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Rfwrehu 64/ 5334

Devwudfw

H{whqglqj wkh hduolhu zrun ri Juhhqh +4<<:, dqg Whu}d +4<<;,/ lw lv
vkrzq krz wkh phdq ri d frxqw yduldeoh/ vx�hulqj vdpsoh vhohfwlrq ru
hqgrjhqrxv wuhdwphqw h�hfwv/ fdq eh duelwudulo| zhoo dssur{lpdwhg xvlqj
sro|qrpldo0w|sh Khfnpdq fruuhfwlrq yduldeohv1 Wklv ohdgv wr d sduwlf0
xoduo| vlpsoh hvwlpdwru edvhg rq vwdqgdug svhxgr pd{lpxp olnholkrrg
phwkrgv1 D vpdoo vlpxodwlrq vwxg| lv suhvhqwhg wr ghprqvwudwh wkh xwlo0
lw| ri wkh surfhgxuh1

4 Lqwurgxfwlrq

Lq Zlqnhopdqq +4<<;,/ ydulrxv ixoo lqirupdwlrq pd{lpxp olnholkrrg +ILPO,
surfhgxuhv iru frxqw gdwd prghov duh frqvlghuhg zkhq wkh ghshqghqw yduldeoh
vx�huv iurp vhohfwlylw| ru hqgrjhqrxv wuhdwphqw h�hfwv1 Wkh edvlf lghd lv wr lq0
wurgxfh d khwhurjhqhlw| whup lqwr wkh uhjuhvvlrq vshfl�fdwlrq ri wkh frxqw prgho
zklfk lv fruuhodwhg/ wkurxjk d sdudphwhu �/ zlwk wkh huuru whup lq d surelw
prgho iru wkh vhohfwlrq2gxpp| hqgrjhqrxv yduldeoh1 Xqghu wkh glvwulexwlrqdo
dvvxpswlrqv pdgh/ wkh ghulyhg hvwlpdwru lv frqvlvwhqw dqg dv|pswrwlfdoo| h!0
flhqw1 Krzhyhu/ vrph dxwkruv kdyh qrwhg wkdw vxfk ILPO surfhgxuhv fdq eh
rshudwlrqdoo| sureohpdwlf> vhh/ iru h{dpsoh/ Fdphurq dqg Wulyhgl +4<<:,1 D iru0
pdo wuhdwphqw ri wkh vdpsoh vhohfwlrq sureohp zdv dovr jlyhq e| Juhhqh +4<<7,
zkr vxjjhvwhg d vlpsoh Khfnpdq0w|sh wzr0vwhs hvwlpdwru1 Erwk Fdphurq dqg
Wulyhgl +4<<:, dqg Whu}d +4<<;, dujxhg wkdw wklv Khfnpdq0w|sh surfhgxuh lv qrw
edvhg rq d fruuhfw dgmxvwphqw wr wkh phdq frxqw dqg wkh|/ wkhuhiruh/ frqfoxghg
wkdw wklv hvwlpdwru zloo eh lqfrqvlvwhqw1 E| ghulylqj wkh fruuhfw phdq ixqfwlrq/
Juhhqh +4<<8, ghulyhg d wzr0vwhs qrq0olqhdu ohdvw vtxduhv +QOV, hvwlpdwru/ dv
glg Whu}d +4<<;, zkr whuphg lw d wzr0vwhs phwkrg ri prphqwv +WVP, hvwlpdwru1
Whu}d +4<<;, dovr ghyhorshg d qrq0olqhdu zhljkwhg ohdvw vtxduhv +QZOV, hvwlpd0
wru/ zklfk lv dv|pswrwlfdoo| pruh h!flhqw wkdq wkh WVP> kh dovr h{whqghg wkh
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dqdo|vlv wr hqgrjhqrxv wuhdwphqw h�hfwv1 Lqwhuhvwlqjo|/ Juhhqh +4<<8/4<<:/4<<;,
srlqwv rxw wkdw wkh h{dfw phdq ixqfwlrq/ iru wkh revhuyhg frxqw/ kdv wkh vdph
olqhdu h{sdqvlrq/ lq �/ dv wkdw lpsolhg e| wkh xvh ri wkh Khfnpdq fruuhfwlrq +lq
Juhhqh/ 4<<7,/ vr wkdw wkh odwwhu pljkw eh dvvxphg wr eh dssur{lpdwho| fruuhfw1
Dowkrxjk Zlqnhopdqq/ Juhhqh dqg Whu}d doo surylgh looxvwudwlyh dssolfdwlrqv/
wkh| r�hu qr Prqwh Fduor hylghqfh lq vxssruw ri wkhlu surfhgxuhv1

Lq wklv sdshu qhz uhvxowv duh ghulyhg zklfk vkrz wkdw wkh phdq ri wkh ghshq0
ghqw frxqw fdq eh duelwudulo| zhoo dssur{lpdwhg/ xqghu vhohfwlylw| ru hqgrjhqrxv
wuhdwphqw h�hfwv/ e| dgglqj u � 4 Khfnpdq0w|sh fruuhfwlrq yduldeohv wr wkh
uhjuhvvlrq vshfl�fdwlrq1 Wkhvh fruuhfwlrq yduldeohv duh vlpso| wkh wuxqfdwhg fx0
pxodqwv ri d vwdqgdug qrupdo yduldwh dqg lqfoxgh/ lq wkh fdvh ri vdpsoh vhohfwlrq/
wkh idploldu lqyhuvh Ploo*v udwlr +wkh rqo| fruuhfwlrq yduldeoh xvhg lq Juhhqh*v
+4<<7, dssurdfk,1 Pruhryhu/ lw lv vkrzq wkdw wkh txdolw| ri wklv dssur{lpdwlrq
lpsuryhv dv pruh ri wkhvh fruuhfwlrq yduldeohv duh dgghg +dowkrxjk d ihz pd|
eh vx!flhqw, vlqfh wkh dssur{lpdwlrq huuru lv r+m�mu,> zklfk ehfrphv vpdoo dv u
lqfuhdvhv1 Wklv vxjjhvwv d yhu| vlpsoh wzr0vwhs hvwlpdwlrq surfhgxuh vlplodu lq
vslulw wr Juhhqh*v ruljlqdo dssurdfk= �uvw/ hvwlpdwh d surelw prgho zklfk ghwhu0
plqhv vhohfwlrq/ ru hqgrjhqrxv wuhdwphqw h�hfwv/ dqg frqvwuxfw wkh fruuhfwlrq
yduldeohv +wuxqfdwhg fxpxodqwv,> dw wkh vhfrqg vwdjh/ dgg wkhvh yduldeohv wr wkh
vhw ri uhjuhvvruv dqg rewdlq sdudphwhu hvwlpdwhv edvhg rq Srlvvrq pd{lpxp
olnholkrrg +PO, surfhgxuhv1 Lw lv ghprqvwudwhg wkdw/ wr R+m�mu,> wklv wzr0vwhs
hvwlpdwru lv frqvlvwhqw +l1h1/ wkh lqfrqvlvwhqf| lv r +m�mu,, dowkrxjk vwdqgdug hu0
uruv pd| qhhg fruuhfwlqj iru= +d, prgho plvvshfl�fdwlrq dqg/ +e, wkh jhqhudwhg
uhjuhvvru sureohp lqgxfhg e| dgglqj wkh fruuhfwlrq yduldeohv1 Wkhuhiruh wkh
wzr0vwhs hvwlpdwru kdv wkh srwhqwldo wr r�hu d frqvlghudeoh lpsuryhphqw ryhu
svhxgr pd{lpxp olnholkrrg phwkrgv zklfk ljqruh wkh vdpsoh vhohfwlrq dqg iru
zklfk wkh lqfrqvlvwhqf| lv R +m�m, = 4 Lqghhg/ Prqwh Fduor hylghqfh vxjjhvwv wkdw
wklv surfhgxuh fdq zrun h{wuhpho| zhoo hvshfldoo| lq frpsdulvrq zlwk Whu}d*v
dssurdfk/ zklfk fdq h{klelw yhu| srru ehkdylrxu1 Vlqfh wkh txdolw| ri wkh ds0
sur{lpdwlrq hpsor|hg lv wkh nh| wr rewdlqlqj vdwlvidfwru| lqihuhqfh/ d phwkrg
iru dvvhvvlqj wkh dghtxdf| ri wkh dssur{lpdwlrq lv dovr glvfxvvhg1

Wkh sodq ri wkh sdshu lv dv iroorzv= lq wkh qh{w vhfwlrq zh ghulyh dq dssur{0
lpdwlrq wr wkh phdq ri d frxqw yduldeoh/ vxemhfw wr vhohfwlylw| ru hqgrjhqrxv
wuhdwphqw h�hfwv/ zklfk kdv wkh vdph Wd|oru h{sdqvlrq lq �/ wr dq| rughu uh0
txluhg/ dv wkh wuxh phdq ixqfwlrq jlyhq e| Whu}d +4<<;,1 Lq Vhfwlrq 6/ wkh
wzr0vwhs hvwlpdwru lv gh�qhg dqg lwv dv|pswrwlf glvwulexwlrq lv jlyhq1 Wkh lq0
frqvlvwhqf| ri wklv hvwlpdwru lv vkrzq wr eh dw prvw R+m�mu.4,> wkhuhe| r�hulqj
d srwhqwldo lpsuryhphqw ryhu Juhhqh*v +4<<7, hvwlpdwru iru zklfk wkh lqfrqvlv0
whqf| lv R+m�m5,= Ghwdlov ri wkh dqdo|vhv duh uhohjdwhg wr Dsshqglfhv1 Vhfwlrq 7
surylghv d vxppdu| ri Prqwh Fduor h{shulphqwv zklfk lqyhvwljdwhv wkh h!fdf|
ri wkh sursrvhg wzr0vwhs surfhgxuh/ uhodwlyh wr Juhhqh*v +4<<8, QOV hvwlpdwru
dqg Whu}d*v +4<<;, QZOV hvwlpdwru1 Vhfwlrq 8 frqfoxghv1

4D vlplodu phwkrgrorj| kdv uhfhqwo| ehhq sursrvhg e| Fkhvkhu dqg Vdqwrv0Vloyd +5334, iru
hvwlpdwlqj d khwhurjhqhrxv orjlw prgho1 Krzhyhu/ lq wkdw fdvh/ wkh huuru lq wkh dssur{lpdwlqj
prgho fdq qrw eh pdgh duelwudulo| vpdoo/ dv lw fdq iru wkh frxqw gdwd prghov frqvlghuhg khuh1
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5 Wkh Frxqw Prgho dqg Vhohfwlylw|

Wr nhhs wkh qrwdwlrq dqg dojheud wr d plqlpxp/ zh ghdo �uvw zlwk wkh vdpsoh
vhohfwlrq sureohp dqg wkhq vkrz krz wkh uhvxowv uhdglo| h{whqg wr wkh gxpp|
hqgrjhqrxv uhjuhvvru fdvh1

Frqvlghu/ wkhq/ d frxqw udqgrp yduldeoh/ |�> zklfk frqglwlrqdo rq d +t � 4,
yhfwru ri fryduldwhv/ { dqg d udqgrp yduldeoh x> uhsuhvhqwlqj srvvleoh qhjohfwhg
khwhurjhqhlw| +ryhu0glvshuvlrq,/ kdv phdq

H ^|�m{> x` @ h{s+{3� . �x, A 3 +4,

zkhuh � dqg � duh xqnqrzq sdudphwhuv +yhfwru dqg vfdodu/ uhvshfwlyho|, dqg
wkh uhjuhvvlrq vshfl�fdwlrq/ {3�> lqfoxghv dq lqwhufhsw whup1 Frqglwlrqdo rq
{ dqg x> +4, lqfoxghv wkh Srlvvrq dqg Qhjdwlyh Elqrpldo prghov iru |�> vhh/
iru h{dpsoh/ Zlqnhopdqq +4<<:,1 Xqghu vdpsolqj/ revhuydwlrqv i|l @ |�l > {lj >
l @ 4> ===> q> duh rqo| vhohfwhg li vl @ 4 zkhuh

vl @ 4+}3l� . %l A 3,> l @ 4> ===> Q> +5,

zkhuh 4+=, lv wkh xvxdo lqglfdwru ixqfwlrq/ zlwk }l ehlqj +o �4, =

514 Dssur{lpdwh phdq ixqfwlrq= Vhohfwlylw|

Dv lq Whu}d +4<<;,/ dqg udwkhu wkdq ixoo| vshfli|lqj d sdudphwulf prgho iru |/
zh vshfli| wkh phdq ri wkh revhuyhg frxqw dqg xvh wklv lv d edvlv iru hvwlpdwlrq1
Iroorzlqj suhylrxv zrun +iru h{dpsoh/ Zlqnhopdqq/ 4<<;, lw lv dvvxphg wkdw
+xl> %l, duh llg vwdqgdug elyduldwh qrupdo zlwk fruuhodwlrq �= Wkhq x @ �% .s
4� �5 > zlwk  llg Q +3> 4, lqghshqghqw ri %1 Iurp +4, dqg +5,/

H ^|m{>}` @ H %

k
h{s

�
{3�. ��%. �

s
4� �5 

�
mv @ 4> {>}

l
>

zkhuh h{shfwdwlrqv duh wdnhq �uvw zlwk uhvshfw wr  dqg wkhq zlwk uhvshfw wr %>
frqglwlrqdoo| rq v @ 4= Wkxv/ jlyhq {l dqg }l>

H ^|m{l> }l` @ h{s+{3l�
|,H ^h{s +��%, m% A �}3l�`

@ h{s
�
{3l�

|. nl +�,
�

+6,

lq zklfk �| @ � � 4
5
�5
�
4� �5

�
> � @ �� dqg nl +�, lv vlpso| wkh fxpxodqw

jhqhudwlqj ixqfwlrq +fji , ri d wuxqfdwhg vwdqgdug qrupdo yduldwh> l1h1/5

nl +�, @
�5

5
. oq� +}3l� . �,� oq �+}3l�, >

5 Lw lv uhdglo| vkrzq wkdw wkh prphqw jhqhudwlqj ixqfwlrq ri 0c jlyhq 0 : 5 ��� lv
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zkhuh �+=, ghqrwhv wkh vwdqgdug qrupdo glvwulexwlrq ixqfwlrq dqg ! +=, zloo
ghqrwh wkh vwdqgdug qrupdo ghqvlw| ixqfwlrq1 Dq dssur{lpdwlrq/ lq � @ ��> wr
+6, lv rewdlqhg e| h{sdqglqj nl +�, lq d Wd|oru vhulhv derxw � @ 3> jlylqj

nl +�, @
u[

m@4

�m

m$
�lm . r +m�mu, > +7,

zkhuh �lm ghqrwhv wkh mwk fxpxodqw ri %> jlyhq % A �}3l�1 Iru h{dpsoh/ �l4 @ �l>
zkhuh �l @ ! +}3l�, @�+}3l�, +wkh lqyhuvh Ploo*v udwlr, dqg �l5 @ 4� �l +�l . }3l�, >
hwf1 Lw zloo eh xvhixo wr qrwh wkdw �lm lv d ixqfwlrq ri }3l�> l1h1/ �lm @ �m +}3l�,
zkhuh �m +d, lv wkh mwk fxpxodqw ri % frqglwlrqdo rq % A �d= Vxevwlwxwlqj +7,
lqwr +6, |lhogv

H ^|m{l> }l` @ h{s

3C{3l�
| .

u[
m@4

�m

m $
�lm . r +m�mu,

4D = +8,

Wkhuhiruh/ wkh fruuhfw phdq ri wkh revhuyhg +vhohfwhg, frxqw fdq eh dssur{0
lpdwhg dv

H ^|m{l> }l` �@ h{s

3C{3l�
| .

u[
m@4

�m

m $
�lm

4D >

zklfk gl�huv iurp wkh wuxh phdq ixqfwlrq +6, e| whupv zklfk duh r+m�mu, @
R+m�mu.4,= Krzhyhu/ vlqfh m�m ? 4 dqg � lv +dvvxphg, �qlwh/ wkh huuru lq wklv ds0
sur{lpdwlrq ehfrphv qhjoljleoh dv u lqfuhdvhv vr wkdw wkh txdolw| ri wkh dssur{0
lpdwlrq lpsuryhv dv pruh fxpxodqwv duh dgghg wr wkh uhjuhvvlrq vshfl�fdwlrq1
Iru h{dpsoh/ wdnlqj d vhfrqg rughu dssur{lpdwlrq/ u @ 5> zh pljkw prgho wkh
frqglwlrqdo phdq dv

H ^|m{l> }l` �@ h{s+{3l� . �4�l . �5 +4� �l +�l . }3l�,,, =

Vlqfh | lv vwloo d frxqw dqg wkh dssur{lpdwh phdq vshfl�fdwlrq lv ri wkh idploldu
Srlvvrq irup zlwk wkh uhjuhvvlrq ixqfwlrq ehlqj olqhdu lq sdudphwhuv +jlyhq �,/
wkh uhvxowv ri Jrxulhurx{/ Prqiruw dqg Wurjqrq +4<;7, lqglfdwh wkdw vwdqgdug
Srlvvrq PO phwkrgv frxog eh hpsor|hg wr fruuhfw wkh vdpsoh vhohfwlrq eldv lq
wkh hvwlpdwlrq ri �= +Wklv lv qrw wkh fdvh iru Juhhqh*v +4<<8, QOV dqg Whu}d*v
+4<<;, QZOV hvwlpdwruv1,

515 Dssur{lpdwh phdq ixqfwlrq= Gxpp| Hqgrjhqrxv Uh0

juhvvruv

Wkh deryh dqdo|vlv uhdglo| h{whqgv wr wkh fdvh ri hqgrjhqrxv wuhdwphqw h�hfwv>
l1h1/ gxpp| hqgrjhqrxv uhjuhvvruv1 Lq wklv fdvh vl> jhqhudwhg e| +5,/ lv wkh
gxpp| hqgrjhqrxv yduldeoh lqfoxghg lq wkh uhjuhvvlrq vshfl�fdwlrq1 Vlplodu
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pdqlsxodwlrqv wr wkrvh hpsor|hg deryh uhyhdo wkdw

H ^|m{l> }l> vl` @ Hy%

k
h{s

�
{3l�. vl�. ��%. �

s
4� �5 

�
m{l> }l> vl

l
@ H%

k
h{s

�
{3l�

| . vl�. ��%
�
m{l> }l> vl

l
@ h{s+{3l�

| . vl�. n�l +�,,

zkhuh

n�l +�, >@
�5

5
. oq� ++5vl � 4,+}3l� . �,,� oq� ++5vl � 4,} 3l�, >

vhh/ iru h{dpsoh/ Whu}d +4<<;,1 H{sdqglqj n�l +�, derxw � @ 3> zh fdq wkhuhiruh
zulwh

H ^|m{l> }l> vl` @
3Ch{s{3l�

|. vl�.
u[

m@4

�m

m$
��lm

4D . r +m�mu,

zkhuh ��lm @
Cmn�l +3,
C�m dqg wkh uhpdlqghu whupv duh r +m�mu, > zklfk jr wr }hur dv u

lqfuhdvhv1
Vshfl�fdoo|/ iru m @ 4> 5>

��l4 @ +5vl � 4, ��l > ��l @
! +}3l�,

� ++5vl � 4, }3l�,
>

��l5 @ 4� ��l +�
�
l . +5vl � 4, } 3l�,

zklfk surylgh jhqhudolvdwlrqv wr wkh fruuhfwlrqv hpsor|hg lq wkh vdpsoh vhohfwlrq
fdvh +zkhuh vl @ 4 iru doo l,1 Qrwlfh wkdw ��l4 @ +5vl � 4, ��l lv wkh �uvw rughu
jhqhudolvhg uhvlgxdo dvvrfldwhg zlwk wkh surelw prgho +5,1 Dv ehiruh/ lw zloo eh
xvhixo wr wklqn ri ��lm dv �

�
m +}

3
l�, > d ixqfwlrq ri } 3l�=

6 Wzr0vwhs Hvwlpdwlrq

Wr pdnh wkh surfhgxuh rshudwlrqdo/ rqh �uvw hvwlpdwhv wkh surelw prgho +5, wr
rewdlq a�> zklfk lv wkhq xvhg wr frqvwuxfw a�lm> ru a�

�
lm= Wkhvh jhqhudwhg uhjuhvvruv

duh wkhq dgghg wr wkh uhjuhvvlrq vshfl�fdwlrq lq d vlpsoh Srlvvrq prgho zkrvh
sdudphwhuv duh hvwlpdwhg e| pd{lpxp olnholkrrg dw wkh vhfrqg vwhs16

Irfxvvlqj rq wkh vdpsoh vhohfwlrq sureohp/ dqg jlyhq �> wkh �Srlvvrq� vshf0
l�fdwlrq dw wkh vhfrqg vwhs lv prghoohg yld lwv dssur{lpdwh phdq dv

H ^|m{l>�l` @ h{s+{3l� . �3l�, +9,

@ h{s+z3
l�,> vd|/

6Lq wkh fdvh o ' � rqo| 	V�� ' 	1� lv dgghg/ zklfk lv wkh surfhgxuh sursrvhg e| Juhhqh +4<<:,1
Ruph dqg Shwhuv +5333, glvfxvv vlploldu fruuhfwlrqv lq pruh jhqhudo prghov ri vdpsoh vhohfwlrq
dqg ghprqvwudwh wkdw vxfk d surfhgxuh surylghv dq dssur{lpdwh prgho iru wkh revhuyhg gdwd
zklfk lv fruuhfw wr �E#�c zkhuh # ' j4�
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zkhuh �3 @
�
�> �

5

5 >
�6

6$ > ===>
�u

u$

�
dqg �3 @ +� 3> �3,> �3l @ +�l4> ===>�lu, > dqg ghshqgv

rq �> dqg z3
l @ +{3l> �

3
l,= Lw lv dvvxphg wkdw wkhuh duh qr olqhdu ghshqghqflhv

dprqj wkh uhjuhvvruv/ z3
l= Wkhq/ xvlqj Srlvvrq PO phwkrgv/ wkh sursrvhg wzr0

vwhs hvwlpdwru iru � lv wkh xqltxh vroxwlrq wr wkh t . u htxdwlrqv

K +�> a�, @
q[
l@4

kl +�> a�, @ 3 +:,

zkhuh kl+�> �, @ +|l � h{s+z3
l�,,zl/ � lv xqfrqvwudlqhg/ dqg a� ghqrwhv dq|

frqvlvwhqw +hj/ Surelw, hvwlpdwru iru �> l1h1/ wkh �lm @ �m +}3l�, duh uhsodfhg
zlwk a�lm @ �m+}3la�, dqg wuhdwhg dv revhuyhg uhjuhvvruv1 Wklv vroxwlrq zloo eh

ghqrwhg a�> dqg lw lv xqltxh vlqfh
CK

C�3
lv qhjdwlyh gh�qlwh iru doo �1 Revhuyh

wkdw wkh suredelolw| olplw ri a� lv �� 9@ �> lq jhqhudo/ vlqfh wkh dvvxphg prgho
vshfl�fdwlrq hperglhg lq +9, lv lqfruuhfw1 Krzhyhu/ lw lv vkrzq lq Dsshqgl{

4 wkdw �� @ �| . r+m�mu,> zkhuh �|3 @
�
�|3> �3

�
= +Wkh surelw POH/ a�/ zklfk

pd{lplvhv Os +�, > wkh surelw orj0olnholkrrg ixqfwlrq ryhu Q A q revhuydwlrqv/
lv frqvlvwhqw iru � zkdwhyhu wkh ydoxh ri �=,

Vwdqgdug wrrov/ vxfk dv wkrvh hpsor|hg e| Qhzh| dqg PfIdgghq +4<<7,/

fdq eh h{sorlwhg wr ghulyh wkh olplwlqj glvwulexwlrq ri
s
q
�
a�� ��

�
xqghu wkh

dvvxpswlrq wkdw q$4 vxfk wkdw q@Q $ f> d �qlwh frqvwdqw/ dqg lqghshqghqw
revhuydwlrqv> ghwdlov duh rxwolqhg lq Dsshqgl{ 51 Wkh uhvxow lv

s
q
�
a�� ��

�
g$Q +3>Y, +;,

zkhuh/ wr R +m�mu, >

Y @K�4
�

q
J . fK�

�Ls����4K3
�

r
K�4
�

dqg

K� @ s olp

�
4

q

CK +��> �,
C�3

�
@K3

�>

K� @ s olp

�
4

q

CK +��> �,
C�3

�
J @ s olp

%
4

q

q[
l@4

kl +�
�> �,kl +�

�> �,3
&

Ls�� @ �s olp
�
4

Q

C5Os +�,

C�C�3

�
@ s olp

�
4

Q

COs +�,

C�

COs +�,

C� 3

�
=

Wkh �uvw whup lq Y lv K�4
� JK�4

� > wkh �vdqgzlfk� fryduldqfh pdwul{ +Zklwh
+4<;5,/ Jrxulhurx{/ Prqiruw dqg Wurjqrq +4<;7,,/ zklfk dulvhv vlqfh wkh prgho
+9, lv plvvshfl�hg> wkh vhfrqg whup dsshduv gxh wr wkh idfw wkdw jhqhudwhg
uhjuhvvruv/ a�lm > duh hpsor|hg1

9



Wkh fdofxodwlrqv duh sduwlfxoduo| vlpsoh dqg ohdg wr wkh iroorzlqj hvwlpd0
wru iru wkh dv|pswrwlf yduldqfh ri a�1 Ohw aZ eh wkh +q� t . u, pdwul{ zlwk
urzv az3l @

�
{3l> a�

3
l

�
> ] wkh +Q � o, pdwul{ zlwk urzv }3l> l @ 4> ===>Q> dqg ]4

eh wkh +q� o, pdwul{ zlwk urzv }3l fruuhvsrqglqj wr vhohfwhg vdpsoh gh�qhg

e| vl @ 4= Wkhq/ K�>J dqg Ls�� fdq eh frqvlvwhqo| hvwlpdwhg e|
4

q
aZ 3 aG4

aZ>

4

q
aZG5Z dqg

4

Q
]3G6]> uhvshfwlyho|/ zkhuh aG4 @ gldj

�
h{s+ az3

l
a�,
�
> +q� q,

dqg aG5 @ gldj

�q
|l � h{s

�
az3la�
�r5�

> +q� q, > duh gh�qhg xvlqj rqo| wkh re0

vhuydwlrqv lq wkh vhohfwhg htxdwlrq1 Wkh +Q �Q, gldjrqdo pdwul{ aG6 lv gh�qhg

e| aG6 @ gldj

�
!+}3la�,

5

�+}3la�,�+�}3la�,

�
> xvlqj doo wkh revhuydwlrqv lq wkh surelw prgho1

Gl�huhqwldwlqj K+�> �, zlwk uhvshfw wr �> |lhogv

4

q

CK+�>�,

C� 3
@

4

q

q[
l@4

�
+|l � h{s+z3

l�,,

�
3

u�l}3l

�
� h{s+z3

l�,+�
3u�l,zl}

3
l

�
>

zkhuh u�l @ g�l
gd

> +u � 4, > wkh yhfwru ri fxpxodqw ghulydwlyhv zlwk uhvshfw wr
d @ }3l�= Rxu dujxphqwv lpso| wkdw H ^|l � h{s+z3

l�
�,mzl` @ r+m�mu, vr wkdw/

frqvhtxhqwo|/ K� @ R +m�m, dqg/ wr R +m�mu,/ lw lv frqvlvwhqwo| hvwlpdwhg e|

�4

q
aZ 3 aG7]4> zlwk aG7 @ gldj

�
a�
3ua�l h{s+ az3

l
a�,
�
> +q �q, = Lw iroorzv wkdw iru

u � 5 wkh dv|pswrwlf yduldqfh fdq eh hvwlpdwhg dv

Yq
�
a�> a�

�
@
�
aZ 3 aG4

aZ
��4

aZ 3
�
aG5 . aG7]4

�
]3 aG6]

��4
]3
4
aG7

�
aZ
�
aZ 3G4

aZ
��4

>

zklovw iru dq dssur{lpdwlrq zklfk lv fruuhfw wr R +m�m, > wklv hvwlpdwru zloo eh

Yq
�
a�> a�

�
@
�
aZ 3 aG4

aZ
��4

aZ 3 aG5
aZ
�
aZ 3G4

aZ
��4

>

wkh xvxdo vdqgzlfk hvwlpdwru/ ehfdxvh wkh fruuhfwlrq wr wkh dv|pswrwlf yduldqfh
iru wkh xvh ri frqvwuxfwhg uhjuhvvruv zloo eh r +m�m, =

Iru h{dpsoh/ lq wkh fdvh ri u @ 5 zh kdyh �3l @ +�l> 4� �l+�l . }3l�,, zlwk

u�l @
� ��l+�l . }3l�,

5�5l +�l . } 3l�, . �l+�l . } 3l�,+}
3
l�,� �l

�
@

� ��l+�l . }3l�,
�l+�l . }3l�, +5�l . }3l�,� �l

�
=

7 Prqwh Fduor H{shulphqwv

D vlpxodwlrq h{shulphqw zdv xqghuwdnhq lq rughu wr lqyhvwljdwh wkh shuirupdqfh
ri wkh sursrvhg fruuhfwlqj yduldeohv lq doohyldwlqj wkh sureohp ri vdpsoh vhohf0
wlrq eldv lq d vwdqgdug frxqw gdwd uhjuhvvlrq prgho1 Wkh h{sorudwru| yduldeoh

:



ghvljq xvhg lv wdnhq iurp Juhhqh +4<<:,/ dqg lv d udqgrp vdpsoh ri d pxfk
odujhu gdwdedvh rq fuhglw zruwklqhvv dqdo|vhg lq Juhhqh +4<<;,1 Wkh ruljqdo
revhuyhg uhvsrqvhv zhuh wkh qxpehu ri PGUv +Pxowlsoh Ghidxowv Uhfrugv/ wkh
qxpehu ri idloxuhv wr sd| dq dffrxqw,1 Wklv jdyh d vdpsoh vl}h ri q @ 4356
lq wkh frxqw gdwd uhvsrqvh htxdwlrq/ diwhu vhohfwlrq1 Vdpsoh vhohfwlrq zdv lqgl0
fdwhg e| rzqhuvkls ri d sduwlfxodu fuhglw fdug1 Wklv jdyh d ixoo vdpsoh vl}h ri
Q @ 464<1 Wkh ghvljq frh!flhqwv xvhg wr jhqhudwh erwk wkh frxqw +�, dqg Sur0
elw +�, htxdwlrqv zhuh edvhg xsrq wkh dfwxdo hvwlpdwhv iurp wkh vlqjoh htxdwlrq
�wv ri wkh ruljlqdo gdwd1 Wkh frxqw htxdwlrq frqwdlqhg wkh iroorzlqj yduldeohv=
Frqvwdqw/ Djh/ Lqfrph dqg Dyhudjh Prqwko| Fdug H{shqglwxuh2Lqfrph/ zkloh
wkh vhohfwlrq htxdwlrq frqwdlqhg= Frqvwdqw/ Djh/ Lqfrph/ Kdv d Pdmru Fuhglw
Fdug/ Krph0rzqhu/ Qxpehu ri Uhsruwhg Fdugv dqg Qxpehu ri Dfwlyh Fdugv1

Wkh vhohfwlrq htxdwlrq +5, lv xvhg wr jhqhudwh dq revhuyhg uhvsrqvh iru lqgl0
ylgxdo l > li wkh vhohfwlrq uhvsrqvh lv srvlwlyh +%l A �}3l�, d fruuhvsrqglqj frxqw
uhvsrqvh lv wdnhq dv wkh gudz iurp d Srlvvrq glvwulexwlrq zlwk phdq htxdo wr
+4,/ lq zklfk x @ �%l .

s
4� �5 > zlwk  llg Q +3> 4, lqghshqghqw ri %l= Lq

rqh vhw ri h{shulphqwv/ � @ 4> vr wkdw xl @ %l dqg wkh phdq ri wkh revhuyhg
frxqw lv vlpso| h{s+{3l� . �%l,= Lq wkhvh h{shulphqwv/ � ydulhg iurp 3=3 wr 4=3/
lq lqfuhphqwv ri 3=4> zlwk � @ 3 fruuhvsrqglqj wr d vlpsoh Srlvvrq prgho dqg
� A 3 fruuhvsrqglqj wr d Srlvvrq prgho vx�hulqj vdpsoh vhohfwlrq1 Lq wkh rwkhu
vhw ri h{shulphqwv/ wkh ydoxh ri � zdv �{hg dw � @ 4 dqg ydoxhv ri � frqvlghuhg
zhuh � @ 3> 3=4>3=5> ===> 4=3> zkhq � @ 3 wkhuh lv qr vdpsoh vhohfwlrq sureohp/ exw
wkh revhuyhg frxqwv duh khwhurjhqhrxv Srlvvrq1

Hdfk h{shulphqw lqyroyhg 4333 uhsolfdwlrqv zlwk hdfk ri wkh iroorzlqj hvwl0
pdwruv fdofxodwhg= +l, Srlvvrq/ +ll, Srlvvrq zlwk fruuhfwlqj yduldeoh a�l4 @ a�l>

+lll, Srlvvrq prgho zlwk fruuhfwlqj yduldeohv a�l4 dqg a�l5 @ 4�a�l

�
a�l . }3la�

�
> +ly,

Juhhqh*v Qrq0Olqhdu Ohdvw Vtxduhv +QOV,/ dqg +y, Whu}d*v Qrq0Olqhdu Zhljkwhg
Ohdvw Vtxduhv +QZOV,1 Wkh uhvxowlqj dyhudjh frh!flhqw eldvhv duh vxppdulvhg
lq Iljxuh 41 Iljxuhv 5 dqg 6 uhsruw wkh udwlr ri dyhudjh prgho vwdqgdug huuruv
wr wkh vlpxodwlrq Urrw Phdq Vtxduh Huuruv +UPVH,1 Ydulrxv vwdqgdug huuruv
duh frqvlghuhg dv iroorzv= +l, iru wkh vlpsoh Srlvvrq prgho/ vwdqgdug huuruv duh
ghulyhg iurp wkh Khvvldq pdwul{ dqg wkh vdqgzlfk pdwul{> +ll, iru wkh Srlvvrq
vshfl�fdwlrqv wkdw lqfoxgh a�l4/ ru erwk a�l4 dqg a�l5/ wkh| duh ghulyhg iurp wkh
fruuhvsrqglqj vdqgzlfk pdwul{ dqg wkh fruuhfwhg yduldqfh pdwul{/ Y> dqg/ +lll,
iru Juhhqh*v +4<<8, QOV dqg Whu}d*v +4<<;, QZOV hvwlpdwruv/ wkh vwdqgdug
huuruv duh fdofxodwhg xvlqj wkh irupxodh surylghg e| wkhvh dxwkruv1 Wdeohv D
dqg E uhsruw wkh shuirupdqfh ri Zdog surfhgxuhv zkhq xvhg wr whvw iru vdp0
soh vhohfwlrq eldv +whvwlqj li lqfoxvlrq ri wkh jhqhudwhg uhjuhvvruv/ ru fruuhfwlrq
yduldeoh iru Whu}d*v prgho/ lv vljql�fdqw,17 Uhvxowv duh uhsruwhg wr 6 vljql�fdqw
�jxuhv18

7D olnholkrrg udwlr surfhgxuh/ edvhg rq Srlvvrq PO hvwlpdwlrq lv qrw dssursuldwh +hyhq
dssur{lpdwho|, gxh wr wkh srvvlelolw| ri ryhuglvshuvlrq1

8Doo frpsxwdwlrqv zhuh shuiruphg xvlqj R{ +Grruqln/5334, uxqqlqj xqghu UhgKdw Olqx{
8141 Wkh vlpxodwlrqv xvhg wkh ghidxow udqgrp qxpehu jhqhudwru ri R{ 51431 PO hvwlpdwlrq
zdv shuiruphg xvlqj Qhzwrq0Udskvrq rswlplvdwlrq/ QOV hvwlpdwlrq xvhg Jdxvv0Qhzwrq uh0
juhvvlrq1 Gdwd frq�jxudwlrqv wkdw fdxvhg sureohpv iru QOV hvwlpdwlrq zhuh ljqruhg1 Wklv

;



Iljxuh 4= Frh!flhqw Eldvhv dv Vljpd2Ukr Lqfuhdvh
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Wkh �uvw froxpq ri Iljxuh 4 sorwv wkh shufhqwdjh eldv ri wkh +�, frh!flhqw
hvwlpdwhv dv � lqfuhdvhv/ zlwk � @ 41 Wkh frh!flhqwv fdq eh lghqwl�hg iurp
wkh ohjhqg rq wkh �uvw sorw/ zklfk looxvwudwhv wkh vlpsoh Srlvvrq fdvh1 Khuh/ dv
h{shfwhg/ wkh eldv rq wkh frqvwdqw frh!flhqw lqfuhdvhv dv wkh vdpsoh vhohfwlrq
sureohp ehfrphv zruvh1 Wkhuh lv dovr hylghqw eldv lq wkh uhpdlqlqj frh!flhqw
hvwlpdwruv exw wklv dsshduv fxuhg e| lqfoxglqj rqh ru erwk ri wkh frqvwuxfwhg
yduldeohv iru wkh PO fdvh +vhfrqg dqg wklug sorwv,/ ru e| xvlqj Whu}d*v QZOV
hvwlpdwru +odvw sorw,1 Wkh vhfrqg froxpq ghdov zlwk wkh vlwxdwlrq zkhuh wkhuh
lv d mrlqw khwhurjhqhlw| +� @ 4, dqg vdpsoh vhohfwlrq sureohp +zlwk � @ 3 uh0
vxowlqj lq khwhurjhqhlw| rqo|/ dqg � @ 4 vdpsoh vhohfwlrq rqo|,1 Lq wkh vwdqgdug
prgho +�uvw sorw, sxuh khwhurjhqhlw| lv rqo| vhulrxvo| d�hfwlqj wkh lqwhufhsw
frh!flhqw hvwlpdwru/ krzhyhu/ dv wkh vdpsoh vhohfwlrq h�hfwv ehfrph vwurqjhu/
wkh uhpdlqlqj �vorsh� frh!flhqw hvwlpdwhv dovr ehjlq wr h{klelw vhulrxv eldv1
Wklv/ djdlq/ lv odujho| uhfwl�hg e| xvlqj fruuhfwlqj yduldeohv lq wkh Srlvvrq fdvh
+vhfrqg dqg wklug sorwv,/ wkrxjk wkh eldvhv duh pdujlqdoo| odujhu dv wkh wrwdo
ryhuglvshuvlrq lq wkhvh h{shulphqwv lv juhdwhu wkdq wkrvh uhsruwhg lq wkh �uvw
froxpq1 Lqwhuhvwlqjo|/ wkhvh uhvxowv vxjjhvw wkdw wkh wzr0vwhs surfhgxuh zrunv
ehwwhu wkdq Whu}d*v QZOV hvwlpdwru +odvw sorw,/ lq wklv fdvh19

Wkh vwdqgdug huuruv dovr h{klelw dq lqwhuhvwlqj slfwxuh/ zlwk wkh ryhudoo hi0
ihfw ri ryhuglvshuvlrq lq wklv ghvljq uhvxowlqj lq xqghu hvwlpdwlrq ri frh!flhqw
hvwlpdwru yduldelolw|1 Lq Iljxuh 5/ iru wkh h{shulphqw zlwk vdpsoh vhohfwlrq rqo|
+� @ 4> � A 3,/ wkh Srlvvrq PO vwdqgdug huuruv/ edvhg rq wkh Khvvldq/ duh vh0
ulrxvo| eldvhg grzqzdugv +�uvw sorw/ froxpq 4 ,1 Dw zruvw/ wkh vorsh frh!flhqw
vwdqgdug huuruv duh dssur{lpdwho| kdoi wkh vl}h wkh| vkrxog eh1 Wklv lv sdu0
wldoo| doohyldwhg zkhq wkh urexvw vdqgzlfk fryduldqfh pdwul{ hvwlpdwru lv xvhg
+�uvw sorw/ froxpq 5 ,1 Pruhryhu/ wkh dgglwlrq ri wkh �uvw fruuhfwlqj yduldeoh
lq wkh wzr0vwhs surfhgxuh dovr lpsuryhv pdwwhuv frqvlghudeo|/ zkloh wkh dggl0
wlrq ri wkh vhfrqg fruuhfwlqj yduldeoh dovr lpsuryhv wkh hvwlpdwhg yduldelolw| ri
wkh lqwhufhsw hvwlpdwru/ zkhq xvlqj wkh vdqgzlfk hvwlpdwru +vhfrqg dqg wklug
sorwv/ froxpq 4 ,1 Wkh shuirupdqfh ri wkh fruuhfwhg yduldqfh pdwul{ hvwlpdwru
+vhfrqg dqg wklug sorwv/ froxpq 5 , lv yhu| vlplodu wr wkh fruuhvsrqglqj vdqg0
zlfk pdwul{ zkhq hlwkhu rqh ru wzr fruuhfwlqj yduldeohv duh hpsor|hg1 Erwk
Juhhqh*v QOV dqg Whu}d*v QZOV hvwlpdwhg fryduldqfh pdwul{ shuirupv srruo|/
h{klelwlqj ehkdylrxu vlplodu wr wkh udz Khvvldq*v shuirupdqfh1:

Iljxuh 6 uhsruwv wkh fruuhvsrqglqj vwdqgdug huuru wr UPVH udwlrv iru wkh
h{shulphqwv zkhuh wkhuh lv erwk khwhurjhqhw| dqg vdpsoh vhohfwlrq suhvhqw +� @
4> � A 3,1 Wkh h{wud ryhuglvshuvlrq fdxvhg e| wkh khwhurjhqhlw| kdv ghsuhvvhg
wkh khvvldq0edvhg vwdqgdug huuruv frqvlghudeo|1 Rq wkh rwkhu kdqg/ zkhq wkh
wzr0vwhs surfhgxuh lv hpsor|hg/ lq frqmxqfwlrq zlwk hlwkhu wkh vdqgzlfk ru
fruuhfwhg pdwul{ hvwlpdwruv/ wkhuh lv djdlq vxevwdqwldo lpsuryhphqw1 Krzhyhu/

rffxuhg zkhq ryhuglvsvhuvlrq zdv vhyhuh +wkh kljkhvw qxpehu ri rffxuhqfhv zdv vl{ iru Whu}d*v
hvwlpdwru zkhq 4 htxdoohg 315,1

9Wkh uhvxowv iurp xvlqj Juhhqh*v QOV vshfl�fdwlrq duh qrw uhsruwhg khuh/ wkrxjk lwv eldvhv
h{klelwhg vlplodu ehkdylrxu wr Whu}d*v1

:Wkh shuirupdqfh ri wkh rxwhu surgxfw ri judglhqw +RSJ, fryduldqfh pdwul{ hvwlpdwru lv
xquhsruwhg1 Lwv shuirupdqfh zdv zruvh wkdq wkh Khvvldq*v lq doo fdvhv lqyhvwljdwhg1
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Iljxuh 5= Vwdqgdug Huuru2UPVH/ Vljpd Ydulhv
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Iljxuh 6= Vwdqgdug Huuru2UPVH/ Ukr Ydulhv1
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Corrected, Two Terms
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erwk wkh QOV dqg QZOV vwdqgdug huuruv djdlq dsshdu wr ehkdyh pruh olnh
wkrvh rewdlqhg iurp wkh udz PO Khvvldq/ dqg vhulrxvo| xqghuhvwlpdwh wkh wuxh
yduldelolw| ri wkh prgho frh!flhqw hvwlpdwhv1

Lq frqfoxvlrq/ wkhq/ wkh wzr0vwhs surfhgxuh dqdo|vhg lq wklv sdshu dsshduv
wr zrun uhpdundeo| zhoo uhodwlyh Juhhqh*v QOV dqg Whu}d*v QZOV hvwlpdwruv1
Zlwk wkh dgglwlrq ri mxvw d frxsoh ri wkh fruuhfwlqj yduldeohv/ wkh vdpsoh vhohf0
wlrq eldv lq wkh vorsh hvwlpdwruv dqg fruuhvsrqglqj vwdqgdug huuruv/ edvhg rq
wkh vdqgzlfk ru fruuhfwhg fryduldqfh pdwul{ hvwlpdwru/ lv odujho| uhpryhg1

Dw wklv vwdjh/ rqo| wkh uhvxowv dvvrfldwhg zlwk wkh uhjuhvvruv ri lqwhuhvw kdyh
ehhq uhsruwhg1 Dvvhvvlqj wkh vwdwlvwlfdo vljql�fdqfh ri lqfoxglqj wkh fruuhfwlqj
yduldeohv/ lq wkh wzr0vwhs surfhgxuh/ fdq eh vlpso| xqghuwdnhq xvlqj d Zdog
whvw1 Zlwk uhihuhqfh wr wkh phdq vshfl�fdwlrq jlyhq e| +9,/ wkh k|srwkhvhv
whvwhg duh= +l, �4 @ 3> jlyhq �5 @ 3> +ll, �4 @ �5 @ 3> dqg +lll, �5 @ 3> jlyhq
�4 9@ 3= Wkh odvw lv lqfoxghg dv d phdqv ri dvvhvvlqj wkh dghtxdf| ri wkh wzr0
vwhs hvwlpdwru zklfk rqo| hpsor|v wkh �uvw fruuhfwlqj yduldeoh1 Wkh prwlydwlrq/
khuh/ lv wkdw li wkh dgglwlrq ri wkh vhfrqg fruuhfwlqj yduldeoh lv vwdwlvwlfdoo| lq0
vljql�fdqw/ wklv surylghv hylghqfh lq vxssruw ri lqihuhqwldo surfhgxuhv edvhg rq
wkh wzr0vwhs whfkqltxh zklfk hpsor|v mxvw wkh �uvw +Khfnpdq, fruuhfwlqj ydul0
deoh1 Wdeoh D uhsruwv wkh uhmhfwlrq udwhv ri wkh ydulrxv whvwv1 Wdeoh E uhsruwv
wkh uhmhfwlrq udwhv ri Zdog whvwv ghvljqhg wr fkhfn wkh vwdwlvwlfdo vljql�fdqfh ri/
uhvshfwlyho|/ wkh Juhhqh dqg Whu}d fruuhfwlqj yduldeohv hpsor|hg lq wkhlu QOV/
uhvshfwlyho| QZOV/ surfhgxuhv1 Ixuwkhupruh/ zh hpsor| wkh iroorzlqj whvwv
edvhg xsrq vdpsoh uhmhfwlrq udwhv wr dvvhvv krz forvh �qlwh vdpsoh vljql�fdqfh
ohyhov �q duh wr qrplqdo ydoxhv �/ zkhuh �q dqg � duh erwk phdvxuhg dv shu0
fhqwdjhv= Ohw wkh qxoo k|srwkhvlv wr eh whvwhg eh wkdw wkh dfwxdo �qlwh vdpsoh
vljql�fdqfh ohyho �q vdwlv�hv K� = �O � �q � �X > zkhuh �X � �O lv R+4,/
exw vpdoo/ h1j1 4(/ dqg �X . �O @ 5�= Wkh dv|pswrwlf +dv U/ wkh qxpehu ri
uhsolfdwlrqv/ jrhv wr lq�qlw|, vljql�fdqfh ohyho lv 8( dqg wkh lpsolhg ghflvlrq
uxoh lv wkdw K� lv uhmhfwhg li wkh revhuyhg uhmhfwlrq iuhtxhqf| lv rxwvlgh wkh
lqwhuydo

�O � 4=978

u
�O+433� �O,

U
> �X . 4=978

u
�X+433� �X,

U
=

Iru U @ 4333 hvwlpdwhg uhmhfwlrq udwhv lq wkh udqjhv :=<:� 45=3<> 6=75� 9=9<
dqg 3=46�5=46 duh ghhphg wr eh frqvlvwhqw zlwk wuxh qrplqdo vljql�fdqfh ohyhov
ehlqj zlwklq 	3=8( ri wkh qrplqdo 43(> 8( dqg 4( ohyhov/ uhvshfwlyho|/ dqg
wklv lv lqglfdwhg e| dq dvwhulvn +-, lq wkh wdeohv1

Wkh �uvw froxpq ri hdfk wdeoh ghdov zlwk wkh h{shulphqwv zkhq � @ 3 dqg �
ydulhv +vdpsoh vhohfwlrq rqo|,/ zkloh wkh vhfrqg froxpq ghdov zlwk wkh fdvh zkhq
� @ 4 dqg � ydulhv +khwhurjhqhlw| dqg vdpsoh vhohfwlrq,1 Wkh �uvw wzr xsshu
eorfnv ri Wdeoh D duh hvwlpdwhg uhmhfwlrq udwhv zkhq whvwlqj iru wkh lqfoxvlrq
ri wkh yduldeoh a�l4 dqg/ wkhq/ erwk a�l4 dqg a�l5> uhvshfwlyho|1 Wkh wklug eorfn
uhsruwv uhmhfwlrq udwhv zkhq whvwlqj iru wkh lqfoxvlrq ri a�l5> jlyhq wkh lqfoxvlrq
ri a�l4 dv d fruuhfwlrq iru wkh vdpsoh vhohfwlrq sureohp lq wkh wzr0vwhs hvwlpdwlrq
surfhgxuh1
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Wdeoh D

Uhmhfwlrq udwhv iru wkh Zdog whvwv lq wkh wzr0vwhs surfhgxuh

a�l4 rqo|
� 43( 8( 4(
3=3 43=;� 8=:� 4=8�

3=4 4:=5 43=4 6=;
3=5 59=3 4;=3 9=<
3=6 74=< 63=8 46=:
3=7 85=8 73=9 4<=:
3=8 9:=9 89=5 68=3
3=9 :<=5 :3=3 79=6
3=: ;8=< ::=3 89=;
3=; ;<=< ;6=7 98=8
3=< <5=: ;:=8 :3=3
4=3 <5=: ;:=< :7=7

a�l4 rqo|
� 43( 8( 4(
3=3 43=5� 8=4� 4=3�

3=4 44=5� 9=5� 4=;�

3=5 4<=3 44=9 7=6
3=6 64=5 53=: :=3
3=7 74=7 63=4 45=<
3=8 86=6 75=< 56=;
3=9 95=8 83=; 5;=;
3=: :6=: 95=5 6<=<
3=; ;6=< :6=: 83=5
3=< ;<=3 ;5=: 96=5
4=3 <5=: ;:=< :7=7

a�l4 dqg a�l5
� 43( 8( 4(
3=3 44=7� 9=5� 4=4�

3=4 47=: 43=8 6=<
3=5 57=: 4:=6 :=3
3=6 68=5 56=< 45=3
3=7 78=; 66=8 49=6
3=8 94=9 7<=8 5:=5
3=9 :8=< 96=9 73=4
3=: :<=< :4=3 7<=8
3=; ;:=5 ;3=5 95=4
3=< ;<=< ;6=9 99=;
4=3 <5=8 ;9=7 :4=9

a�l4 dqg a�l5
� 43( 8( 4(
3=3 45=6 9=4� 3=9�

3=4 46=8 :=8 4=;�

3=5 4<=3 43=; 6=8
3=6 59=9 4;=: 7=:
3=7 6:=5 59=9 43=;
3=8 7<=8 6;=3 53=6
3=9 8:=4 76=6 56=5
3=: 9<=4 8:=3 69=8
3=; ::=: 99=8 7:=9
3=< ;9=8 :<=7 94=8
4=3 <5=8 ;9=7 :4=9

a�l5> jlyhq a�l4
� 43( 8( 4(
3=3 44=8� 8=<� 4=3�

3=4 <=:� 8=7� 4=6�

3=5 46=5 9=; 4=<�

3=6 44=:� 8=4� 3=:�

3=7 44=<� 8=:� 4=7�

3=8 44=7� 9=; 4=4�

3=9 45=5 9=4� 4=8�

3=: 44=6� 8=<� 4=8�

3=; 46=7 :=5 4=9�

3=< 44=:� 9=6� 4=4�

4=3 47=5 :=; 5=7

a�l5> jlyhq a�l4
� 43( 8( 4(
3=3 45=5 9=; 4=4�

3=4 44=:� 8=;� 4=5�

3=5 43=:� 8=9� 4=6�

3=6 45=3� 8=<� 3=<�

3=7 44=<� 9=3� 4=8�

3=8 45=8 8=;� 4=3�

3=9 45=6 9=7� 4=6�

3=: 46=5 9=< 5=4�

3=; 43=<� 9=4� 4=:�

3=< 45=; :=7 4=:
4=3 47=5 :=; 5=7

Zkhq hlwkhu � @ 3 ru � @ 3> wkh uhvxowv lqglfdwh wkdw wkh xvxdo dv|ps0
wrwlf qxoo dssur{lpdwlrq wr �qlwh vdpsoh glvwulexwlrq ri wkh Zdog whvw vwdwlvwlf
lv dghtxdwh/ dw wkh 8( qrplqdo vljql�fdqfh ohyho/ zkhq hlwkhu rqh ru wzr fru0
uhfwlqj yduldeohv duh suhvhqw dqg/ lq sduwlfxodu/ wkdw wkh whvwv duh urexvw wr wkh
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suhvhqfh ri khwhurjhqhlw| +dv wkh| vkrxog eh dv|pswrwlfdoo|,1; Pruhryhu/ wkh
orzhu eorfn ri Wdeoh D uhyhdov uhodwlyh lqvhqvlwlylw| wr wkh lqfoxvlrq ri wkh h{wud
fruuhfwlqj yduldeoh/ lqglfdwlqj wkdw lqihuhqwldo surfhgxuhv pd| eh wdnhq wr eh
dssur{lpdwho| ydolg li edvhg rq wkh wzr0vwhs surfhgxuh hpsor|lqj mxvw wkh �uvw
fruuhfwlqj yduldeoh> l1h1/ wkh R +m�m, dssur{lpdwlrq dsshduv uhdvrqdeoh1 Wklv lv
frqvlvwhqw zlwk Iljxuhv 406 zkhuh wkhuh zdv olwwoh jdlq iurp lqfoxglqj wkh vhfrqg
fruuhfwlqj yduldeoh xqohvv lqihuhqfh frqfhuqlqj wkh lqwhufhsw frh!flhqw zdv ri
frqfhuq1 Lqghhg/ vlqfh lw zdv suhylrxvo| qrwhg lq Vhfwlrq 6 wkdw wkh vdqgzlfk
djuhhv zlwk wkh fruuhfwhg fryduldqfh pdwul{ hvwlpdwru/ wr R +m�m, > wkh idfw wkdw
wkh Zdog whvw lqglfdwhv wkdw wkh R +m�m, lv dghtxdwh surylghv vrph h{sodqdwlrq
ri wkh revhuyhg forvh djuhhphqw ehwzhhq wkhvh wzr fryduldqfh pdwul{ hvwlpdwruv
zkhq hpsor|lqj mxvw wkh �uvw fruuhfwlqj yduldeoh +vhh Iljxuhv 5 dqg 6,1

Wdeoh E

Uhmhfwlrq Udwhv xvlqj QOV ru QZOV hvwlpdwlrq1
Juhhqh*v QOV fruuhfwlrq
� 43( 8( 4(
3=3 44=;� 9=7� 5=4�

3=4 4:=7 43=: 6=;
3=5 58=; 49=9 :=6
3=6 6:=5 5:=8 45=<
3=7 7;=5 69=< 4<=8
3=8 94=5 7<=3 5:=6
3=9 9<=4 8:=5 68=;
3=: ::=7 9:=: 7:=8
3=; ;4=; :8=6 8:=3
3=< ;5=3 :8=8 89=6
4=3 ;7=7 :;=: 96=9

Juhhqh*v QOV fruuhfwlrq
� 43( 8( 4(
3=3 47=9 ;=< 6=9
3=4 48=8 <=: 6=3
3=5 54=; 46=; 8=8
3=6 5<=7 4;=; :=6
3=7 69=6 59=9 45=5
3=8 7:=6 6:=8 53=6
3=9 86=6 76=3 57=7
3=: 95=6 83=: 63=7
3=; 9<=7 93=; 75=7
3=< :<=4 :3=< 87=5
4=3 ;7=7 :;=: 96=9

Whu}d*v QZOV fruuhfwlrq1
� 43( 8( 4(
3=3 43=:� 9=7� 6=4
3=4 45=9 9=8 4=;
3=5 49=9 <=4 5=9
3=6 59=< 47=7 7=6
3=7 69=6 53=: 9=:
3=8 7;=: 5<=5 ;=8
3=9 87=5 67=< 46=5
3=: 97=: 79=4 4;=8
3=; 9;=5 83=3 54=8
3=< 99=: 79=6 53=9
4=3 96=3 79=: 55=3

Whu}d*v QZOV fruuhfwlrq1
� 43( 8( 4(
3=3 46=8 <=3 8=4
3=4 44=; ;=4 7=7
3=5 47=; ;=9 7=8
3=6 47=9 :=7 6=8
3=7 53=: 44=4 8=3
3=8 5:=9 48=: 9=5
3=9 65=9 4<=3 9=6
3=: 74=7 57=: 43=5
3=; 7:=: 64=; 46=9
3=< 8:=; 74=6 4:=5
4=3 96=3 79=: 55=3

Iru wkh Juhhqh QOV dqg Whu}d QZOV surfhgxuhv +Wdeoh E,/ wkh �qlwh vdpsoh

;Wkh �2 irupv ri wkh whvw kdyh ehhq xvhg khuh1 Wklv lv mxvw wkh hpslulfdo w0whvw vtxduhg

zkhq rqh yduldeoh lv whvwhg/ exw eB�T deBo3� �eB � zkhq wzr yduldeohv duh whvwhg wrjhwkhu1 T deBo
lv wkh vxe0eorfn ri wkh fruuhfwhg yduldqfh fryduldqfh pdwul{ dvvrfldwhg zlwk wkh hvwlpdwhg
frh!flhqwv/ eBc ri wkh fruuhfwlrq yduldeohv1
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ehkdylrxu ri wkh Zdog whvwv grhv qrw frpsduhv zhoo zlwk wzr0vwhs PO hvwlpdwru1
Wkhvh uhvxowv lqglfdwh wkdw wkh whvwv duh plogo| ryhu0vl}hg xqghu wkh qxoo +�@ 3>
� @ 4, dqg/ lq whupv ri ghwhfwlqj wkh vwdwlvwlfdo vljql�fdqfh ri wkh vdpsoh
vhohfwlrq fruuhfwlqj yduldeoh/ wkh srzhu ri wkhvh whvwv duh grplqdwhg e| wkh
Zdog whvwv edvhg rq wkh wzr0vwhs PO surfhgxuh +zkhq hlwkhu � A 3 ru � A 3,1
Dovr qrwh wkh gurs lq srzhu dvvrfldwhg zlwk Whu}d*v hvwlpdwru zklfk dsshduv
wr eh ehfdxvh/ zkhq wkhuh lv d vhulrxv vdpsoh vhohfwlrq sureohp/ wkh fruuhfwlrq
idfwru fdq ehfrph odujh zlwk d odujhu yduldqfh dqg vpdoohu whvw vwdwlvwlf ydoxh1<

8 Frqfoxvlrq

Wklv duwlfoh kdv suhvhqwhg dq h{whqvlrq wr/ dqg wkhruhwlfdo mxvwl�fdwlrq ri/ wkh
hpslulfdo sudfwlfh ri xvlqj Khfnpdq0w|sh wzr0vwhs hvwlpdwruv wr fruuhfw iru wkh
vdpsoh vhohfwlrq dqg uhodwhg sureohpv lq frxqw gdwd prghov1 Wkh shuirupdqfh
ri wkh h{whqghg phwkrg zdv lqyhvwljdwhg lq d vlpxodwlrq vwxg| dqg irxqg wr
shuirup yhu| zhoo lq fruuhfwlqj iru vdpsoh vhohfwlrq eldv lq d prgho*v frh!flhqw
hvwlpdwhv/ ehlqj pxfk suhihudeoh wr wzr qrq0olqhdu ohdvw vtxduhv hvwlpdwruv suh0
ylrxvo| vxjjhvwhg lq wkh olwhudwxuh +hvshfldoo| zkhq wkhuh lv h{wud qrq0vdpsoh
vhohfwlrq ryhuglvshuvlrq suhvhqw lq wkh gdwd,1

Rq wkh edvlv ri wkh hylghqfh vxjjhvwhg khuh/ wkh vxjjhvwhg hpslulfdo sudfwlfh
zrxog eh wr xvh wkh wzr fruuhfwlrq yduldeohv a�l4 dqg a�l5 wr frpshqvdwh iru wkh
suhvhqfh ri d vdpsoh vhohfwlrq sureohp/ dqg wr whvw iru lw xvlqj d urexvw Zdog
whvw1 Wkh whvw kdv lwv ehvw shuirupdqfh zkhq fdofxodwhg xvlqj wkh fruuhfwhg

fryduldqfh pdwul{ irup/ Yq
�
a�> a�

�
/ dowkrxjk lqihuhqfh derxw wkh yduldwhv ri lq0

whuhvw frxog eh dghtxdwho| wdnhq xvlqj wkh vdqgzlfk pdwul{1 Wkh wzr0vwhs PO
hvwlpdwru dqg dvvrfldwhg lqihuhqwldo surfhgxuhv dgyrfdwhg lq wklv sdshu fdq eh
lpsohphqwhg lq d ydulhw| ri gl�huhqw hfrqrphwulf surjudpv dqg dyrlg dq| frp0
sxwdwlrqdo gl!fxowlhv dvvrfldwhg zlwk rwkhu phwkrgv +ILPO ru QOV2QZOV,1
Pruhryhu/ Zdog surfhgxuhv wr dvvhvv wkh vljql�fdqfh ri a�l5 jlyhq a�l4> frxog dovr
surylgh ydoxdeoh lqirupdwlrq dv wr wkh dssursuldwhqhvv ri vlpso| hpsor|lqj wkh
�uvw fruuhfwlqj yduldeoh/ a�l4> dv ruljlqdoo| vxjjhvwhg e| Juhhqh +4<<7,1

Ixuwkhu uhvhdufk pljkw xvhixoo| h{dplqh zkhwkhu ru qrw wkh phwkrg lv dg0
htxdwh lq pruh frpsoh{ frxqw gdwd vlwxdwlrqv +h1j1 }hur0lq dwhg frxqw gdwd
prghov,1

<Whu}d hvwlpdwhv # lq x
�
5 �
�
� n #

�
*x

�
5�
�
�
�
� Zkhq # lv odujh zlwk uhvshfw wr 5 �

�
�c wkh fru0

uhfwlrq whqgv wr hlwkhu f ru �*x
�
5 ���

�
c dqg wkh ghulydwlyh ri wkh phdq ixqfwlrq zlwk uhvshfw

wr # ehfrphv forvh wr }hur1 Wklv fdq fdxvh sureohpv zlwk wkh fdofxodwlrq ri wkh fryduldqfh
pdwul{ xvhg e| Whu}d+4<<;,/ dqg zlwk hohphqwv ri wkh rswlplvdwlrq1
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Dsshqgl{ 4= Frqvlvwhqf| ri a�

Lq rughu wr lqyhvwljdwh wkh frqvlvwhqf| surshuwlhv ri wkh wzr0vwhs hvwlpdwru/

gh�qh wkh wuxh sdudphwhu ydoxh �
|3
3 @

�
�
|3
3 > �

3
3

�
> zkhuh �33 @

�
�3>

�5
3

5$
> ===>

�u
3

u$

�
>

dqg �3 @ �3�3= Ghdolqj vshfl�fdoo| zlwk wkh vdpsoh vhohfwlrq fdvh/ zh qrz vkrz

wkdw wkh wzr0vwhs hvwlpdwru/ a�> vdwlv�hv s olpa� @ �
|
3 . r+m�3mu,> zkhuh �3 lv wkh

wuxh ydoxh ri � +vlplodu dqdo|vlv zloo dsso| iru wkh gxpp| hqgrjhqrxv uhjuhvvru
fdvh,1

Xqghu idluo| jhqhudo frqglwlrqv/ vxfk dv +{l> }l, ehlqj llg> �� @ s olpa� zloo
eh wkh xqltxh vroxwlrq wr H ^k+��> �,` @ 3> revhuylqj wkdw s olpa� @ �> dqg
zkhuh h{shfwdwlrqv duh frqglwlrqdo rq v @ 4= Wkh vroxwlrq lv xqltxh/ vlqfh
CH ^k+�> �,`

C�3
@ �H ^h{s+z3�,zz3` lv qhjdwlyh gh�qlwh iru doo � dqg �> dvvxplqj

wkdw wkhuh duh qr olqhdu ghshqghqflhv dprqj wkh hohphqwv ri z3 @ +{3> �3,=
Ixuwkhupruh/ H ^�zz3` zloo eh srvlwlyh gh�qlwh iru dq| srvlwlyh udqgrp yduldeoh/

�= Wr surfhhg/ uh0sdudphwhulvh wkh sureohp iurp � wr # @ �� �
|
3 vr wkdw #

� @
s olp a# htxdov }hur l� �� @ �|3= Iurp +6,/ #� lv wkh xqltxh vroxwlrq wr

H
k
�|3 ih{s+n +�3,,� h{s+z3#�, h{s +�3�3,jz

l
@ 3> +<,

zkhuh �|3 @ h{s
�
{3�|3

�
A 3= Vlqfh qrq0}hur �3 +wkurxjk qrq0}hur �3, zloo lqwur0

gxfh lqfrqvlvwhqf| lq wkh sdudphwhu hvwlpdwru/ a�> zh uhjdug #� dv d ixqfwlrq ri
�3> l1h1/ #

� @ #� +�3, > vxfk wkdw #� +3, @ 3= Wkhq/ h{sdqglqj #� derxw �3 @ 3
zh pd| zulwh

#� +�3, @
u[

m@4

Cm#� +3,

C�
m
3

�3m .R
�
m�3mu.4

�
zkhuh �3m @ �

m
3@m$ = Wr rewdlq h{suhvvlrqv iru Cm#�+3,

C�
m

3

> uhshdwhgo| gl�huhqwldwh

+<, zlwk uhvshfw wr �3 dqg hydoxdwh wkh uhvxow dw �3 @ 3= Wklv |lhogv/

H

%
�
|
3

+
Cm h{s +n +�3,,

C�
m
3

� Cm h{s+�3�3,

C�
m
3

h{s +z3#�,� Cm h{s+z3#�,

C�
m
3

h{s+�3�3,

,
z

&
@ 3>

+43,

zkhuh wkh iroorzlqj uhfxuvlrq krogv

Cm h{s +z3#�,

C�
m
3

@

m�4[
p@3

�
m� 4

p

�
Cp h{s+z3#�,

C�p3

Cm�p +z3#�,

C�
m�p
3

= +44,

Dvvxplqj wkdw Cp#�+3,
C�p

3

@ 3 iru doo p @ 4> ===> m � 4> lpsolhv

Cm h{s+z3#�,

C�m3
m�3@3 @ z3 C
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Dsshqgl{ 5= Dv|pswrwlf Glvwulexwlrq ri a�

Lq wklv dsshqgl{ zh ghulyh wkh dv|pswrwlf glvwulexwlrq ri wkh jhqhudo wzr0
vwhs hvwlpdwru gh�qhg lq Vhfwlrq 6= Wkh dujxphqwv lqyroyhg iroorz Qhzh| dqg
PfIdgghq +4<<7,1 Dv lq wkh pdlq wh{w/ ohw �� ghqrwh s olpa�> lq zklfk a� lv wkh
wzr0vwhs hvwlpdwru gh�qhg dv wkh vroxwlrq wr +:, dqg ohw a� eh wkh surelw POH
iurp wkh vhohfwlrq htxdwlrq zklfk lv frqvlvwhqw iru �> vhh Vhfwlrq 6141
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Uhihuhqfhv

^4` Fdphurq/ F1 dqg Wulyhgl/ S1 +4<<:,1 Prghov iru Frxqw Gdwd1 R{irug Xql0
yhuvlw| Suhvv1

^5` Grruqln/ M1D1 +5334,1 R{= Dq Remhfw0Ruulhqwdwhg Pdwul{ Surjudpplqj
Odqjxdjh/ Orqgrq= Wlpehuodnh Frqvxowdqwv Suhvv1

^6` Jrxulhurx{/ F1/ Prqiruw/ D1 dqg Wurjqrq/ D1 +4<;7,1 Svhxgr0pd{lpxp
olnholkrrg phwkrgv= dssolfdwlrqv wr Srlvvrq prghov/ Hfrqrphwulfd/ 85/ :340
:531

^7` Juhhqh/ Z1K1 +4<<7,1 Dffrxqwlqj iru H{fhvv ]hurv dqg Vdpsoh Vhohfwlrq
lq Srlvvrq dqg Qhjdwlyh Elqrplod Uhjuhvvlrq Prghov1 Zrunlqj Sdshu Qr1
HF0<7043/ Ghsduwphqw ri Hfrqrplfv/ Vwhuq Vfkrro ri Exvlqhvv/ Qhz \run
Xqlyhuvlw|1

^8` Juhhqh/ Z1K1 +4<<8,1 Vdpsoh Vhohfwlrq lq wkh Srlvvrq Uhjuhvvlrq Prgho1
Zrunlqj Sdshu Qr1 HF0<809/ Ghsduwphqw ri Hfrqrplfv/ Vwhuq Vfkrro ri
Exvlqhvv/ Qhz \run Xqlyhuvlw|1

^9` Juhhqh/ Z1K1 +4<<:,1 ILPO Hvwlpdwlrq ri Vdpsoh Vhohfwlrq Prghov iru
Frxqw Gdwd1 Xqsxeolvkhg plphr1 Qhz \run Xqlyhuvlw|1

^:` Juhhqh/Z1K1 +4<<;,1 Vdpsoh Vhohfwlrq lq Fuhglw Vfrulqj Prghov/ Mdsdq dqg
wkh Zruog Hfrqrp|> 43/ 5<<06491

^;` Qhzh|/ Z1N1 dqg G1O1 PfIdgghq +4<<7,1 Odujh Vdpsoh hvwlpdwlrqv dqg
K|srwkhvlv Whvwlqj/ lq Kdqgerrn ri Hfrqrphwulfv/ Yroxph 7/ hglwhg e|
Hqjoh/ U1I1/ dqg G1O1 PfIdgghq1 Dpvwhuvgdp= Hovhylhu Vflhqfh E1Y1

^<` Ruph/ F1G1 dqg V1D1 Shwhuv +5333,1 Olqhdu Dssur{lpdwlrqv wr pd{l0
pxp Olnholkrrg Prghov zlwk Vhohfwlylw|1 Xqsxeolvkhg plphr1 Xqlyhuvlw|
ri Pdqfkhvwhu1

^43` Whu}d/ M1Y1 +4<<;,1 Hvwlpdwlqj frxqw Gdwd Prghov Zlwk Hqgrjhqrxv
Vzlwfklqj= Vdpsoh Vhohfwlrq dqg Hqgrjhqrxv Wuhdwphqw H�hfwv1 M1 Hfrqr0
phwulfv/ ;7/ 45<04871

^44` Zklwh/ K1 +4<;5,1 Pd{lpxp Olnholkrrg Hvwlpdwlrq ri Plvvshfl�hg Prghov1
Hfrqrphwulfd/ 83/ 40581

^45` Zlqnhopdq/ U1 +4<<:,1 Hfrqrphwulf Dqdo|vlv ri Frxqw Gdwd1 5qg Hg1 Khl0
ghoehuj/ Jhupdq|= Vsulqjhu0Yhuodj1

^46` Zlqnhopdq/ U1 +4<<;,1 Frxqw Gdwd Prghov Zlwk Vhohfwlylw|1 Hfrqrphwulf
Uhylhzv/ 4:/ 66<06931
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