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ABSTRACT

This paper makes two contributions in relation to the use of information criteria for inference
on structural breaks when the coefficients of a linear model with endogenous regressors may
experience multiple changes. Firstly, we show that suitably defined information criteria yield
consistent estimators of the number of breaks, when employed in the second stage of a two-stage
least squares (2SLS) procedure with breaks in the reduced form taken into account in the first
stage. Secondly, a Monte Carlo analysis investigates the finite sample performance of a range of
criteria based on BIC, HQIC and AIC for equations estimated by 2SLS. Versions of the consistent
criteria BIC and HQIC perform well overall when the penalty term weights estimation of each
break point more heavily than estimation of each coefficient, while AIC is inconsistent and badly

over-estimates the number of true breaks.
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1 Introduction

Information criteria are routinely used to select a specific model from a range of time-invariant
linear specifications. It is not surprising, therefore, that a number of authors extend the approach
by proposing versions of these criteria for the purpose of estimating the number of structural
breaks in linear models. For example, Yao (1988) considers a version of the criterion of Schwarz
(1978) [referred to as BIC] for this purpose while Ninomiya (2005) develops a version of the Akaike
(1973) criterion [AIC]E Yao (1988) establishes that his criterion is consistent for estimation of
the number of breaks in the mean of an 7.i.d. Gaussian process, while the arguments of Bai (2000)
indicate that a wider range of penalty functions - although not AIC - will similarly deliver a
consistent estimate of this key parameterﬂ

A further important difference between Yao’s (1988) and Ninomiya’s (2005) criterion is the
weight attached to the estimated break date in the penalty function: Yao (1988) effectively
counts each break date estimated as equivalent to a single coefficient while the analytical results
obtained by Ninomiya (2005) lead him to increase the weight on break date estimation to three
times that of a coefficient. While Ninomiya’s (2005) analysis applies only to a mean shift model,
Hall, Osborn, and Sakkas (2012) show that his arguments extend to a variety of regression
models estimated via least squares. Indeed, Hall, Osborn, and Sakkas (2013) provide a Monte
Carlo analysis of the finite sample performance of a range of consistent information criteria for
structural break inference in the linear OLS context, finding that a modified BIC-based penalty
function and a version of the criterion of Hannan and Quinn (1979) [HQIC] both perform well
when a relative weighting of three is applied for break date estimation. In particular, the use
of this relative weighting scheme in the penalty function substantially reduces the problem of
spurious break detection found in the study of Bai and Perron (2006) when using BIC.

However, economic models often include endogenous regressors, rendering OLS-based tech-
niques inappropriate. Very recently, Hall, Han, and Boldea (2012) and Boldea, Hall, and Han
(2012) have extended the OLS approach of Bai and Perron (1998) to develop a hypothesis test-
ing methodology for structural break inference in the two stage least squares [2SLS] context.
Although this methodology provides researchers with techniques that are (asymptotically) valid

for 2SLS, nevertheless it has the practical disadvantage that the method involves dividing the

L Also see Liu, Wu, and Zidek (1997) and Zhang and Siegmund (2007).

2Bai’s (2000) analysis is in the context of vector autoregressions.



sample into sub-samples over which the reduced form is judged stable. With the moderate sam-
ple sizes often available to practitioners, this sample splitting can lead to the partitions having
relatively few observations over which testing can be conducted for the structural form equation.

Motivated by these considerations, the present paper extends the information criteria ap-
proach to structural break estimation in linear models with endogenous regressors estimated by
2SLS. More explicitly, we establish generic conditions under which information criteria methods
yield consistent estimation of the number of breaks in the structural equation. These condi-
tions cover penalty functions that both behave as a function of the sample size like either BIC
or HQIC and also attach to each estimated break either the same or three times the weight
as an estimated coefficient. However, in line with other results relating to model specification,
including Shibata (1976), methods based on AIC are not consistent and may asymptotically
over-estimate the number of true breaks. Although our approach requires breaks in the reduced
form equation(s) to be appropriately taken into account, implementation does not require the
sample used for break inference in the structural form to be split based on the reduced form
partitions.

The paper also undertakes an extensive Monte Carlo analysis of the performance of infor-
mation criteria for the estimation of the number of breaks in a structural equation estimated by
2SLS, examining versions of BIC, HQIC and AIC that count an estimated break as effectively
equivalent to one and three individual coefficients, respectively. In line with our OLS analysis
in Hall, Osborn, and Sakkas (2013), we find that BIC and HQIC perform well when combined
with the higher relative weight of three for break estimation and this applies in cases with both
i.i.d. and positively autocorrelated disturbances.

The outline of the paper is as follows. Section 2 discusses the assumptions made on the
structural equation of interest to the researcher, with the consistency of the information criteria
approach in the 2SLS context established in Section 3. The results of our Monte Carlo study

are detailed in Section 4, with conclusions drawn in Section 5.



2 The Structural Equation

Consider the case in which the equation of interest is a structural relationship from a simultaneous

system, with this equation exhibiting m breaks, such that
_ 130 I A0 C_ _ 70 0
Y = By, + 214850 T U i=1,....,m+1, t=T1,,+1,...,T; (1)

where 7§ = 0 and T, = T, where T is the total sample size. Thus, y; is the dependent
variable, while x; is a p; X 1 vector of endogenous explanatory variables, z; ¢+ is a pa X 1 vector of
exogenous variables including the intercept, and u; is a mean zero error. We define p = p1 + ps.

As usual in the literature, we require the break points to be asymptotically distinct.
Assumption 1 T = [TA)], where 0 < Ay < ... < A9, < 1[]

As a structural equation, we allow the explanatory variables, x;, to be correlated with the
errors, u; and x; requires a reduced form representation to be estimated using appropriate
instruments. This estimation is done a priori in the first stage of a Two Stage Least Squares
(2SLS) procedure. Furthermore, we allow for this reduced form to be subject to discrete shifts

in the sample period,

/

x, = AV 4, i=1,2.. h+1, t=TF,+1,...TF (2)
where Ty = 0 and T, | =T The vector z; = (27 4, 25,)" is ¢ x 1 and contains variables that are
uncorrelated with both u; and v; and are appropriate instruments for x; in the first stage of the

) _ (50 50

2S5LS estimation. The parameter matrices are A(()) = (6170, 2.00 ...,6(i)

p1.0), €ach with dimension

q X p1, and each 63(% is dimension ¢ x 1, for j = 1,...,p1. The points {T;'} are assumed to be

generated as follows.

Assumption 2 T} = [T7?], where 0 < 7 < ... <79 < 1.

0 /

Note that the break fractions in the reduced form, 7% = [#9,79,... 7], may or may not
coincide with the breaks in the structural equation, A’ = [A,;\9,..., A% )", Also note that

can be re-written as follows

zi(m°) = (%) O + vy, t=12..7T (3)

3[-] denotes the integer part of the quantity in the brackets.



where O = [Agl)/,A(()Q)l, . Aéhﬂ)/]/. Z(m%) = o(t,T) ® 2z, 1(t,T) is a (h + 1) x 1 vector with
first element Z{t/T € (0,79}, h+1t" element Z{t/T € (7}, 1]}, k' element Z{t/T € (x%_,, 7]}
for k =1,2,...,h and Z{-} is an indicator variable that takes the value one if the event in the
curly brackets occurs.

Let # = [f1, 72, ..., 7" denote estimators of 7¥. It is assumed these estimators satisfy the

following condition.
Assumption 3 # = 7° + O,(T™1)

This condition would be satisfied if, for example, the break dates in the reduced form are
estimated by applying Bai and Perron’s (1998) methodology or consistent information criteria
equation by equation and then pooling the estimates of the break fractions. Let #;(#) denote
the resulting fitted values that is,

T -1
#(7) = 2(#)Or(x) = 27 <Z zt(fr)zt@%)’) > a(®) (4)
t=1 t=1
where Z;(#) is defined analogously to Z;(7°) based on the estimator of the true break points in

the reduced form.

To facilitate our analysis we impose the following assumptions:

Assumption 4 (i) hy = (ut,v;) @z is an array of real valued (p+1)gx1 random vectors defined

on the probability space (0, F,P), Vp = VaT[ZtT:l h¢] is such that diag[fill, e ,5;1(p+1)q] =

5 is O(TY) where Zr is the (p + 1)g x (p + 1)g diagonal matriz with the eigenvalues
(115 &1, (p41)q) of Vr along the diagonal; (i) Elh: ;] = 0 and, for some d > 2, [|hylla <T <
oo fort=1,2,... and i =1,2,...n where hy; is the i" element of hy; (iii) {hs;} is near epoch
dependent with respect to {g¢} such that ||hy — E[hﬂgffé]”z < ve with ve = O(C™Y/2) where gffé
is a sigma- algebra based on (gi—c, ..., girc); (iii) {gi} is either ¢-mizing of size ¢~/ (2(d=1)) op
a-mizing of size (== (iv) Vo (r) = Var[T=/? Zl[iq] ht] satisfies Vp(r)—rV uniformly in

r € [0,1] where V is a pd matriz.
Assumption 5 Var|u,] = 02, Cov[ug, vi] = Lo, and Var[v)] = %, for all t.

Assumption 6 rank{ YV} = p where Y9 = [Aéi), H}, fori = 1,2,--- 'h + 1 where II' =

p,s 0p2><(q—p2)]) 1, denotes the a X a identity matrix and Oquxp s the a X b null matriz.



Assumption 7 For § = 0,x, there exists an ly > 0 such that for all I > ly, the minimum
T 41

eigenvalues of Ay = (1/1) Zt:Ter

_ ]
@7 and of Ay = (1/1) ZtT;TLl ztz, are bounded away from

0

zero for alli=1,...,v% + 1 where v° = m and v* = h.

Assumption 8 7! ZETE z2) 2 Quz(r) uniformly in r € [0,1] where Qzz(r) is positive
definite for any r > 0 and strictly increasing in r. Qzz(r) — Qzz(s) is positive definite for any

r>S.

Assumption [ allows substantial dependence and heterogeneity in (us,v;) ® z; but at the
same time imposes sufficient restrictions to deduce a Functional Central Limit Theorem for
T-1/2 qu] hy; see Wooldridge and White (1988). This assumption also contains the restrictions
that the implicit population moment condition in 2SLS is valid - that is E[z;u;] = 0 - and
the conditional mean of the reduced form is correctly specified. Assumption [5| restricts the
unconditional variance and covariances of the structural equation and reduced form errors to be
constant over time. Assumption [f] implies the standard rank condition for identification in IV

estimation in the linear regression modeﬂ because Assumptions (ii), |§| and [8| together imply

that
[T7]
T Z zlzy, 2, B [Qzz(r)—Qzz(s)|To = Qz,(x,z,(r,s) uniformly in 7 > s+e, 7, s € [0, 1]
t=[sT]+1

(5)
where Q7 [x,z,](r, s) has rank equal to p for any 7, s (satisfying the above conditions). Note this
assumption implies ¢ > p. Assumption [7] requires that there be enough observations near the
true break points in either the structural equation or reduced form so that they can be identified

and is analogous to the extension proposed in Bai and Perron (1998) to their Assumption A2.

3 Consistency of an Information Criterion

Suppose now that a researcher knows neither the number nor the location of the breaks in the
structural equation. Consider the case where an arbitrary number n breaks are estimated at
7(n) = [, 7oy, 7] With0 < 74 < 7 < ...< 7, < 1,79 =0, and 7,41 = 1. Then, the

second stage of 2SLS can begin with the estimation of via OLS for each possible n-partition

4See e.g. Hall (2005)[p.35].



of the sample that is,
Y = ‘%t(ﬁ) ;,i + Zi,t@):m + ﬂt(ﬁ)7 i= ]-7 w1 + ]-; t= :Zjifl + ]-7 "'7Ti; (6)

where T; = [;T], and the regressors x; are estimated using the fitted values of the first stage of

2SLS, Z4(7). We further assume that

Assumption 9 FEquation (@ is estimated over all partitions (T4, ...,T,,) such that T; — T;—1 >

maz{q —1,€T} for some € >0 and e < inf;(A\),, — A?) and e <inf;(n),, — 7).

Assumption [J] requires that each segment considered in the estimation contains a positive

fraction of the sample asymptotically; in practice € is chosen to be small in the hope that the

last part of the assumption is valid. Letting 87" = (85, 8%, ;') for a given n-partition, the
estimates of 8* = (8}, 83, ..., B +1/)/ are obtained by minimizing the sum of squared residuals

Sr(Th, Ty B) =Y Y Ay = @0(7) Boi — 2148}

i=1t=T;_1+1

with respect to 8 = (81, B2, ..., Bus1’) . We denote these estimators by 3(7(n)). The estimators

of the break points, (Tl, ey Tn), are then defined as

#n) = (T1,..,T,) = arg_min Sr (Tl,...,Tn; B(T(n))) (7)

155 dmn

where the minimization is taken over all possible partitions, (71, ..., Ty, ). The 2SLS estimates of
the regression parameters, B(%(n)) = (Bi, Bé, ey B;H_l)’, are the regression parameter estimates
associated with each of the estimated partitions.

The estimators 7(n) and 3(7(n)) are calculated conditional on n. While the above considers
arbitrary n, we seek an estimator for the true number of structural breaks m, which is typically
unknown a priori. Hall, Han, and Boldea (2012) - HHB hereafter - propose a method for
estimation of m based on the sequential application of certain test statistics for parameter
variation. Here we consider an alternative approach based on minimization of the following

information criterion (IC),

IC (r(n);n,#) = In[6%(r(n);n, 7)] + K(n,T), (8)



where

5°(r(n);n,#) = (T —p) 'RSS(r(n);n, ), (9)
RSS(r(n);n,#) = ZRSSj(T(n);n,fr), (10)
[75T] . R 9
RSS(r(nyin®) = > {u— @@ Bui — HuBeri} (11)
t=[r;1T]+1

and K(n,T) is a deterministic penalty term governed by the following Assumption,

Assumption 10 K(n,T) = o(l) as T — oo, it is a strictly increasing function of n, and

TK(n,T) = o0 as T — ©.

Then, the estimated number of breaks, denoted 7, is the value that minimizes the IC, that
is
= argminpen IC (T(n);n, 7). (12)
where N' = {0,1,..., N}. The associated estimators of the break locations are 7(i). N is the
maximum number of breaks considered and we assume this is large enough to ensure m € N:

Assumption 11 N > m.

The proof of consistency of our method rests on the limiting properties of RSS(7(n);n, #).

The following lemma presents the limiting behaviour of RSS;(7(n);n, 7).

Lemma 1 Let y; be generated by , x; be generated by (@, Z4(7) be generated by and

Assumptions hold. Then, for segment j of the data, t = [1;_1T)+1,...,[r;T],
(i) If X)_y <7j_1,75 < X} then

T YRSS;(r(n);n,7) 2% (r; — 75_1)T.

(ii) If there exists i and k> 0 such that A0, A0, 1, ..., AY,,. € [rj_1,7;] then

T RSS;(t(n)in,7) =5 (A — 70T + Wy = A)Tiq +...

+ ()\?Jrk - )‘?+/$71)F’i+fi + (Tj - >‘?+H)Fi+n+l + F



where Ty = 07, + 284,00 ; + BY 5082 ;. PY denotes limit in probability, that exists uniformly in
a segment defined by T;_1 + € <1, for € >0 and 7j_1,7; € [0,1]. F is a positive constant (that
is defined in the proof) which depends on Tj_1, T;, certain limit matrices and the parameters of

the model.

Lemma [I] demonstrates the impact of neglected breaks on the residual sum of squares in seg-
ment j. Part (i) states that if there are no neglected breaks then T='RSS;(7(n); n, %) converges
to the (scaled) variance (7; — 7;_1)T';; part (ii) shows that if there are neglected breaks then
T='RSS;j(7(n);n,#) converges to its scaled variance plus a positive constant. Notice that the
scaled variance in question is that of u; + Bgf ;Ut, and this reflects both the error u; and the
measurement error inherent in the substitution of Z;(7) for z;.

Given the additivity of RSS(-) in RSS;(-), the results in Lemma 1 can be used to deduce
the limiting behaviour of T-!RSS(:) for any partition. For any partition with no neglected
breaks, T~ RSS(-) converges to ' = >°"" | I'; and for any partition with at least one neglected
break T-1RSS(-) converges to I' + &, ¢€ > 0. This behaviour, combined with Assumptions
and [11] implies the consistency of 7 for m, and this combined with HHB[Theorem 1] implies the

consistency of 7(n)]. This is stated formally in the following theorem.
Theorem 1 Under Assumptions

[, 7(2)] = [m, X°]
where A = [\, ... \0] is the collection of the true break fractions in .

Remark 1: To implement the estimation procedure, it is necessary to pick a penalty term that

satisfies Assumption A natural choice that leads to a consistent IC is
K(n,T)=[(n+1)p+ kn]in(T)/T, (13)

which is associated with BIC, because this choice has been found to work well in other settings.
Applied in this 2SLS context, the proposal of Yao (1988) sets k = 1, and this penalty gives
the criterion that we refer to simply as BIC. However, the analysis of Hall, Osborn, and Sakkas
(2012) suggests that k = 3 may be appropriate, and we refer to the resulting criterion as SBBIC,

indicating structural break SIC, since this treats the estimation of break dates as having a distinct



weight from that of the individual coefficients of (6]). Following Hall, Osborn, and Sakkas (2013)

who consider the OLS case, we also employ two versions of HQIC, with
K(n,T) = 2[(n+ )p-+ kn) tnin(T)]/T (14)

for k =1 (referred to as HQIC) and k = 3 (SBHQIC). These criteria using the penalty also

satisfy Assumption However, the choice associated with AIC (Akaike (1974)), where
K(n,T)=2[(n+1)p+kn]/T (15)

does not satisfy Assumption [L0jand its yields an estimator that has a zero probability of choosing
too few breaks but a non-zero probability of choosing too many breaks in the limit. Once again,

we use k =1 (labelled as AIC in the results) and k = 3 (SBAIC).

Remark 2: HHB propose a methodology for estimation of m based on the sequential applica-
tion of tests for various forms of parameter variation. If these tests are performed with a fixed
significance level then the resulting estimator of m has a zero probability of underfitting but a
non-zero probability of overfitting in the limit due to the non-zero probability of type one errors
inherent in the decision rules for the tests. Simulation results in HHB suggest that the tendency
to overfit can be substantially reduced by using 1% significance levels; nevertheless, the resulting
estimator of the number of breaks is not consistent. This may be seen as an advantage of the

IC approach.

Remark 3: A further difference between HHB’s approach and the IC approach is in terms of the
assumptions about the limiting behaviour of the instrument cross-product matrix. The theory
underlying certain tests employed in HHB’s methodology requires the standardized partial sum

instrument cross-product matrix to be linear in the sampling fraction within the assumed regimes

TiC)—lJ'_[TT]

P : : 0 0
70 1 ztz; = rQ;, uniformly in r € (0, A — AV ],

under the appropriate null that is, 7-1"
where ; is a pd matrix of constants. This rules out changes in the mean and variance of the
instruments at different times from the changes in the structural parameters. This assumption

is more restrictive than Assumption |8} Thus the IC approach is potentially more robust to such

changes in the behaviour of z; (in the limit).

10



4 Simulation Evidence

The first subsection outlines the set-up employed for our Monte Carlo analysis, with results

discussed in the second subsection.

4.1 Methodology

We assess the performance of the aforementioned information criteria in a variety of cases with
different numbers and locations of breaks in both the reduced form (RF) and structural form
(SF) equations of (1)) and . These nine cases are given in Table 1 and include models with no
RF breaks and zero to two SF breaks; one RF break and zero to two SF breaks, including the
case where one break is coincidental in both equations (Case 5) and non-coincidental (Case 7);
two RF breaks and one or two SF breaks. For each case we investigate the effect of sample size
(T = 120 and 240), break magnitude, autocorrelation, and the effect of explanatory power in
first stage (RF) breaks estimation on the second stage (SF) breaks estimation. The focus is on
the scenario most relevant in practice, where the number and locations of breaks are unknown in
both equations and the same IC is applied for structural break inference in each of these. Tables
2 to 9 present the empirical probability of each IC to pick 0, 1, 2, or > 3 breaks in the RF and
SF for each case, based on a sample of 2000 replications of the data generating processes (DGPs)
discussed below. The results shown present RF results once for all cases with the same RF since
by keeping the seed of the pseudo-random number generator the same these estimations give
identical results. The cases with the same RF are separated in the tables with horizontal lines.

We consider DGPs for which the SF equation includes a constant and one endogenous vari-

able, so in our experiments becomes
ye =01+ Bz +u i=1,...,m+1.

All cases of no breaks use 51 = 0.5, with S = 0.1 in Tables 2 to 5 and B3 = 1 in Tables 6 to
9. When breaks exist in the SF, we use the same coefficient values as in the no breaks case, but
alternate the coefficients’ sign between segments. These choices of coefficient values were made

in order to present meaningful and comparable results, where ICs do not pick the true number

11



of breaks 100% of the time, or have effectively no power. In the cases of one break this becomes

Bi + Boxy +up if t < [MT)

e =01 — Boxy +uy if t > [MT)
while for two breaks we set
Bi + Baxy +uy if t < (AT
Ye =9 —f1 — PBoxy +ug if [MT] <t < [AT)

Bl + 525Et =+ U ift > [)\QT]

The simulated RF equations based on are
T =20 +v j=1,.,h+1,

where z; contains ¢ = 4 instruments and an intercept. The coefficient values for the intercept are
the same as in the SF but the regressor coefficients, common across regressors, are determined so
that they yield R? = 0.3 or R? = 0.5 that is ensured by using § = \/R2/(q — ¢ x R?) (see Hahn
and Inoue (2002)). Performance of the IC under these different cases of explanatory power are
presented as different rows of results. Across segments, the signs of the RF coefficients alternate
as in the SF equations.

We use two different dynamic structures, each presented in different tables, to generate the
ug, vy as well as the instruments z;. In the case of i.i.d errors we draw from a multivariate
(six-dimensional) standard normal distribution, where the errors have Cov|u,v:] = 0.5 and
are uncorrelated with the instruments while the instruments have Cov|z;, zjt] =0 Vi=#j. To
explore the effect of autocorrelation in the behaviour of the IC we simulate each case with AR(1)
processes for both the SF errors uy = ¢, us—1 + €¢, and the instruments z; ; = ¢, 2; 41 +€52. We
set the autoregressive parameter to 0.5 for both, and to ensure that Var{u;] = 1 we set Var[e,] =
(1—¢2)Var[u], while to retain Covluy, v] = Cov[(1—¢, L)~ es, v] = 0.5 we set Covles, vy] = 0.5.
Similar considerations for the AR(1) in the instruments means setting Var[ey] = (1—¢?)Var|zy].
Finally, when searching for the break locations we allow for a maximum of five breaks, set a
trimming parameter (e in Assumption E[) of 0.10, that is, the minimum length of a segment can
be 10% of the sample size) and use the efficient search algorithm developed in Bai and Perron
(2003).

The presentation of the results is as follows. Tables 2 and 3 give the results for the small

sample size (T" = 120) and the “small” breaks (82 = 0.1) for the two different dynamic structures,

12



i.i.d and AR(1) respectively. Tables 4 and 5 change to the larger sample size (T = 240) and the
next four tables (6 to 9) repeat the models of tables 2 to 5 but for the larger magnitude of breaks
given by B2 = 1. To aid interpretation within these tables, the highest empirical probability of

detecting the true number of breaks is shown in bold for each case considered.

4.2 Results

When no breaks occur in the DGP for either the SF or the RF equations (h = 0, m = 0), Case
1 of Tables 2, 4, 6 and 8 show a good performance of BIC when the disturbances are i.i.d..
More explicitly, the BIC criterion, employing £ = 1 in , performs very well in not detecting
spurious breaks in the RF, with good results consequently also seen in the SF when there is no
autocorrelation. Even with the smaller sample size of T' = 120, spurious breaks are infrequently
detected by BIC (Tables 2 and 6). However, any such spurious breaks are removed by the use
of the criterion SBBIC, which applies a higher weight of kK = 3 to break date estimation. As
may be anticipated, the use of HQIC leads to the estimation of some spurious breaks in both
the reduced and structural form equations, with this feature being more marked for the SF. An
increase in the sample size from T = 120 to T = 240 reduces spurious break detection in the
SF from around 13%-15% to about 10%-11% (compare Table 2 with Table 4, and Table 6 with
Table 8). Use of the modified criterion SBHQIC, however, eliminates the vast majority of these,
resulting in less than 1% spurious SF breaks for Case 1 across Tables 2, 4, 6 and 8.

Compared to the performances of these criteria, the use of the inconsistent AIC yields poor
inference on the number of breaks when none apply in the DGP. This is particularly marked
when the penalty term employs k = 1, which effectively counts each break date estimated
as equivalent to a single coefficient, and leads to three or more spurious breaks being detected in
the clear majority of replications with 7.i.d. disturbances. While the number of spurious breaks is
reduced by the use of SBAIC, these nevertheless occur in a substantial percentage of replications,
standing at around 18% in the most favourable scenario of Table 8.

Turning to the DGPs with autocorrelation, notice firstly that autocorrelation in the RF
regressors with h = 0 in Tables 3, 5, 7 and 9 leads to very similar break detection results for the
RF compared to when the regressors are i.i.d. However, when breaks occur (h =1 or 2) and the

sample size is relatively small, autocorrelation reduces the accuracy of RF break detection by

13



the BIC-based and HQIC-based methods in Tables 3 and 7 compared with Tables 2 and 6. The
AIC-based methods are always poor and autocorrelated regressors have little effect on their RF
performance.

Although the BIC-based and HQIC-based criteria remain consistent in the presence of sta-
tionary autocorrelation, it is clear that the positively autocorrelated AR(1) disturbances lead to
a deterioration of performance for all criteria applied to the SF when this experiences no breaks
ﬂ However, allocating the heavier weight to break date estimation in SBBIC and SBHQIC alle-
viates this feature. For example, for Case 1 in Table 3, BIC yields spurious breaks in more than
40% of the replications, which is reduced to less than 7% by SBBIC, with the corresponding
percentages for HQIC and SBHQIC being 83% and 32%, respectively, with these performances
improving marginally with 7" = 240 in Table 5. Not surprisingly, a stronger role for the SF
regressors (B2 = 1) also leads to improved performances for these consistent criteria in Tables
7 and 9, with the marked improvement shown by BIC, HQIC and SBHQIC particularly note-
worthy. AIC and SBAIC also show an increased tendency to detect spurious breaks with AR(1)
rather than i.i.d. disturbances, but they remain poor in comparison to the consistent criteria.
Indeed, this is always the case irrespective of the number of true breaks, and hence we do not
explicitly discuss these criteria further.

In Case 2, where a single break applies in the SF but the RF is stable (h = 0, m = 1),
SBBIC is the most accurate method in terms of the correct detection of the SF break with
1.i.d. disturbances in Tables 2, 4, 6 and 8. This is followed in accuracy by SBHQIC, with these
results corresponding with this corresponding to their good performances in our OLS study, in
Hall, Osborn, and Sakkas (2013). While BIC does well in Table 2, when the magnitudes of
the SF coefficients and the magnitudes of the changes are relatively small, it has a tendency
to over-estimate the number of breaks for the larger magnitudes in Table 6. However, and not
surprisingly, HQIC has a greater tendency than BIC to over-estimate the number of breaks.

The presence of any break is more difficult to detect when two reverting breaks apply with
a stable RF (Case 3, with h = 0, m = 2) in these tables, so that BIC, SBBIC and SBHQIC

often erroneously imply no breaks are present, with this being particularly a feature of Table 2.

5Since there is generally only modest deterioration in the detection of RF breaks with autocorrelated regressors,
the deterioration in performance in the SF can be attributed primarily to autocorrelation in the second stage

model itself.
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However, this is largely eliminated for the larger sample size and/or larger coefficient magnitudes
(Tables 4, 6 and 8), except sometimes for SBBIC. Note in Table 6 that the RF R? plays an
important role for the performance of SBBIC, with the poor fitted values resulting from the
DGP with relatively low explanatory power causing this criterion to often detect no breaks in
the SF, whereas the higher R? value leads to much improved detection of the two breaks.

As in Case 1 where no breaks occur, the presence of unmodelled AR(1) disturbances leads to
an increased tendency for all criteria to detect spurious breaks in the SF (compare Cases 2 and 3
for Table 2 with Table 3, and similarly Tables 4 and 5, 6 and 7, 8 and 9). Although with T' = 240
and B = 1 in Table 9, SBBIC has very good accuracy for detection of the true number of breaks
in the SF with positively autocorrelated errors, its performance is less impressive at the other
extreme of T' = 120 and 2 = 0.1 in Table 3 where it often under-specifies the numbers of true
breaks, especially in Case 3 when m = 2. On the other hand, BIC, SBHQIC and (especially)
HQIC often over-estimate the number of breaks for Cases 2 and 3 in this latter table.

Since the consistent criteria BIC, SBBIC, HQIC and SBHQIC correctly detect the presence
of a single RF break in the vast majority of replications across Cases 4 to 7, the characteristics
just discussed largely continue to apply when h = 1. This is can be seen particularly in Tables
8 and 9, where T' = 240 and [ = +1, and the results for Cases 4 to 7 match the corresponding
Cases 1 to 3 where h = 0. Other settings, however, show a greater influence from estimation of
RF breaks.

For the same SF coefficients as in Tables 8 and 9, but with the smaller sample size of T = 120,
Tables 6 and 7 illustrate the additional difficulties that apply when the DGP exhibits RF breaks.
Compared with results for h = 0, SBBIC more often under-estimates the number of SF breaks
for Cases 4 to 7 when the RF R? is low at 0.3, but the performance largely matches that with
h = 0 when R? is 0.5. Further, the relative timing of breaks in the reduced and structural forms
plays a role with this criterion. In Tables 6 and 7, for example, m = 1 is more often correctly
specified using SBBIC for Case 5 (when w1 = Ay = 0.5) than for Case 7 (where m = 0.3,
A1 = 0.6). On the other hand, for the smaller breaks in Tables 2 and 3, where 2 = 0.1 , SBBIC
(and in general BIC) has better performance for Case 7 than Case 5. Overall, the performance
of SBHQIC is more robust to the timing of these breaks.

When h = 2 in Cases 8 and 9 with 7' = 120, BIC and (to a greater extent) SBBIC often miss

the presence of any RF break, particularly when the coefficients are of smaller magnitude and
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R? = 0.3. Table 6, for example, shows how this leads to a deterioration of the performance of
these criteria for the detection of SF breaks compared with the situation when R? = 0.5, with
this being particularly clear for Case 9 with two SF breaks. This feature is also seen, but to a
lesser extent, in the number of SF breaks detected by SBHQIC. The different performances of
SBBIC for the two RF scenarios in Case 9 extends also to T" = 240 in Tables 8 and 9. This applies
despite the criterion correctly detecting two RF breaks in 91-95% of replications, suggesting a
role for the estimation of the RF break dates themselves, and not simply the number of these.
Overall, these simulation results indicates that best performing criteria are SBBIC and SB-
HQIC. The former works well for the detection of breaks in both the reduced and structural
form equations across many of the cases considered, but can fail to detect any breaks when two
breaks of the reverting form are present in the SF. With breaks of such reverting form, the use
of SBHQIC more satisfactorily detects the presence of breaks, but at the cost of over-specifying
the number of breaks in other cases. The heavier weighting of break date estimation implied
by the use of £k = 3 in and generally works better than k& = 1, while the inconsistent
AIC-based criteria do not appear to be useful if the correct detection of the number of breaks is

an important consideration.

5 Conclusions

This paper makes two contributions in relation to the use of information criteria for inference
on structural breaks when the coefficients of a linear model with endogenous regressors may
experience multiple changes. Firstly, we show that suitably defined information criteria yield
consistent estimators of the number of breaks, when employed in the second stage of a two-stage
least squares (2SLS) procedure with breaks in the reduced form taken into account in the first
stage. Secondly, a Monte Carlo analysis investigates the finite sample performance of a range of
criteria based on BIC, HQIC and AIC for equations estimated by 2SLS. Versions of the consistent
criteria BIC and HQIC perform well overall when the penalty term weights estimation of each
break point more heavily than estimation of each coefficient, while AIC is inconsistent and badly

over-estimates the number of true breaks.
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Appendix

Mathematical Appendix
Proof of Lemma 1

Case(i) Assume that is stable for t = [1,_1T] + 1, ..., [r;T], where 7; denotes the estimated

break fraction, so that for some 1,
Y = zgﬂgﬂ + Z/Ltﬁghi +uy t=[r1T]+1,...,[;T). (16)

Let f3; be the 2SLS estimator of 8 = [3Y;, Y ,]’ based on using 4¢(#) defined in , and

x50 Mz,

!

define wy(m) = [&¢(7)’, 21 4]’. Then, we have

-1 —

By = Zwt(ﬁ)wt(ﬁ)/ dwi®y = B+ Zwt(ﬁ)wt(ﬁ)/ Zwt(ﬁ)ﬁt(ﬁ),

J

where 37 denotes Z{ZTT] 41 and

(%) = yo — wi(#) BY. (17)

;A

To facilitate the analysis of RSS;(7(n);n,#) (henceforth RSS;), we consider y; — w(7) f;.

Defining i (7°) and 4 (7°) analogously to @;(#) and #(#), it can shown that implies

-1

&

\
g
>
S

I
Sz
N
<
+
&
N
=

\
l_E:b

()] B89 = wal®) | D wel@yw(7Y
J
XY wy(F)ig (7). (18)
J
From (18), it follows that
TT'RSS; = T7'Y (A + By — Cv)?, (19)
J
where A; = i;(7°), By = {f]t(ﬂ()) —it(ﬁ)/} 0 > and
/ (]
Co = wi(7) | Y wi(f)w(7) > wy(#)i (7).
7 t=[Ts]+1

We now consider in turn the terms obtained by multiplying out the quadratic in .
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First for A?: using and substituting for #;(7") from , we have
Tt Zﬁt(ﬂ'o)Z = 77! Z {y: — wt(ﬂo)/ﬁ?}2
J J
TN {ue + [ — &:(a%))82,}°
J

= Ty {Ut +u,82,; — Z(r°) [éT(Wo) - @o} Bg,i}Q : (20)
j

(:)T(WO) is the (infeasible) OLS estimator constructed using the true reduced form break fractions
{n%} as the break dates, and as such, may be decomposed as
T

Z

. “1
Or(m) = Oy + (Z 5t(7T0)5t(7T0)/> Z

t=1 t=1

’
t(ﬂ'o)vt-

Substituting this formula into we obtain
T_lef = T_lz{at—i—bt —Ct}2, (21)
J J

’ - ’ - - ’ -1 - ’
where a; = ug, by = v,00 ;, and ¢; = Z(n°) (Z;‘le Ze(79) 2 (70) ) 23:1 Z () v, B .
By Assumptions [4] and [5] it follows that for the terms a?, b7, and 2a;b; in (21, respectively

we have,

X

(1) —7j-1)0m,

T_lzuf
J

-1 0’ " 20
T Zﬁx7ivtvtﬂw,i

S
g

(15 — Tj—l)ﬁ&ﬁﬁ&m

J
T_IQZUtUtﬁg)i Z:)L (Tj — Tj—l)QEu'uBg;r
J

For the remaining terms in 7 using Assumptions [2 and |§| we have T—1 Egﬂrs] 41 LA 2y
Qzz(r) — Qzz(s) = Mzz(s,r) for r > s+ € is also pd and monotonically increasing. Also by

Assumptions [2] and [§], it follows that

T
T3 2040 B Qzz(D),
t=1
also pd, where sz(l) is the block diagonal matrix diag(Q1,Q2,...Qn+1) and Q; = Qzz(7d) —
Qzz(m)_,) and we set 7) = 0, 7, ,; = 1. Then, for a segment of the data t = [r;_1T] +
1,...,[r;TY, it follows that

[T

T Z Z(n0) 2 (7% B Q(1j-1, 1) in 751,75, (1, > Tj_1 +€) and pd, (22)
t:[ijlT]-‘rl

18



where - assuming 7 < 7;_1 < Y, and 70, , < 7; < 7wy, ., ; without loss of generality -
Q(s, 7) = [0(h+1)gxiqr A(Tj=1,T5)s O(h41)gx (h—i—t—1)q) @and A(7;_1, 7;) is the block diagonal matrix
diag{Qzz (1) — Qz2(7j-1), Qi +2),...,Q(i +£),Qzz(1j) — Qzz (7], ,)}-

Furthermore, it follows from Assumptions [2| and |4} that 7—1/2 £’1:“7"1] (%) @ {(ug,vy')'} is
0,(1) via a central limit theorem. The above suffice to show that for the remaining terms in

WehaveT Zatc,‘%OT thct%Oandle & %o.

Combining these results regarding the term A? in it follows that
1ZA2p“ 75— 7l (23)

with T'; defined in Lemma [T

The term involving B? in can be written as
T BY=T71) B [#u(n®) — 2u(®)] [2:(n”) — 2:(7)'] 57,
J J
ST [e(x)20(n) + do()in (7Y — 2" (Y] B (24)

The following results will determine the probability limit of . From Assumptions |3| and |8]it

follows that

T T
Ty z(ma@E) =T #@0)5E°%) + 0,(1) ™ Qzz(1) (25)
and also,
T‘lzét(ﬁ)ét(wo)’ = Q(ro1,7). (26)

From Assumptions [3] [4 and [§]it follows that
-1 Zzt =T Zzt o, + 0,(1) X Qz2(1)00 (27)
By @3), 27, and (@),
T T -1
-1 th M) = T aE(R) (Z %(7)Z(7) > > &)z (#)
J



which is pd by the construction of Q(Tj,l, 7;). Similarly, we have
T3 ay(n%)in(7°) 2 ©,Q(7j-1,7;)6%. (29)
J

For the last term in , we combine , , , and , and use Assumption to deduce

that

T
1D (m)an(®) = 2Ty Swdi(mo) <Z

Combining , , and , the probability limit of is
771y "B o, (31)
J

Now consider the terms involving C; in . Start by considering ) ; wy(7)us (7). If we expand
@ (#) similarly to (I8), and substitute for &;(#), then from we obtain

Zwt (7) i (7) Zwt { )+ [af;t(wo)’ —get(fr)'} g}

Thus, we have

Extfr~fr

I
7~
K
-
K
—~
=
\_/\
N
[~
I3
o~
5
S—
K\
—~
>
~
L
-]
IR
o~
—~
=
S~—
<3
Ky
—~
)
o
S~—

T T
- Y a@a@ (Zztmzt(ﬁ)’) Sa@as] . (32)

From 7 , and 7 the last two terms inside the brackets in cancel out asymptotically.

The same equations and also Assumption [4f after expanding @, (7o) similarly to , give

-1 —1
Ezt T (mg) = Ezt ut+T Ezt vtﬁm

20



and therefore it follows from that,

It can also be shown via similar arguments that
T3z (7) B3 0. (35)
J

Using —, together with and it follows that the limiting behaviour of the terms

involving C; in T~'RSS; are:

Ty cr Mo (36)
J

271 Y " ACy B0 (37)
J

2771y " BiCy B 0 (38)

J
The last remaining term of 77! RSS; involves 24; By,

T*letBt = T () {it(ﬂo)/*i't(ﬁ),} v

T -1
T_lzﬁt(ﬂo)xt(ﬂo)/ = T_lz up + v, B2, — 2 (7°) (Zét(ﬂo)ft(ﬂo)) th(ﬂo)v;ﬁz,i
T -1
x5 (7)) (Zét(ﬁ)ét(ﬁ)’> (7))
20

since by Assumption T-1! ZEZE]TS]H wZ(70) 230 and 71 Z)[QE]TS]H v, Z,(7%) B3 0. Also

using the same arguments and , and , T-! >, U (79 () 23 0 as well, resulting in

7'y AB 0. (39)
J

Collecting the results regarding the limit of 771 RSS; in , found in , , , ,
, and , it follows that

T 'RSS; 2 (15 — 15—1)T%. (40)
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Case (ii): we first consider the case where segment j contains one neglected break and then
discuss how the argument extends to more than one neglected break. Let the neglected break

be at AY so that the model is

Yt o + 2B+ un,  t=[raT]+ 1., [\T]

Y = x;ﬁg,i+1 + le,tﬂzhi + u, t= [)‘?T] +1,.. [TjT]' (41)

Then the residual sum of squares in this segment, RSS;, may be decomposed as

[)‘gT] 2 75T o
TﬁlRSSj = 7 Z [yt — wy(7) /3]'] +771 Z {yt - wt(ﬁ)’ﬂj
t=[r;_1T]+1 t=[AOT]4+1
= £ + &, say, respectively. (42)

We focus on £;. Substituting for y; from , we have

T
G o= T Y w8 —w) B
t=[r; 1 T]+1
Ty D 2
= Y [a@® - w@) (58]
t=[r; 1 T]+1
DT o
= 7! Z Gy ()% — 20 (7)wy (7) (5]'* ?)

t:[ijlT]-‘rl )

+ (B - 8) wma) (5, -1 (43)

’ ’ 2
The first term in this sum can be written as, i (7)? = [ﬂt(wo) + (ﬁct(ﬁ') — &y (7Y) ) m} . Using
the results in the proof of Case (i) above for the limits of the terms involving sums of A?, BZ,

and A;B;, found in , , and , it can be shown that,

(AT
Til Z ﬂt(ﬁ')Q p—i)i ()\? - Tj—l)Fi- (44)
t:[ijlT]#*l

To proceed we need to derive plim <BJ — B?) where

Bj = Zwt(fr)wt(ﬁ)/ Zwt(ﬁ)yt. (45)
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Using similar arguments to and we have that

Ty a(®a(#) T ToQ(r-1,m) Yo (46)
J
where Yo = [0, 1], I = 2,11 ® II, and

NIT]

Swy = TS w) [w) 8+ )]
J t=[r;_1T]+1
[m5T]

+71 Z w () {wt(ﬁ)lﬁgﬂ ‘H]t(ﬁ)}

t=[A9T]+1

B TQ(m-1, M) ToBY + QA 7)) Yol (47)
Combining , , and results in
R P -l _ o _
plim (3 = 89) 23 {T4Q(m 1) To ) {001, A) Tl + QO 7) Y082y | — A2,

(48)

Furthermore, 82 can be written as,

g = {T()Q(Tj—lyTj)TO}il{TBQ(Tj—lyTj)TO}B?

= {T’Q(Tj_th)To}il {T/OQ(Tj—17 A?)Toﬁ? + T()Q(A?,T])Toﬁ?} .

Substituting this into and after some algebra it is shown that

) ot (s ~ o1 ~
plim (5;‘ - ﬁ?) = {TS (ijlaTj)TO} YoQAY, 75) Yo (81 — B7) = Pr. (49)

P; is ensured to be non-zero because Q(r, s) is a block diagonal matrix and each block is positive

definite via Assumption @ and also ﬁ?H # BY.

Going back to &7, it follows that from , , and that the last two terms in

have the following probability limits

A7)
T Y amw) (B - 80) o (50)
t:[ijlT]Jrl
and
o T
(3-8 > wmw@® (8- 8) " PTQ- 1, M) TP > 0, (51)
t=[r;_1T)+1

since Q(T, s) is positive definite and Py # 0.
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Collecting the results from , , and ,
€1 E)L ()\? — Tj_l)ri + PI/TIOQ(Tj_l, /\?)T()Pl > ()\? — Tj_1)ri. (52)

Analogously for &3, we have

&5 (1 = A)Tigs + ByYoQOY, 7)ToPy > (15— ATy (53)
where
. oy -1 ~
Py = {TBQ(Tj—th)TO} ToQ(75-1,3) Yo (57 — Bih1) # 0.
T'RSS; ™8 (\) — 1 )T+ (15 — ATy + Fy (54)
where
F = P{@BQ(Tj_l,/\?)@Qpl =+ PQ,GIOQ()\?,T]‘)@()PQ > 0. (55)

This line of argument extends to more than one neglected break. We now show how two
neglected breaks in a segment of the structural equation extend the case discussed above. To

do this, we must evaluate the limiting distribution of RSS; in a segment where there are two

neglected breaks, denoted Ay, and A}, ;. Therefore, the data generation process is

Yo = f;ﬂg,i + le,tﬂgl,i + Uy, t=[r AT+ 1, ..., [A)T]

_ .10 "0 ) 0
Yo = Tfpip1 T 2Bz + oue, t=[NT)+1, .., [N T] (56)
Yy = wBeire + 21,00 0 + t =TI+ 1, ., [ T).

The RSS for this segment can be decomposed as,

(AT 5 A4 T )
T 'RSS;, = T7! Z (yt — wy(7) 53‘) +1T71 Z (yt — wy (%) 5]‘)
t=[1;_1T]+1 t=[\T]+1
[TjT] ;AN\ 2
+T Y (- w®) )
t=[A9,, T]+1

= &+ &+ & (57)

Focusing on &, as in 7 this term can be written as
7]
o= T > |w@)? - 2mmw) (8- 80)
t=[rj 1 T]+1

’

b (55— 88) wiliyua) (5 - )| (58)
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where Bj is defined as in . To analyse the limit of Bj, note that holds within the scenario

considered here. However, this time we have but in this case,

A7)
Zwt(ﬁ')yt = 711 Z we(7) {wt(ﬁ),ﬂ?—yat(ﬁ)}
i t=[r;_1T]+1
[>‘O+1T]
+ TS wi(®) [wi(7) B + (7))
t=[A0T]+1
[75T]
+ 7! Z w, () [wt(ﬁ)

t=[\0_ T]+1

B+ ﬂt(ﬁ)}

it1

and so

Zwt(ﬁ)yt 2 TQ(ri—1, A)ToBY + ToQ(AY, N\iy1)YoBY 4

By a similar argument like the one that lead to , for plim (&j — ﬁgﬂ,) here it follows that

ptim (3= 87) "3 {Th@(m 1 m) Vo) {ThQ 1 ADTof + TR M) Tl
+ T0QN1, ) ToBlka | = BY. (59)

We can rewrite 87 as

B = {TEQ(Tj—th)To}i {T @(Tj—th)To}ﬁ?

[T0Qr—.7) %0} {000 )T + TR A1) T

+THQA 1, 7)o } A7

Then, after substituting this equation into and rearranging terms, we obtain

plim (3 - ) "5 {14007 07 To}
{TBQ()\?aA?-s-l)TO( i+1 5?)

THQ 1 7)) To(Blhe = 1)} = Ko, say. (60)

This expression can be used to construct an equivalent to , but with K7, that together with
and give that the limit of & is

& =\ — 7o)+ Kiﬁ)@(%’—h M) ToK. (61)
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Analogously, we have
& 5 (W = A)igr + K TQ, A ) To Ko (62)
with
! A -1 Y ) 0\ 0 0 ! A0 Y 0 0
Ky = {TQQ(Tj—laTj)TO} {TOQ(Tj_l,)\i)To(,@i - z‘+1) + ToQ()‘i+1vTj)T0(ﬁi+2 - Bi-‘rl)}
and,
&3 by (15 — )\?+1)Fi+2 + KQTGQ()‘?H’TJ‘)T(JK?’ (63)
with

K3 = {Tf)Q(ijlaTj)TO} {TSC}(TJ‘%’)‘?)YO(B? - zo+2) + Taé(Agv)‘?+1)T0(ﬁg+l - ﬁ?+2)}-

Combining the above , , and concludes that

T RSS, = (A =7 + (A?H = A)Ty1 + (15 — /\?+1)Fi+2 + Fy (64)
where
Py = K TiQ(rj-1,A)ToK1 + Ky ToQA, A0 ) Yok
+EGTQ(N, . 75)ToKs > 0. (65)

To see that Fj is positive definite consider the following. Since Q(r, s) is positive definite for
any r > s and Y is full rank, it suffices to show that not all K, K5, and K3 can be zero. By
1@} K, is defined as the plim (BJ - ,B?) and analogously Ky and K3 are plim (Bj - ,8?+1>, and
plim (B] — ﬂ?+2) respectively. From the solution for, say K7, given in , it can be deduced
that there can exist a combination of break locations and parameter values for which K7 is zero.
The intuition for this is that Bj, that is estimated over ¢ = [1;_1T] + 1, ..., [r;T], happens to
converge to 42, But if this is the case then at least one of Ky and K3 will be non zero since
BY #£ B2 W F BY 't by the assumption that segment j has two neglected breaks. Therefore, the
sum of terms involving those three in will be strictly positive.

The same argument to the case of two neglected breaks in the segment extends to cases with
more than two neglected breaks but the proofs are supressed here for brevity. Instead, we present

the general form of RSS;, for k neglected breaks, that is
T'RSS;(t(n);n,71) &5 (A — 70y + Ay = ANy +...
+ (M = A )Tirk + (15 = Ap) ik + F.
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where F' is a positive definite matrix defined as,
F = K\TQ(rj-1, M) ToK1 + Ko ToQA N 1) ToKa +... + K, TQ, Ny )
where K is defined as

—/ ~ — -1 —/ ~ — — 7 ~ —
K, = {TOQ(ijlaTj)TO} {TOQ(TJ‘%’)‘?)TO(IB? - ?Jrg—l) + TOQ()‘?7)‘?+1)TO(6?+1 _6?+<71) +..

+TOQ()\’LQ+I€717 7—J‘)TO (BZ’OJrH - 2’0+<71)}

for¢=1,2,...,k+ 1.

Proof of Theorem 1

Lemma 1 can be used to establish a proof for the consistency of the information criterion
I(r(n);n,7) in selecting the true number of breaks. This can be achieved by considering the
possible cases where the 2SLS procedure may over-fit, under-fit or correctly identify the true

number of breaks (m) in the model. Firstly denote

m—+1
F()‘O?maﬁo) = Z()\J - )‘jfl) (0-121, + 22’“’6? + B?/Z'UB?)
j=1
where with A = (A, A3,...,A%))" and 8° = (BY,BY,...,8%,1). T(\%m,°) is then the sum

of the I'; across all segments of the data. In the cases where there are neglected breaks
in one or more segments, using the results of Case (i) in and we can show that
by adding the terms involving I';, ¢ = 1,2,...,m + 1 across segments, the break fractions of
the incorrectly estimated breaks (7;,7;_1) will cancel out and so the limit of all terms involving
Var[ug, v;]z] will be (A%, m, 8°). To illustrate this, consider the case where for only one segment

j st [r1T]+1,...,[r;T] there is one neglected break A; (as shown in (54)). Then,

F(T(n),n; )\0,60) = ()\(1) — O)Fl + ...+ (Tj,1 — )\971)1—} + ()\? — ijl)l—‘j + (Tj — )\?)FJJrl + F1

+ ()\?H — 7)1 4+ (1= A )

AT =ADT 4o+ A =20 + (W = ADT i + .o+ (1= A0 D1 + F

= F(Aoam,ﬂ0)+Fl
since the true vectors of coeflicients ﬁ? are stable in each segment j.
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Also, it follows directly from the analysis of Case (ii) that a straight forward generalization
to the case of a segment with more than two neglected breaks will result in a limit function with
the basic characteristics of . Denote F(7(n), A°) the collection of any terms of the form of Fy
, Fy , or the equivalent of the general case of more than two neglected breaks, that will
exist when any number of segments [7;_17] + 1,...,[r;7] include one, two, or more neglected
breaks. As shown in Lemma 1(ii), all these terms will be strictly positive.

Then, the behaviour of the information criterion can be examined in the following cases:

(1) if n = m. The estimation procedure has identified the correct number of breaks. The
following two scenarios are possible,

(1.1) if 7(n) = A° then there will not be neglected breaks in any segment and by Case (i),
L(r(n);n, 7) 5 PO, m, 5°)

(1.2) if 7(n) # AY then there must exist j s.t. [r;_17] + 1,...,[r;T] contains at least one

neglected break, and therefore
I(r(n);n, @) =5 T(A°,m, %) + F(7(n),\")
where F(7(n),\%) > 0

(2) if n < m. The estimation procedure has under-fitted the model. Then there must exist a

segment j s.t. [7,_1T] +1,...,[r;T] contains at least one neglected break, and
I(r(n);n,7) 2 T(A%,m, 8% + F(r(n),\°)
where F(7(n),\°) > 0
(3) if n > m. Then the following two scenarios are possible
(3.1) if 7(n) does not contain A\° then there must exist j s.t. [r;—17] + 1,..., [r;T] includes

at least one )\? and

I(r(n);n,7) % T\, m, %) + F(r(n),\°)

where F'(7(n),m) > 0

(3.2) if 7(n) contains A\° consider



and

Dy = Tin{L(r(n)in, §)/0(\5m, 6%} + T {K(g,n.T) = K(g,m.T)}
where QLR is the quasi likelihood ratio test for Hy : 7(n) = A” which is a nested test as 7(n) €
MY, Under its Hy by standard arguments QLRr = Op(1), and since T {K (¢,n,T) — K(q,m,T)} 2y

+o00 it follows that

DT—>OO.

Taken together, cases (1), (2), and (3) imply desired result.
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Table 1: Simulation cases

Case | h m 7w m A A2

1o o - - - -
210 1 - - 05 -
3]0 2 - - 03 06

4 |1 0 0.5 - - -

5|1 1 05 - 05 -
6|1 2 05 - 03 06
711 1 03 - 06 -

8| 2 1 03 06 05 -

9| 2 2 03 06 02 04

Notes: h: number of breaks in the reduced form; m: number of breaks in the structural form; 71, w2: locations

of reduced form breaks (as fractions of sample size); A1, A2: locations of structural form breaks;
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