity correction is introduced to
prevent the finite-sample bias adjusted VAR coefficients from becoming explosive.
When this new methodology is applied to extensive US structure data ranging from 1
month to 10 years, we find rejection of the theory occurs primarily at the short end of the
maturity spectrum in line with the literature, however less often than previously

documented.

JEL classification: G10; E43.

Keywords: expectations hypothesis; term structure; wild bootstrap; conditional

heteroskedasticity



I. Introduction

The interrelationship between interest rates of various maturities is a fundamental topic in
economics and finance. One of the main theories put forward to explain this relationship
is the expectations hypothesis (EH). The EH of the term structure implies that, in
equilibrium, investing in a succession of short-term bonds gives the same expected return
as investing in a long-term bond, when adjustment is made for the (assumed constant)
term premium. Various implications of the theory have been tested, e.g. in Sargent (1979),
Shiller, Campbell and Schoenholtz (1983), Hall, Anderson and Granger (1992), Evans
and Lewis (1994), Lanne (1999) and Bekaert, Hodrick and Marshall (1997, 2001) for the
US and in Taylor (1992), Dahlquist and Jonsson (1995), Gerlach and Smets (1997) for
other countries, leading to mixed results with perhaps more evidence against the theory in

the US data than for the latter group.’

Moreover, if one considers multiple maturity pairs and the predictive ability of the
spread between long and short rates for future short rate changes, previous studies such as
Campbell and Shiller (1991) and Sarno, Thornton and Valente (2006) comfortably reject
the EH at the shortest end of the maturity spectrum while Campbell (1995), Rudebusch
(1995) and Roberds and Whiteman (1999) note the predictive ability of the spread is
better at the short and long ends of the maturity spectrum and less good in the
intermediate maturity range for a given short rate, thus creating a “U” shaped pattern.
However, Thornton (2006) argues that the slope coefficient used to measure predictive
power is not of primary concern, as data generating processes (DGPs) where the EH does

not hold are capable of generating the same slope coefficient as that predicted by the EH.

" The evidence against the EH is much less severe if high frequency data are used (Longstaff, 2000) and

also if expectations are taken from surveys (Froot, 1989).



Thus, empirical results offer mixed support for the EH. However, Mankiw and
Miron (1986) argue that the poor performance of the EH over certain periods is related to
the monetary policy pursued by the US Fed, with the EH performing better in periods of
monetary targeting than in periods of interest rate targeting (and even better before the
foundation of the Fed). Rudebusch (1995), Roberds, Runkle and Whiteman (1996), and
Balduzzi, Bertola and Foresi (1997) provide models that accommodate Fed behaviour

and confirm Mankiw and Miron’s finding.

Rather than a failure of the EH, conclusions inconsistent with the theory have
sometimes been attributed to the small sample properties of the tests. Early studies use a
conventional regression framework (e.g. Mankiw and Miron 1986), volatility tests
(Shiller 1979) and VAR-based Likelihood Ratio (Sargent 1979) and Wald (Campbell and
Shiller 1987) tests. In their recent seminal paper, Bekaert and Hodrick (2001, B & H
thereafter) suggest a Lagrange Multiplier (LM) test and show it has better finite sample
properties than Wald and Likelihood Ratio based Distance Metric tests, the former of
which had been used almost exclusively in the previous literature. The B & H
methodology is fast gaining popularity and is adopted, for example, in Bekaert, Wei and

Xing (2006), and Sarno, Thornton and Valente (2006).

The present paper extends the B & H methodology by recognising model
uncertainty in the specification of the VAR, and then applies it to re-examine the EH for
US term structure data. Finite sample inferences drawn to date from the LM test rely on
either an i.i.d. bootstrap or a GARCH model of the VAR residuals. Goncalves and Kilian
(2004) argue that i.i.d. re-sampling is inaccurate in the presence of conditional
heteroskedasticity, which characterizes many financial time series, while GARCH
models can suffer from misspecification problems, see e.g. Wolf (2000) and Belsley

(2002). To avoid these problems, we propose the application of a wild bootstrap scheme,



which permits heteroskedasticity of unknown form while retaining the contemporaneous
error correlation. Further, applications of the i.i.d. bootstrap assume a known VAR order,
which does not reflect true uncertainty. We not only endogenize the VAR lag length
selection using an information criterion, but also supplement this with an application of a
multivariate extension of the Godfrey and Tremayne (2005) autocorrelation test, as the
performance of the former may not be reliable in the presence of conditional
heteroskedasticity.” In addition, we introduce a stationarity correction in the VAR and

randomize the initial condition.

Our extended method is applied to US term structure data for January 1952 to
December 2003. Following Sarno, et al. (2006), who report a regime shift around 1982,
we consider not only the whole period but also two sub-samples, before and after the
monetary targeting period of 1979-1982. These sub-samples allow us to reassess if
Campbell and Shiller’s (1991) claim that the EH performs better prior to 1978 than in the
whole sample applies only because the latter includes potentially different regimes. While
the existence of cheap communications and financial market competition may have
reduced transactions costs (whose presence may be a factor against the EH) for the recent
period, our empirical results do not indicate any noticeable difference in the performance
of the theory across the sub-samples. Moreover, we find that the EH tends to be rejected
at the short end of the maturity spectrum, in line with much of the previous literature.
Nevertheless, the number of rejections is fewer in our analysis, as a result of the greater

recognition of uncertainty in our testing methodology.

The paper has five sections. Section 2 outlines the implications of the EH theory

for interest rates and discusses tests of the theory in a VAR framework, focusing on the

% See Monte Carlo evidence of Backus and Zaman (1998), Kyriazidou (1998) and Ng and Perron (2005) on

the performance of various model selection criteria in this situation.



B & H methodology. Our methodological extensions are discussed in Section 3 and

applied in Section 4, while Section 5 concludes.

I1. Expectations hypothesis theory and tests

According to the EH, a long term interest rate equals the sum of a constant term premium
and an average of current and expected future short term interest rates over the life of the

long term interest rate. That is, in a linearized version of the EH (see Shiller, 1979)

k-1
Rn,t = ZEtRm,Hmi +7Z.n,m ’ (1)
=0

| —

where R, and R,,, are long and short rates at time ¢ respectively, ERy romi, i=0,1,2,...

k-1, 1s the expectation formed at time ¢ of short rates at t+mi and r,, is the term

premium which can vary across maturities but is assumed constant through time. Since

the EH places no restriction on r, , , this term can be ignored by working with demeaned

series. In (1), k = n/m, the maturity multiple, is defined to be an integer, with m the

maturity of a shorter rate and » the maturity of a longer rate.

This section first discusses single equation and vector approaches to testing the

EH, before considering the B & H methodology.

A. Single equation tests

Equation (1) is rarely tested directly, probably due to the empirical results that imply the
series are integrated, in which case conventional statistical theory is not appropriate.

Rather, another implication of (1) is usually tested, which is based on the ability of the



spread between long and short rates to predict future short rate changes after imposing

rationality on the expectations. Rationality requires
Rm,t+mi = EtRm,t+mi + Vi+mi, (2)

where v;i,; has zero mean and is orthogonal to the information available at time ¢.
Subtracting R,,, from both sides of equation (1) and imposing rational expectations as in
(2) yields probably the most commonly tested equation of the EH, which, after some

rearrangement and parameterization, can be written as

k-1 7
z (1 —_ é)AmRm,ter[ = - + OtS + W(n,m),t (3)
i=1

n,m (n,m),t

where ARy 1+m= Ruitm= Rty Siumy,e= Rut = Ry and wy, ), is @ moving average process
of order (n-m). Equation (3) says that the current spread between long and short term
rates predicts a cumulative change in shorter term (m-period) interest rate over » periods,

and under the null hypothesis of the EH, « should be unity. *

However, as Campbell, Lo and MacKinlay (1997) point out, there are several
econometric difficulties with the conventional regression approach in this context. Firstly,
we lose n-m observations at the end of the sample period. This may be quite serious, as
the data available for analysis may be relatively small and # can, for example, be as large
as 10 years. Secondly, the error term #,m);, 1S @ moving average process, so standard
errors have to be corrected, for example using the method described in Hansen and
Hodrick (1980), Hansen (1982) or Newey and West (1987). But these adjustments do not

work well when n-m is not small relative to the sample size (see e.g. Richardson and

3 Another implication of (1), which is less empirically supported, is that the yield spread predicts the m-

period change in the longer-term yield. This is tested (see e.g. Campbell and Shiller, 1991) using

m L
Ryiim =R =7+ B——58 0 + Vi under the null £ is unity.
. . n—m



Stock, 1989, and Hodrick, 1992). Thirdly, the regressor is serially correlated and
correlated with lags of the dependent variable, and this can cause finite sample problems
as well (see e.g. Mankiw and Shapiro 1986). Moreover, as Thornton (2006) argues, o can

be very close to one even under the alternative hypothesis where the EH does not hold.

B. The VAR approach

Problems associated with the single equation method can be avoided using a VAR

framework, as suggested in e.g. Sargent (1979) and Campbell and Shiller (1987, 1991).
Assuming that there exists a stationary vector stochastic process for y, = [ARm,,,S(n,m))t],

in (3), then the demeaned process for y, can be represented as a VAR of order pt

P
A\ :ZAiy[—i +u,. (4)
i=1

Further, (4) can be written as a first order VAR in companion form such that

z, = Az, | +v,, where the companion matrix A, of dimension 2p x2p, has the form:

—Al A2 Ap—l p

I, o - 0 0
A=0 1, 0

0 0 I, 0

!

While z, has 2p elements, z, = [y;,y;_l,...,y;_pﬂ] , v, is the 2p vector [u;,O, 0,..., O] which

is uncorrelated over time. Thus z, summarizes the whole history of'y,.

* We avoid using interest rates in levels as that leads to a further stationarity restriction on the VAR

parameters and/or the computational time was very long.



Now define vectors e;, i = 1, 2, each of dimension 2p, with unity in the i position

! 4 :
and zeros everywhere else such that ez, =AR, 6 and ez, =S, . Using these

definitions, the spread predicted by the EH and its restrictions on VAR parameters can be

shown to be, respectively,

* ’ m n my— -
S = AL, —;(Izp ~A"1,, ~A") I, - A) 'z, )
' ' m n my\— -
e; =e All,, —;(Izp A", -A") @, - A) . (6)

The restrictions in (6) are highly non-linear and are predominantly tested by asymptotic
Wald tests, even though these have some undesirable properties in finite samples (see e.g.
Gregory and Veall, 1985, Dagenais and Dufour, 1991). In particular, the Wald statistic is
not invariant to how one specifies the null hypothesis and, potentially, to units of
measurement; Shea (1992) provides a numerical example of how one can reach different

conclusions on testing algebraically equivalent EH restrictions using Wald tests.

The next two sub-sections describe the B & H methodology, which is designed to

avoid the problems of asymptotic Wald tests.

C. B & H methodology: asymptotic inference

B & H (2001) suggest a Lagrange Multiplier (LM) test based on the restricted VAR
parameters. On the basis of a Monte Carlo study, they find that the LM test has much
better small sample properties than the Wald test in terms of size and power. They also
consider the Likelihood Ratio based Distance Metric (DM) test, but prefer the LM test.
Since this methodology is relatively new, and is an important part of this study, we now

summarize the methodology.



The LM statistic of B & H is based on Hansen’s (1982) Generalized Method of
Moments (GMM) estimator, which uses the orthogonality condition implied by (2).

Defining A = [A,....A ], and assuming that the DGP is represented by (4), the vector of
nonlinear orthogonality conditions can be written as

E[g(x,,0)]= 0, where x, =(y',z._,)’, 0 =vecr(A).

Estimation uses the corresponding sample moment conditions for a sample of size 7,

namely
1 T
g (0)=—> g(x,0).
I3

It proceeds by selecting 0 to minimize the GMM criterion function
Jr(0)=g,(0)Q;'g,(0), (7)
where, assuming the VAR of (4) is correctly specified with u, uncorrelated, the
weighting matrix, €., is a consistent estimate of°
Q = Eg(x,,0)g(x,,0)]. (8)
Writing the null hypothesis of (6) as

Hy:e(0,)=0, ©)

> Notice that, in their equation (15), B & H use the more general GMM expression

Q= Z:;w E[g(x,,0)g(x, ,,0)']. This collapses to (8), due to the assumption of uncorrelated VAR

disturbances, which can be consistently estimated using a multivariate version of White’s (1980)

heteroskedasticity consistent covariance matrix, as given in equation (A4) of Appendix A. Defining 1, as

the VAR residual vector, then we estimate €2 as

1 T 1 T 1 T . .
QT :?zg(xme)g(xme), = ?Z(ﬂt ® ZH)(‘L ® Zt—l)' Z?Z‘lm; ® Zt—lzgfl) ’ which is (A4)'
t=1 t=1 t=l1



where ¢(09) is a 2p dimensional vector, the Lagrangian for the constrained GMM

maximization problem is

1O =2 8,022, 0)-<(0)y (10)

where y is a vector of Lagrange multipliers and Q, is obtained from (8) using the sample

mean in place of the expectation and replacing unknown parameters by their estimates.
Since direct maximization of (10) is difficult, B & H (2001) adopt the approach of Newey
and McFadden (1994) to derive a constrained consistent estimator starting from an initial

unconstrained consistent one.

Denoting an estimate of the matrix of restricted parameters satisfying (6) as A

and @ =vecr(A), a Taylor series expansion to the non-linear first order conditions for

(10) yields
JTg, (0)~\Tg,(0,)+G,VT(®-90,); (11)
JTe, () ~~Tc,(0,)+C,NT(®-9,), (12)

where ¢7(0) is the sample (mean) counterpart of ¢(0), and G, and C, are gradients, with

respect to 0, of the sample orthogonality conditions and the vector of constraints,
respectively. Using ¢7(09) = 0 under the null hypothesis and substituting (11) and (12)

into the first-order conditions, B & H obtain
0=, ~D;""M,D;""G;Q;'g, (8,) - D;'C;(C,D;'C;) "¢, (8,). (13)
7=—(C,D;'C;)"C,D;'G;Q;'g; (0,) + (C;D;'C;) ¢, 8,). (14)
where D, = G}Q}IGT and the idempotent matrix My is defined as

M, =1-D,"’C,(C,D;'C,)"'C,D;".

10



~

To use these results for estimation, let @ represent an initial consistent

unconstrained estimate. Then constrained estimates, 0 and ¥, are obtained by iterating
(13) and (14), substituting 0 for 0, to derive a second constrained estimate, and so forth

until the constraint is satisfied, i.e. ¢,.(0)=0 .® This yields the constrained estimate,

together with the Lagrange Multipliers, which under the null hypothesis of EH has

asymptotic distribution

JT¥ - N[o,(c,p;'c,)]. (15)
The constrained parameter estimate is not equal to the unconstrained one when the
constraints in (9) significantly affect the value of the GMM objective function (7). From

(15), under the null hypothesis the LM test statistic is
T¥'(C,;D;'C1)Y = x°(2p), (16)
where p is the lag length of the VAR.
B & H (2001) also consider the DM test statistic 7 gT(ﬁ)'Q;lgT(ﬁ) — ¥*(2p) and

the Wald statistic ¢, (0)'(C,D;'C,) "¢, (8) > y2(2p). Note that the Wald test is based

on the unrestricted estimates, the LM on the restricted estimates and the DM on both.

D. B & H methodology: finite sample inference

It is well known that estimated VAR parameters, although consistent, are biased in finite

samples (see e.g. Tjostheim and Paulsen, 1983, Bekaert, Hodrick and Marshall, 1997). B

® Note that we update C;,D7,G and £, at each iteration step to speed up the convergence. Preliminary

results show doing that does not alter much the final conclusion. In our application the tolerance for

convergence is set to 107,

11



& H suggest correcting for this bias using the bootstrap. More specifically, having

specified the appropriate VAR order p and obtained the estimated unconstrained VAR
parameter matrix, A, they use A and an iid bootstrap of the estimated residuals to

generate b samples of artificial data. Each of these yields an unconstrained estimate A M

~ b ~
i=1, ..., b, and the bias, B, is estimated as B= A — ZAMJ . Finally, bias-corrected
i=1

S| =

estimates are obtained as AC —A+B.

To obtain bias-corrected parameter estimate that satisfies the null hypothesis, they
use the bias corrected unconstrained VAR parameter estimate and an i.i.d. bootstrap of
the residuals to simulate a very long series (70,000 observations plus 1,000 starting
values that are discarded), which is then subjected to the iterative estimation scheme of
(13) and (14). This bias corrected and constrained estimate of A is then used to calculate

the LM test statistic and to conduct inference through the asymptotic result in (16).

B & H also apply finite sample inference directly. Indeed, it is well documented
that large sample inference can be misleading for finite samples (see e.g. Mankiw and
Miron, 1986, or Horowitz, 2001). The estimate of the bias-corrected constrained
parameter matrix, Kc , obtained from (13), combined with an i.i.d bootstrap of the
unrestricted residuals, is used as the bootstrap DGP to generate artificial null data sets of
the actual sample size, plus 1000 observations that are discarded to attenuate the start-up
effect. Using the same VAR order p as obtained from the actual data, iterations are
performed on (13) and (14) for each bootstrap data set to obtain an LM statistic from (16).

This is repeated a large number of times, with the empirical p-value then computed as the

12



proportion of bootstrap LM test statistics that are larger than or equal to the sample

statistic obtained from the observed data.’

B & H recognise the limitations of the i.i.d. bootstrap, and also examine test
statistics obtained where conditional heteroskedasticity is allowed in the VAR residuals
through a specific parametric factor GARCH model. In this case, the observed LM test
statistic is compared to percentiles of the null distribution obtained using the estimated

GARCH model rather than i.i.d. bootstrap of the residuals.

I11. Extensions to B & H Methodology

In this section we suggest several extensions, motivated by recent developments in the
model specification and bootstrap literature, to the B & H methodology in order to
encompass more general situations. Our three principal extensions are: i) the use of wild
bootstrap to allow for conditional heteroskedasticity in the residuals of the estimated
model, which does not require any a priori parameterization, ii) imposition of a
stationarity correction and randomizing the initial condition in the bias correction
procedure, iii) interactive use of an endogenous lag order selection rule and a vector

autocorrelation test, with the restricted residuals used for finite sample inference.

After outlining the wild bootstrap procedure, we discuss how our extensions are
employed to improve the bias correction method of B & H and to conduct finite sample

inference.

7 Finite sample inferences from DM and Wald tests follow the same procedure, except the latter does not

require iterations of (13) and (14).

13



A. The wild bootstrap

The EH itself places no restriction on the distribution of the VAR disturbances. It
is, however, common that the residuals from estimated models exhibit volatility
clustering, especially when financial time series are used (see e.g. Bollerslev, Chou and
Kroner, 1992). As discussed above, the bias correction method in B & H (2001) relies on
1.i.d. residuals, thus assuming away the presence of heteroskedasticity, whether of the
unconditional or conditional form. However, they acknowledge possible conditional
heteroskedasticity in the residuals for the purpose of finite sample inference, through the
use of a VAR-GARCH model in addition to using i.i.d. bootstrap. But there is no solid
reasoning behind why this specific form of volatility clustering model is used (Goncalves
and Kilian, 2004), and even if this class of GARCH models is appropriate the precise
form of the GARCH model is unknown, leading to the possibility of different results for
different specifications (Wolf 2000 and Belsley, 2002). In contrast, we avoid these
problems through using the wild bootstrap for both bias correction and to obtain

empirical p-values.®

The wild bootstrap we use was developed in Liu (1988) following
recommendations in Wu (1986) and Beran (1986). The particular form we employ is the
recursive design wild bootstrap, which has better small sample properties than several
other resampling schemes and is comparable with the i.i.d. bootstrap when the errors are
indeed i.i.d.; see, e.g., Goncalves and Kilian (2004). Therefore, there appears to be
minimal cost in applying the wild bootstrap when the disturbances satisfy the i.i.d.

assumption.

¥ By this we mean that the wild bootstrap allows the possibility of structural breaks in the disturbance
variance-covariance matrix, as well as allowing for conditional heteroscedasticity of the multivariate

GARCH form.

14



For given VAR parameter matrices A,, i=/...p, and corresponding disturbance

p
vector u,, a recursive design wild bootstrap sample is generated as y, = ZA,-YH- +u,,

i=1

*

u, =owu,,t=1,.., T, in which the scalar random variable @, satisfies E(®,) =0 and

E(®})=1. Following the evidence of performance in recent Monte Carlo studies of the

wild bootstrap (Davidson and Flachaire, 2001, Godfrey and Orme, 2004, Godfrey and

Tremayne, 2005), we specify o, as having the Rademacher distribution, which takes the

possible values of negative and positive unity with equal probabilities.

B. Bias correction

The bias correction of the VAR coefficient estimates is an important part of the B & H

methodology. We develop B & H bias correction procedure in three ways.

Firstly, we introduce a stationarity correction, which is important because the
asymptotic validity of B & H methodology relies on it. Interest rates are assumed to be
1(0) in B & H (2001) and Sarno, Thornton and Valente (2006), the latter of which
provides some unit root test results that support this assumption, and they include the
level of interest rates in their VAR. Nevertheless, even if they are differenced, as in this
study, the random nature of the bias correction does not guarantee that the bias-corrected,

companion-form VAR coefficient matrix is stable.

Our procedure ensures A, (AC)<1 , where 4, is the largest eigenvalue of the

max X

estimated companion matrix after bias correction, through an additional step suggested by

Kilian (1998b). This step computes A (AC) after bias adjustment. If A_ (AC) >1, we

max

set B,=B, &=1andi= 1, then define B,,, =&,B, with &, =&, —0.001. Finally, we set

15



A ~

A, = A, after iterating on A(,J =A+]§i i=1,2,...untl A4

c

(AL,J) <1. The adjustment

has no effect asymptotically and does not restrict the parameter space of the OLS

estimator, since it does not shrink the OLS estimate A itself, but only its bias estimate.

Secondly, we randomize the initial conditions. B & H discard the first p
observations in each of the 100000 bootstrap replications in order to attenuate the start-up
effect. However, as p can be one, this may not fully account for the uncertainty associated
with the initial conditions. We therefore follow the suggestion of Stine (1987), by
splitting the observed data into 7— p + 1 overlapping blocks of length p and one of these

is selected randomly as the starting point.

Finally, to bias correct the constrained VAR coefficient matrix used to generate
empirical distribution of the test statistics, B & H (2001) use the i.i.d. bootstrap of the
residuals and the bias corrected unconstrained VAR coefficients to generate a large
sample of 70000 observations, which is subjected to the iterative process. This procedure
seems ad hoc, and it is unclear whether any advantage can be gained by the artificial
generation of a long time series using an i.i.d. bootstrap in the presence of conditional
heteroskedasticity. Instead, we subject the actual data and the bias corrected
unconstrained coefficient estimates to the iterative process directly, since Newey and
McFadden (1994) show that consistency of the estimator is sufficient for the validity of

their expansion.

C. Finite sample inference

In addition to employing the wild bootstrap rather than an i.i.d. bootstrap, our finite

sample inference procedure differs from B & H in a number of respects.

16



Firstly, the B & H methodology assumes the lag order is unknown when the VAR
of (4) is specified, but when obtaining an empirical p value the lag order is treated as
known to be that specified from the actual data. However, it is often emphasized that the
bootstrap world should reflect the actual world (see, e.g., Li and Maddala, 1996), and
ignoring the uncertainty involved in determining the true lag order in finite samples
might lead to spurious inference. Therefore, our procedure separately estimates the lag
order for every bootstrap dataset generated, employing the same lag selection criterion as
that used for the actual dataset. Although there is no difference asymptotically between
endogenizing lag selection or not, since every consistent model selection criterion will
then choose the right lag length almost surely, Kilian (1998a) shows that endogenous lag

selection improves finite sample inference for impulse response analysis.

By the same argument, when estimating (4) on the artificial restricted data, the

resulting estimated VAR coefficients should be bias corrected.

Secondly, we employ a more flexible approach in choosing the appropriate lag
length p of the assumed VAR-DGP, which is important not only because the asymptotic
distributions of test statistics depend on it, but also because a necessary condition for the
validity of the bootstrap is the absence of autocorrelation in the VAR residuals. Although
B & H (2001) provide residual-autocorrelation test results after choosing the VAR lag
length by SIC to argue that autocorrelation is not a concern, the test they use is univariate,
applied to each individual equation of the VAR. Thus, their test potentially leads to the
problem of mass significance, as discussed in Edgerton and Shukur (1999), and also
omits the possibility of cross-equation residual autocorrelation. Moreover, the SIC model
selection rule, like many others, implicitly relies on conditional homoskedasticity and is
typically derived under conditional normality. The Monte Carlo studies of Backus and

Zaman (1998), Kyriazidou (1998) and Ng and Perron (2005), examining the performance

17



of various model selection criteria, greatly reduces our confidence that we can rely on
SIC to choose appropriate lag lengths in all 48 models we examine, representing the full
spectrum of the term structure, in contrast to only two in B & H (2001).” We therefore
employ a multivariate extension of the autocorrelation test robust to conditional
heteroskedasticity of Godfrey and Tremayne (2005), some details of which are provided
in Appendix A, to the residuals of the model, the first of which is specified by SIC, and
increase the lag length by one if there is any evidence of autocorrelation. This is repeated

until that lag length which ensures the absence of autocorrelation up to 12" order.

Finally, since studies of Davidson and MacKinnon (1985) and Godfrey and Orme
(2004) find that the use of the restricted residuals provide improvements in finite sample

properties compare with unrestricted ones, we use the former. That is, the bootstrap

P
employs the residuals u, =Yy, —ZAl.yt_l. . Sarno et al. (2006) also use the restricted

i=1

VAR residuals in their study.

As the computational costs of bias correction, model identification and
application of autocorrelation tests at each bootstrap iteration is high, the number of
iterations is 1000 for the bias correction (that is b) and 5000 for the empirical distribution
of LM statistics (that is @) in this context, not 100000 and 25000 respectively as in B & H

(2001), and Sarno et al. (2006).

® Campbell and Shiller (1991) and Hardouvellis (1994) assume that the data is known to be generated by
VAR(4), Thornton (2006) use SIC, while Shea (1992), and Sarno et al (2006) use AIC. Basci and Zaman
(1998), Kyriazidou (1998) recommend using SIC when the VAR residuals are suspected to be

contaminated with conditional heteroskedasticity.
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IV. Empirical Results"

In this section we describe the data we use and provide empirical results from our

extended B & H methodology. All inferences are made at a 5% significance level.

A. Data and preliminary results

We use the continuously compounded zero coupon yield curve dataset of Sarno et al.
(2006). This is an update of the McCulloch and Kwon (1993) dataset, which is used in
many studies, including Campbell and Shiller (1991), Campbell (1995) and Thornton
(2006). The full coverage is from January 1952 to December 2003. However, as there is
evidence that the EH performed better prior to 1978 (Campbell and Shiller, 1991) and of
a structural break in the VAR parameters around 1982 ( Sarno, et al., 2006), with these
dates roughly coinciding with the introduction and abandonment of the Fed’s reserve
targeting policy, respectively, we consider not only the whole, but also two sub-samples,
January 1952 to December 1978 and January 1982 to Dec 2003. This sample splitting can
also be motivated by the hypothesis that cheaper communication technology and
competition in the financial market implies shrinking transaction costs over time,
favouring the EH in the second sub-period. The maturities considered range from one

month to a maximum of 20 months (10 years).

Panel A of Table 1 shows the VAR lag orders chosen by SIC, separately selected

for the entire sample and for the two sub-samples, for all maturity pairs considered'.

' The authors would like to thank Dick van Dijk, Ruud Koning, Markus Kraetzig and especially Daniel
Thornton for making their computer codes available on the Internet, modifications of which are used in this

study. We also thank Daniel Thornton for providing the dataset.
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Tests were conducted for the presence of first order conditional heteroskedasticity in the
VAR residuals using the multivariate ARCH-LM test statistic described in Doornik and
Hendry (1997). Strong evidence of conditional heteroskedasticity was found in almost all
cases, both in the unrestricted VAR residuals and also in the residuals after imposition of
the EH restriction, pointing to the need to take account of conditional heteroskedasticity
for valid inference.'? Since Goncalves and Killian (2004) show that the wild bootstrap
has performance that is little inferior to than that of the standard bootstrap even if the

errors are indeed 1.i.d., all subsequent analyses are based on the wild bootstrap.

Table 1 here

Table 2 provides LM test statistics for the null of no autocorrelation against the
first order autocorrelation in the VAR residuals and their asymptotic and empirical p-
values, when applied with the VAR order indicated by SIC." It is notable that the
discrepancy between the asymptotic and empirical p-values is relatively small and the
rejections of the null tend to occur almost exclusively in the first sub-period, rather than
the second sub- or the whole samples. However, when the null is tested against higher

order (up to 12™ order) autocorrelation, the adequacy of SIC in ensuring that all dynamic

"' The maximum lag length considered for the VAR order is p__ =12(7/100)"* which is supported in the

Monte Carlo study of Schwert (1989).

'2 The p-value for this test was almost always 0.00. The only exceptions to significance at 5% occurred for
some maturity pairs at the longest end of the maturity spectrum, namely for maturity pair 12 and 120
months in the first sub-sample and 60 and 120 months in the second sub-sample. Full results are available
from the authors on request.

¥ See Appendix A for the description of the test and Godfrey and Tremayne (2005) for the use of wild

bootstrap in estimating empirical p values.
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mean relationships are captured by the VAR becomes more suspect. The result of
increasing the lag length of the VAR chosen by SIC when there is any evidence of
autocorrelation is reported in Panel B of Table 1, with the cases highlighted where the
final lag lengths are different from the initial SIC choice. '* The fewest discrepancies are
found over the whole sample, as one would expect given that SIC is consistent, but it is
also notable across all samples that the lag length indicated by SIC often does not account

for all autocorrelation when the longer maturity considered is relatively short.

Overall, the results indicate the danger of solely relying on SIC as the single lag
selection rule across these models. Therefore, our empirical results in sub-section 4.3 are

based on the augmented lag lengths.
Table 2 here

The importance of the stability correction we employ is shown in Table 3, where
Panel A reports the number of iterations required to ensure stability for the unrestricted
bias-corrected companion-form VAR parameters and Panel B gives the average number
of iterations for the restricted bias-corrected parameters.'”” It is clear that, without this
correction, many bias-corrected estimates would have produced unstable models,
invalidating inference based on the assumption of stability. There is also a marked pattern
across the different sample periods. The modification has almost no effect in the second
sub-sample, but the stability correction is employed much more often in other periods,

especially in the first sub-sample.

'* This is a conservative strategy with respect to autocorrelation as the overall level of significance is less
than 5% we use for individual tests.
Bt may be noted that the bias corrected restricted VAR parameter in Panel A of Table IV in B & H (2001)

is unstable, i.e. the maximum eigenvalue is 1.078.
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Table 3 here
B. Effect of lag length selection in the bootstrap

As discussed above, our bootstrap inference is designed to capture the uncertainty faced
in the specification of the lag order in a VAR, while ensuring that the disturbances are
uncorrelated. To indicate the effects of the various lag length treatments, Figure 1 shows
the empirical distributions obtained for the various LM test statistic for the maturity pair
of 1 and 3 years using data from January 1952 to December 1978. The asymptotic y*(6)
distribution is also included for comparative purpose.'® When the VAR lag length is
exogenous in the bootstrap world (that is, set equal to that estimated from the actual data)
the empirical distribution closely matches the asymptotic one, implying there is little gain
from the bootstrap in improving finite sample inference. However, as discussed above,
Kilian (1998a) and others argue this lag treatment does not reflect the true uncertainty
associated with choosing the lag length, which implies that this is not the appropriate

finite sample distribution.

As can be seen from the right-hand panel of Figure 1, when the lag length
selection is endogenized using SIC, the empirical distribution of the lag lengths in the
bootstrap never extends beyond the lag estimated from the observed data. More
specifically, although only 50% of the lags are estimated as 3, in contrast to 100% in the
exogenous lag length procedure, the remaining half in the former case cluster on either 1
or 2 lags and no case exceeds 3. This is not specific to this maturity pair; indeed, the lag
distributions for all maturity pairs either cluster at the one estimated from the actual

observed data or extend only to that lag length. This reduction in uncertainty in the

' The results for all maturity pairs can be obtained from the authors. The degrees of freedom is 6 as the lag

is estimated to be 3, see Panel B, Table 1.
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bootstrap has the consequence that the empirical distribution of the resulting LM statistic
lies closer to the origin than that of the exogenous lag distribution. Thus, this procedure
would reduce the number of rejections of the EH, compared to the use of either the

asymptotic distribution or an exogenous lag length bootstrap.
Figure 1 here

However, applying our sequential lag ordering strategy, i.e. first choosing the lag
order by SIC and modifying it when the autocorrelation test detects any evidence of
autocorrelation up to 12" order, the lag distribution in the right-hand pane of Figure 1
becomes more symmetric around the actual lag in the bootstrap DGP. This increases the
uncertainty associated with LM statistic and shifts its distribution to the right compared

with the use of SIC alone.

Different lag length treatments in the bootstrap have important empirical
consequences. In general, the proposed lag selection method will produce more
favourable results for the EH than others we consider. For the specific maturity pair
example illustrated in the distributions of Figure 1, the LM statistic estimated from the
data is 13.29, with the corresponding 95% quantiles for the four graphed distributions
being 12.14, 11.56, 15.08 and 12.59. In this case, the EH would be rejected using all
distributions, except when the endogenous lag length selection rule is supplemented with
the autocorrelation test. Nevertheless, we believe that our extended procedure is to be
preferred because it replicates the procedure applied in analysis of the observed data and
hence better captures the uncertainty associated with the value of the test statistic. This is
also consistent with Hansen (2005) who emphasizes the importance of model uncertainty

in empirical inference.
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C. Results for EH tests

Finally, we turn to the results of our extended LM test of the EH for the US term
structure, which are provided in Table 4, with cases of rejection of the EH highlighted.'’
As can be seen from the table, the LM test does not always work, sometimes leading to
non-convergence of the iterative procedure or instability of the restricted VAR coefficient
matrix. The former problem is also reported in Sarno ef al. (2006) and the latter is found
in Bekaert et al. (2006). In our case, most non-convergences occur at the shortest end of
the term structure and when the VAR lag lengths resulting from the application of the
autocorrelation test are particularly large, such as 13 and 9 (see Panel B of Table 1). To

obtain convergence in such cases, a restriction of maximum lag length of 5 is imposed.18
Table 4 here

The first substantive conclusion emerging from the finite sample LM test is that
the EH tends to be rejected at the short end of the term structure, consistent with
Campbell and Shiller (1991) and Sarno et al. (2006), but the number of rejections are
much less often. In particular, the former study rejects the EH whenever the maturity n of
the longer-term rate is below 3 or 4 years using data from January 1952 to February 1987
and the latter study, which uses exactly the same data and sample periods, provides

rejections whenever 7 is less than 2 years in most recent sub-period.

Finally, it should be noted that the use of the asymptotic distribution would result
in substantially more rejections of the EH than the finite sample distribution, particularly

over the whole sample period. Figure 1 also implies that this would also be true in

7 Results from DM and Wald tests are not reported to conserve space but available from the authors upon
request.

'8 Using a 1% level for the autocorrelation test results in lower lag lengths.
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relation to the use of exogenously specified lags, emphasizing again the importance of
our extensions to the B & H methodology when testing the expectations hypothesis for

the term structure.

V. Conclusion

This paper extends the vector autoregressive model (VAR) based expectations hypothesis
tests of term structure considered in Bakaert and Hodrick (2001) by relaxing certain
assumptions on the VAR model specification. Firstly, we use the wild bootstrap to allow
for conditional heteroskedasticity in the VAR residuals without imposing any strict
parameterization. Secondly, when making finite sample inferences, we not only
endogenize the model selection procedure but also supplement this with an
autocorrelation test, employ the restricted not the unrestricted VAR residuals and
randomize the initial condition in the bootstrap replications to reflect the true uncertainty.
Finally, a stationarity correction is introduced in order to take account of the possibility

of obtaining explosive VAR parameter estimates after adjustment for finite sample bias.

When the modified B & H methodology is applied to an extensive US zero
coupon term structure data ranging from 1 month to 10 years, we do not find that the EH
performs noticeably differently across the sub-samples, namely before and after the Fed’s
monetary policy change. Nevertheless, we do find the EH is rejected at the short end of
the maturity spectrum, in line with Campbell and Shiller (1991) and Sarno et al. (2006),
although the rejections are less frequent, and also, interestingly, we reject the EH at the
longest end over the January 1952 to December 1978 sub-sample. However, overall, our
results indicate that the EH provides a reasonable description of the term structure

relationship in the US from the period since 1952, provided that separate pre-1979 and
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post-1982 sub-samples are employed and also provided that the shorter maturity of

interest is at least three months.
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Table 1. Selected VAR lag orders
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Note: Panel A reports the VAR lag orders chosen by SIC for various maturity pairs. Maturities of longer
rates are in the first column and those of the shorter rates are in the first rows of the sub-tables

corresponding to three samples. The maximum lag length considered is p_ =12(7/100)'* which is

supported in the Monte Carlo study of Schwert (1989). Panel B provides lag lengths that result from
application of the autocorrelation test after SIC, with the highlighting indicating cases where these differ
from the SIC results.
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Table 2. Multivariate autocorrelation test

Jan 52- Dec 03 Jan 52- Dec 78 Jan 82- Dec 03
1 2 3 4 6 9 12 24 60 1 2 3 4 6 9 12 24 60 1 2 3 4 6 9 12 24 60
2 4.36 11.74 1.80
0.36 0.02 0.77
0.44 0.02 0.86
3 3.24 8.83 1.44
0.52 0.07 0.84
0.51 0.06 0.90
4 2.80 1.30 7.35 0.83 1.01 214
0.59 0.86 0.12 0.93 091 071
0.59 0.90 0.12 0.94 0.97 0.84
6 3.29 7.03 5.05 9.27 3.55 12.68 0.89 175 272
0.51 0.13 0.28 0.05 0.47 0.01 0.93 0.78 0.61
0.53 0.11 0.31 0.04 0.53 0.01 0.97 0.88 0.74
9 2.92 5.16 9.61 8.40 2.40 3.93
0.57 0.27 0.05 0.08 0.66 0.42
0.57 0.28 0.02 0.08 0.79 0.46
12 337 7.79 598 486 277 9.89 578 6.87 535 1.19 451 516 5.27 4.08 1.56
0.50 0.10 0.20 0.30 0.60 0.04 0.22 0.14 0.25 0.88 0.34 0.27 0.26 0.39 0.82
0.55 0.09 0.18 0.30 0.64 0.04 0.21 0.16 0.28 0.88 0.38 0.27 0.26 0.42 0.84
24 241 419 6.62 5.44 341 7.91 1426 8.93 397 6.97 5.83 2.87 8.16 10.22 11.35 10.67 8.69 6.93
0.66 0.38 0.16 0.24 0.49 0.10 0.01 0.06 041 0.14 0.21 0.58 0.09 0.04 0.02 0.03 0.07 0.14
0.71 042 0.15 0.25 0.53 0.09 0.01 0.06 0.38 0.16 0.19 0.63 0.09 0.02 0.02 0.03 0.07 0.16
36 270 442 553 442 316 430 5.76 549 457 430 4.46 8.00 350 045 779 855 8.84 853 6.73 523 6.20
061 035 024 035 053 037 0.22 0.24 033 037 035 0.09 048 0.98 0.10 0.07 0.07 0.07 0.15 0.26 0.18
0.63 0.32 0.28 0.34 058 037 0.21 0.23 0.37 0.40 0.39 0.09 054 0.98 0.09 0.06 0.06 0.06 0.22 0.33 0.20
48 276 463 572 453 3.04 3.83 7.79 1292 369 387 456 8.77 0.85 10.71 580 6.46 6.59 590 4.42 4.27 7.63
0.60 0.33 0.22 0.34 0.55 0.43 0.10 0.01 045 042 0.34 0.07 0.93° 0.03 0.21 0.17 0.16 0.21 0.35 0.37 0.11
0.65 0.35 0.23 0.37 0.61 0.46 0.09 0.00 0.44 043 0.35 0.08 0.93' 0.02 0.27 0.15 0.13 0.24 041 045 0.11
60 2.88 261 549 432 290 3.17 12.77 3.40 4.44 590 9.70 1.65 472 525 537 469 341 3.06
0.58 0.62 0.24 0.36 0.57 0.53 0.01 049 0.35 0.21 0.05 0.80 0.32 0.26 0.25 0.32 0.49 0.55
0.64 0.64 0.27 0.36 0.60 0.61 0.01 048 042 0.21 0.03 0.81 0.33 0.31 0.25 0.33 0.58 0.59
120 238 7.79 519 3.99 3.09 5.12 7.97 2.88| 12.61 10.66 12.1&8 12.41 13.45 11.54 12.00 8.89| 1.93 165 1.46 1.12 0.90 1.29 3.29 3.42
0.67 0.10 0.27 0.41 0.54 0.27 0.09 0.58) 0.01 0.03 0.02 0.01 0.01 0.02 0.02 0.06f 0.75 0.80 0.83 0.89 0.92 0.86 0.51 0.49
0.72 0.09 0.31 043 0.57 0.28 0.07 0.60] 0.01 0.03 0.01 0.01 0.00 0.01 0.01 0.08] 0.81 085 0.89 091 0.94 0.89 0.52 0.52
Note: Table provides first order autocorrelation test results for the VAR residuals. The first number, given in bold is the test statistic followed by the corresponding

asymptotic and wild bootstrapped p values (respectively) that there is no autocorrelation. The VAR lag length is given in Panel A of Table 1 and the test is described in the
Appendix A. The cases where the first order serial correlation is detected are highlighted.
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Table 3. Number of iterations required in stationarity correction

Jan 52- Dec 03 | Jan 52- Dec 78 | Jan 82- Dec 03
Panel A. Unrestricted Model

1 2 3 4 6 9 12 24 60 1 2 3 4 6 9 12 24 60 1 2 3 4 6 9 12 24 60
2 0 0] 68
3 N.C. 0 N.C.
4 | N.C. 55 65 0 N.C. 58
6 58 0 0 66 0 34 35 0
9 40 0 N.C. 0 29 0
12 0 0 0 0 0 62 0 0 13 0 0 0 0 0 0
24 40 33 27 0 0 42 39 48 42 0 49 57 0 0 0 0 0 0
36 46 40 0 0 0 0 0 48 50 50 49 56 59 60 0 0 0 0 0 0 0
48 50 46 0 0 0 0 65 52 54 54 54 59 61 55 0 0 0 0 0 0 0
60 52 49 0 0 0 N.C. 55 56 56 55 60 61 0 0 0 0 0 N.C.
120 57 0 0 0 0 0 0 52 62 56 57 62 62 60 56 26 0 0 0 0 0 0 0 0

Panel B. Restricted Model

1 2 3 4 6 9 12 24 60 1 2 3 4 6 9 12 24 60 1 2 3 4 6 9 12 24 60
2 | 2.88 1.16 47.81
3 N.C. 5.97 N.C.
4 | N.C. 22.79 38.47 3.43 N.C. 37.16
6 [69.78 1.21 1.39 30.59 4.69 57.94 35.13 1.70
9 |32.25 1.25 N.C. 1.99 23.75 2.09
12 |16.44 153 161 160 2.35 56.40 6.99 1.22 10.90 12.07 12.17 719 191 198 1.66
24 |34.58 2450 15.64 2.47 3.36 25.08 33.84 30.74 22.34 1.76 34.94 42.55 2.17 4.07 10.82 8.65 244 291
36 |42.46 3145 237 234 321 286 254 40.41 35.20 32.84 30.24 43.37 50.86 47.41 207 209 200 204 251 245 284
48 (46.74 37.85 259 253 3.22 2.62 46.78 43.17 39.43 39.37 38.57 48.83 55.87 57.02 219 219 236 245 269 3.15 3.32
60 |48.12 40.82 2.68 2.89 3.31 43.38 40.43 41.87 40.80 51.53 58.84 236 211 265 254 268 N.C.
120 |52.38 2.57 253 2.64 2.85 3.03 2.92 31.10] 45.27 36.12 39.82 52.40 56.27 58.78 55.19 3.26| 248 219 274 270 3.32 4.47 4.69 2.89

Note: Panel A reports the number of iterations required to make the bias corrected VAR parameters stable for the unrestricted model. Panel B reports the average number of

iterations required in the bootstrap simulations that generate empirical p values. Details of the procedure are given in Section III.B. NC means non-convergence of the
iterative procedure.
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Figure 1. Effect of lag uncertainty on empirical distributions of LM statistic
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Note: The left-hand panel shows the empirical bootstrap distributions of the LM test statistic for different treatments of the lag uncertainty for the period of January
1952- December 1978, together with the asymptotic distribution ¥*(6). The distributions of the lag lengths are provided in the right-hand panel. The estimated LM
statistic for this maturity pair is 13.29 and corresponding 95% quantiles of the 4 distributions graphed are 12.14, 11.56, 15.08 and 12.59.
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Table 4. LM test of the EH of term structure

Jan 52- Dec 03

Jan 52- Dec 78

Jan 82- Dec 03

1 2 3 4 6 9 12 24 60 1 2 3 4 6 9 12 24 60 1 2 3 4 6 9 12 24 60
2 28.28 36.59 56.17
0.00 0.00 0.00
0.00 0.00 0.00
3 27.14* 35.56 26.45%
0.00 0.00 0.00
0.00 0.00 0.00
4 23.47° 32.18 45.64 21.16 23.42* 17.24
0.01 0.01 0.00 0.00 0.01 0.24
0.00 0.01 0.00 0.01 0.00 0.08
6 22.37 16.03 18.00 46.40 21.16 N.S. 14.15 1248 7.86
0.13°  0.00 0.00 0.00 0.00 0.17 0.13 0.02
0.147 0.01 0.01 0.00 0.00 0.22 0.0 0.05
9 22.12 15.66 25.30* 8.09 11.11 6.17
0.01 0.00 0.00 0.02 0.35 0.05
0.02 0.01 0.00 0.08 0.16 0.08
12 17.12 9.95 1149 1151 4.94 3262 816 6.17 859 9.03 1239 1113 588 566 583
0.01 001 0.00 0.00 0.08 0.02 009 0.05 020 0.17 0.05 008 0.05 0.06 0.05
0.02 005 0.04 003 021 0.02 009 010 014 019 0.04 005 010 0.11 011
24 16.98 16.00 15.67 6.30 3.21 13.03 564 809 469 4.09 763 16.92 10.32 11.82 13.07 13.69 4.99 13.97
0.00 0.00 0.00 0.04 0.20 0.01 023 023 032 013 027 0.01 0.04 002 0.01 001 o0.08 0.01
0.02 002 002 013 0.35 0.04 028 021 032 022 0.30 0.03 005 0.05 005 0.03 0.16 0.03
36 1345 1234 564 545 318 263 3.34 377 320 355 403 7.06 1037 13.29 6.25 635 6.27 6.15 589 581 5098
0.01 002 0.06 007 020 027 019 044 053 047 040 032 011 0.04 0.04 004 004 005 005 005 0.05
0.04 005 014 014 031 040 029 050 054 048 041 035 0.16 0.07 0.10 009 010 010 012 013 0.14
48 11.39 1028 571 541 3.35 283 11.33 325 273 3.03 350 541 8.74 937 5,67 581 562 532 474 434 542
0.02 004 006 007 0.19 0.24 0.33 052 060 055 048 0.49 0.19 0.15 0.06 0.05 0.06 0.07 0.09 0.11  0.07
0.06 008 014 015 0.30 035 0.20 056 062 055 050 0.52 0.25 0.20 011 010 012 015 018 0.22 0.18
60 10.54 9.45 6.05 567 3.69 11.91* 327 284 313 354 468 7.13 551 551 521 484 414 3.46*
0.03 005 0.05 0.06 0.16 0.29 051 059 054 047 058 0.31 0.06 006 0.07 009 013 0.18
0.08 0.10 013 0.14 0.28 0.14 054 059 056 049 058 0.37 012 013 015 0.17 0.22 0.29
120 988 753 738 6.90 4.95 3.87 362 1210 749 477 552 769 7.97 9.18 1139 17.77 | 428 386 325 267 164 0.63 041 043
0.04 002 0.03 0.03 0.08 0.14 016 0.02] 0.28 031 024 026 0.24 0.16 0.08 ' 0.00 0.12 014 020 0.26 0.44 073 081 0.81
010 008 0.09 010 0.17 023 026 0.06] 021 033 029 027 027 020 0.12 | 0.01 019 022 028 036 053 079 086 0384

Note: First number in each set is the LM test statistic and second and third numbers are asymptotic and finite sample p-values, respectively
rejection of the EH at the 5% significance level according to the empirical finite sample distribution. N.S. indicates the restricted VAR is unstable.

* indicates cases where the maximum VAR lag length is restricted to be 5 as the iterative procedure did not converge.
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Appendix A. Multivariate autocorrelation test robust to
conditional heteroskedasticity
In this appendix we describe the vector autocorrelation test of Godfrey and Tremayne

(2005) robust to conditional heteroskedasticity. Consider a general dynamic system of n

stochastic equations, the residuals of which are suspected to have autocorrelation,
Y,=Z,B,+U, (A1)

! !

/ !
where Y, = [YIH"""YTH‘] , By = [Ala"'aA;nH] , X = [Xl,...,XT] , U= [ul+i""’uT+i] >
Txn np+m xn Txm Txn

Z, = [Y_l,...,Y_p,XJ, ytand u, are (nx1), x is (mx1), A; is (nxn) and II is (nxm), and

T><[np+m]
this system reduces to a VAR(p) without an intercept when II=0 and to a static system

when A=0, i=1,..,p. We assume all values of z satisfying ‘I —Alz—Azzz...—Apz” =0

lie outside the Argond diagram and that observations y;, to y, are available for the

lagged variables, leaving 7 number of observations to estimate (Al).

With autocorrelation of order gin U,

g
U,=> U_C,+E,

=
where E has typical rows e/, and e;and e; are uncorrelated for / # £. A model dependent
autocorrelation test is based on the null hypothesis that C, =...=C, =0 in an auxiliary
system that includes the lagged least squares residuals from (A1), namely

Y,=ZB+E (A2)
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“[Ana,mCy, ]

where Z = lYfl""’Y X,U 1""’U7gJ © o [prg)tmbn

Tx[n(g+p)+m] A p>

The least squares estimator of (A2) is B= (Z'Z)"'Z'Y as in the familiar univariate case

and if we let ﬁ = vec(ﬁ) then it can be shown,

T (B-B)—L>N@O,V'WV™), (A3)
with V=1, ®T and I' = plimZ'Z/T under suitable regularity conditions, see Hafner
& Herwartz (2002). Under conditional homoskedasticity W =X &I , where
X, = E(e,e)) .The null hypothesis of no autocorrelation can be expressed as

Ho: RP = 0 against Rp # 0,

where R is a nzp x n’ (p+g) nonstochastic selection matrix of zeros except a unity in each

row that picks up the parameters of the lagged residuals in  one by one.

Under the heteroskedasticity X, is no longer constant, but multivariate extension

of White’s (1980) heteroskedsticity consistent covariance matrix estimator can be used. It

is consistently estimated as

W=

N -

T
Zété; ®z,z, (A4)
t=1

where z, is " row of Z. In our application we replace &, by @, , which is found to

improve the finite sample inference in the univariate framework as discussed in Davidson
and MacKinnon (1985) and Godfrey and Orme (2004). From (A3) and (A4), the

multivariate GT test has the asymptotic distribution

GT = TRPY[ROV'WY R Rp)—L 22 (n%k).

39



	US_paper_short final Oct06_cover.pdf
	US_paper_final_JFQA.pdf

