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Abstract

In this paper we investigate the possibility of sunspot equilibria to emerge from a process
of learning and adaptation on agents’ beliefs. To such end, we consider both finite state
Markov sunspots and sunspots in autoregressive form and derive conditions for the existence
of an heterogeneous equilibrium where only a fraction of agents condition their forecasts on
the sunspot: such conditions impose restrictions across primitive parameters, which are the
equivalent, in a heterogeneous setting, of the resonant conditions found in the literature for
homogeneous equilibria. We then show that evolutionary dynamics on predictor selection
imply that such restrictions need to evolve endogenously with population shares, and argue
that such requirement questions the possibility of sunspot equilibria to emerge through a
process of evolution and adaptation on agents’ beliefs. It follows that, in order for a sunspot
equilibrium to obtain, all agents must simultaneously coordinate on using the same sunspot
variable at the same time.
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1 Introduction

Sunspot equilibria are an intriguing possibility, as they open the door to fluctuations in economic
activity driven purely by agents’ expectations and disconnected from economic fundamentals.
From the seminal works of Azariadis (1981) and Cass and Shell (1983), the possibility of self-
fulfilling equilibria is well known among economists: because agents expect some particular state
of the system to get realized in the future, that very state emerges as an equilibrium outcome for
the economy.

While the early works considered the possibility of finite state Markov sunspot equilibria (and
in particular 2 state sunspot equilibria - 2-SSE), in the business cycles literature a different class of
sunspot solutions is more frequently considered, with an autoregressive-moving average (ARMA)
form. Examples are found in McCallum (1983) and Farmer (1993).

As Evans and McGough (2011) recently remarked, the fact that sunspot equilibria are theoret-
ically possible in a model does not make them necessarily relevant from an economic perspective,
as it might not be possible for agents to coordinate on such equilibria. Because of this, a number
of authors have tried to understand the conditions under which sunspot equilibria are learnable.
Woodford (1990), Evans and Honkapohja (1994a) and Evans and Honkapohja (2003) analyze learn-
ability for finite state Markov sunspot equilibria, while Evans and Honkapohja (1994b) and Evans
and McGough (2005a, 2005b) show that also sunspot solutions in ARMA form can be learnable.
In particular, Evans and McGough (2005a) demonstrate how in this last case the representation of
the solution is crucial for its learnability properties. Building on this result, Evans and McGough
(2011) show in a purely forward looking model that when finite state Markov sunspots equilibria
are stable under learning, all sunspot equilibria are, provided a common factor representation is
used.

All these works take a representative agent approach, and consider only the possibility of all
agents conditioning their expectations on an extraneous sunspot component. Heterogeneity in
expectations, though, has attracted increasing interest in the recent literature, as it is recognized
that it represents a real world feature that economists must take into account in their understanding
of expectations formation. In particular, the possibility of different predictors being endogenously
chosen on the basis of their relative performance has been investigated in different contexts. From
the seminal work of Brock and Hommes (1997), a number of works have analyzed the evolutionary
selection of forecasting rules and their impact on economic outcomes. Recent examples include
Branch and Evans (2006), Hommes (2009), Guse (2010) and Berardi (2011).

Much less investigated so far has been the link between heterogeneity and sunspot equilibria.
A notable exception is Berardi (2009), who shows the possibility of heterogeneous equilibria, where
only a fraction of agents use a sunspot variable in their forecasts, to emerge in a purely forward
looking model, but who also points out the fragility of such equilibria under predictor choice
dynamics. If agents are allowed to choose endogenously whether to include or not a sunspot in

their forecasting model, based on a mean squared error measure of performance, it does not exist
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an equilibrium where only a fraction of agents uses the sunspot.

The aim of this paper is to study the conditions that are required for a sunspot equilibrium
to emerge from a process of learning and adaptation on agents’ beliefs. The main contribution
will be to provide general results about the fragility of sunspot equilibria when learning and
evolutionary dynamics are taken into account. In particular, we will show that evolutionary
dynamics are intrinsically incompatible with sunspot equilibria, as they require the (exogenous)
sunspot’s statistical properties to endogenously change together with population dynamics.

Friedman (1991) advocates for evolutionary dynamics as models of repeated anonymous strate-
gic interaction, where actions that are more "fit", given the distribution of behaviors, tend over
time to displace actions that lead to lower rewards. In our setting, the "game" is between agents
conditioning their forecasts only on fundamentals, and agents using also a sunspot variable in their
model. Would either group prevail in the long run? Note that those agents using only fundamen-
tals have a model that is in fact mispecified (or underparameterized), since the sunspot, through
the expectations of the other group, enters into the dynamics of the economy. It will turn out that
the answer to our question will not depend on the stability of the evolutionary process but will be
instead of a more general nature: evolutionary dynamics kill the possibility of sunspot equilibria
altogether, by imposing a time-varying restriction between population dynamics and sunspots.

We will present our argument both for finite state Markov sunspots and for sunspots in au-
toregressive form and show that the results are not a feature of the particular form assumed for
the sunspot, but depend instead on the restrictions that evolutionary dynamics impose on it.

We will model agents’ endogenous selection of forecasting rules by using replicator dynamics,
which represents the evolution of the fraction of agents using each of the possible predictors
available. The concept of replicator dynamics is popular in game theory and it is used to model
evolutionary dynamics of strategies in the population of players. While it is borrowed from biology,
where it was first introduced by Taylor and Jonker (1978) to formalize the notion of evolutionarily
stable strategy, Borgers and Sarin (1997) give it a learning interpretation at the individual level.
Fudenberg and Levine (1998) provide an extensive treatment in game theory, while Sethi and
Franke (1995), Branch and McGough (2008) and Guse (2010) have applied it to macroeconomic
settings. We will then show in a later section that our results do not hinge on the specific choice of
model for evolutionary dynamics, and present our argument using the Brock and Hommes (1997)
model of evolution in predictor choices.

In order to pin down parameters in each forecasting model, or perceived law of motion (PLM),
we will follow a growing literature in macroeconomics and assume that agents act as econometri-
cian and recurrently estimate those parameters using techniques such as recursive least-squares
(for a detailed treatment of the concepts and techniques used in this literature, see Evans and
Honkapohja, 2001). In equilibrium, parameter values in agents’ forecasting models will therefore
minimize the mean squared error for that specific class of models.

The plan of the paper is as follows: in Section 2 we present finite state Markov sunspot equilibria
and extend them to a heterogeneous setting; in Section 3 we present equilibria with sunspots in
AR(1) form and extend them to a heterogeneous setting; in Section 4 we introduce evolutionary

dynamics, show how heterogeneity impacts on the resonant condition for the existence of sunspot
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equilibria and derive implications for the possibility of sunspot equilibria to emerge endogenously

in an economy; Section 5 considers alternative predictor choice dynamics; Section 6 concludes.

2 Finite state Markov sunspot equilibria

The early literature on sunspot equilibria focused on finite state Markov equilibria, see for example
Azariadis (1981), Azariadis and Guesnerie (1986), Guesnerie (1986) and Chiappori and Guesnerie
(1989).

To fix ideas, consider the univariate linear model

Yt = BE:ytJrlv (1)

where Ejy;y1 represents expectations held by agents, not necessarily rational.

Under rational expectations (RE), the fundamental equilibrium takes the form
Yt = 07

but this is not the only possible equilibrium under RE. A finite state Markov sunspot equilibrium
would take the form

Y¢ = Y; when s, = s; for i =1,...,k, (2)

where the sunspot s; € {s1,..., s} is an exogenous, stationary finite state Markov process with
fixed transition probabilities m;; = P(s;+1 = $;|s; = s;). Solutions of the form (2) are called finite
Markov stationary sunspot equilibria (SSEs), or k-state sunspot equilibria (k-SSEs). Considerable
attention has been given in particular to the special case 2-SSEs, on which we will focus here.
Note though that the argument of this paper carries out to any k-SSE.

For (2), with k£ = 2, to be a RE solution to (1) we need

71 = B(mud + m292)
g2 = B(ma1f1 + m2272)
or
y = plly, (3)

where II is the matrix of transition probabilities and § = [y, =]’. It is well known (see, e.g., Evans

and Honkapohja (2003a)) that conditions for the sunspot solutions to exist are

w1+ —1 = 5_1 (4)
(I—mo)th+(1—m11)52 = O, (5)

where condition (4) is usually referred to as a "resonant frequency condition" (see Evans and
Honkapohja, 2003b) since it imposes a restriction on the transition probabilities of the Markov
sunspot variable.

It is also well known (see Evans and Honkapohja (2003b), Evans and McGough (2011)) that
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the stationary sunspot equilibrium (3) is stable under learning if 5 < —1. This means that if
all agents use a model consistent with (2), they would be able to learn the sunspot equilibrium

provided such condition holds.

2.1 Heterogeneous solutions

We introduce now heterogeneity and consider the possibility of solutions where only a fraction of
agents uses the sunspot. We will see that this requirement modifies the resonant condition for the
existence of an equilibrium.

We assume there is a continuum of agents on the unit interval, and in forming expectations
they can use one of two models or perceived laws of motion (PLM). Agents in group 1 are

"fundamentalists" and use a PLM"' consistent with the fundamental equilibrium y = 0:
ye =y’ (6)
where yf is estimated from data. It follows that
Etl Ye+1 = yf .
Agents in group 2 instead believe to be in a sunspot equilibrium, with PLM?
y=y; ifs;=s57=12, (7)

that is, they condition their forecasts on an observable exogenous variable s;. Following much of

the literature, we assume transition probabilities are known. It follows

Efyiyr = muji+(1—m) g if s, =5

Elyin = (1 —mo2)§1 + el if 81 = s2.

Assuming there is a proportion u (to be endogenised later) of group 1 agents (and a proportion

of 1 — p group 2 agents), aggregate expectations are therefore given by
Efyi1 = pEfyn + (1 — 1) Efyea
and the ensuing actual law of motion (ALM) for the economy is

vy = By’ + 80— p)[rugn + (1 —m11) Go) if s =51
Buy” + B (1 — p) [(1 = w22) 1 + ma2dfa] if 5, = s2.

Yt

In order for PLM?®, i = 1,2, to be consistent with the ALM, we need the following sets of
restrictions.

Agents using PLM" will try to minimize the mean squared error from their predictor, i.e., they
estimate their PLM with least-squares techniques. We denote by 77 and T5, respectively the time
spent in state 1 and state 2 from the stationary distribution associated with II. The stationary

distribution T = [T}, T»] is the normalized (i.e., the sum of its entries is equal to 1) left eigenvector
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of the transition matrix associated with the eigenvalue equal to 1, such that "= «T', and is given
by

1 —

T = -T2

2 - — a2
1 —

T, = _ -

2 -7 — T2

Asymptotically, the least-squares estimate for y/ will converge to the weighted average of the

two ALMs across states, i.e.,

y =T [Buy + B (1= p) [rugn + (1= m11) %] + T2 [Buy” + B8 (1 — p) [(1 = m22) 1 + m223p2]]
(8)
or
y' = Buy’ + 81— p) [T1 (mugi + (1= m11) G2) + To (1 = m2) §1 + 72272)] - (9)
Restrictions for PLM?, such that it also minimizes the mean squared error of predictions, can
instead be found by mapping the PLM into the ALM in each state, obtaining

71 Buy! + B (1 — p) [riags + (1 — 1) Go) if 8¢ = s1, (10)
72 Buy’ + B (1 — ) [(1 — ma2) §1 + T207a] if 5¢ = s0. (11)

We therefore have three equations, (9), (10) and (11) which jointly determine y/, 7; and 7.
Clearly the three equations determine a linear homogeneous system in the three unknowns, whose
solution is either the zero vector or indeterminate. Only in this last case a sunspot solution exists.

Denoting this system

Hy=0 (12)
where
y/ = [yf,gth]
Bu—1 B —p) (i + T2 (1 —m22)) B(1—p)(Th (1 —m)+Toms2)
H = Bu Bl —p)mn—1 Bl —p)(1—m) , (13)
Bu B —p)(1—122) B(l—p)mo2—1

we therefore need one eigenvalue of H to be equal to zero.
Noting that Tym11 + To (1 — ma2) = 11 and T3 (1 — 711) + Tomee = To, we can rewrite H as

Bu—1 B(1—p)Th B(1—p)Ts
H=1 pp  Bl-pmu—-1 BL—p)1—mn)
B B —p)(I—m2) B(l—p)ma—1

Given that T} +T5 = 1, the three eigenvalues of H are — 1 (72 +0+ \/52> and =148 (1 — p) (711 + 722 — 1).
The first two reduce to —1 and —1 + 3 and therefore, for generic 8 # 1, we need the condition

1

T+ =1+
B(1—p)

(14)
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to be satisfied in order to have a non-zero solution for vector y.

Note that this condition poses a restriction between transition probabilities 711 and mwoo, 3
and p. This is the equivalent, in the heterogeneous setting, of the resonant condition found in the
literature for the homogeneous case. In fact, for = 0, our condition (14) reduces exactly to the
one for the homogeneous case: 711 + mo2 = 1 + 5_1.

Transition probabilities are therefore restricted by S and u. Note that this imposes a restriction
on the admissible values for g and pu, as we must have 0 < 71,799 < 1. This is similar to what
happens in the homogeneous case, where bounds on transition probabilities pose a restriction on
B. If we impose the restriction 0 < w17 + 722 < 2 (necessary, but not sufficient, for transition
probabilities to be well defined), we have in fact that in the homogeneous case the restriction is
B > 1or 8 < —1, while in our heterogeneous setting the restriction is g > ﬁ or f < —ﬁ. As
@ — 0, the two sets of conditions coincide.

The vector y is then the eigenvector of the zero eigenvalue associated with matrix H.! Note
that y/ = 0, since T19; + T>7> = 0: this is consistent with agents in group 1 believing to be in a

fundamental equilibrium.

Definition 1 A 2-states heterogeneous sunspot equilibrium is an endogenous stochastic process
yt, an exogenous 2-state Markov process s; with a set of transition probabilities {m11,722} and a
set of values {yfgl,gjg}, and a population fraction p € (0,1) such that: i) y; solves (1) for any
t; i) expectations are formed according to (6) and (7); iii) expectations deliver fixved points of the
maps (9), (10), (11).

2.1.1 A numerical example

As an example, we consider an economy represented by the following parameter values: g = 1.5,
uw =1, w1 = .9, moo = .8407. Note that this parameterization satisfies the resonant condition
outlined above. Such values mean that there is 10% of the population using the "fundamental"
PLM and 90% of agents using instead PLM? and conditioning their forecast on a sunspot with
transition probabilities pinned down by 711 = .9 and w9y = .8407.
From these values, we can compute 7} = 0.6143 and T = 0.3857, and [yf, 71, 2] = [0, 1, —1.5926].

In steady state, the economy will be around 61% of the time in state 1 and 39% in state 2, where
the value of y will be, respectively 1 and —1.5926: this means that the weighted average of y in

steady state is 0, consistent with beliefs of agents in group 1.

3 Equilibria with sunspots in autoregressive form

While early literature considered mainly Markov state sunspot equilibria, in macroeconomics
sunspot solutions in ARMA form are more common. It is now known, though, that only when the
sunspot has an autoregressive form, such solutions can be learnable (Evans and McGough, 2005a).
We will thus focus on such form here.

In the previous section we have followed the literature and carried out the analysis of Markov

state sunspot equilibria in a purely forward looking model. While the same model has been used

ISince this vector is not uniquely defined, some normalization will be necessary (such as setting g1 = 1).
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also to analyze equilibria with sunspots in AR(1) form (see, for example, Evans and Honkapohja
2003, Evans and McGough 2011), a more general framework, with stochastic shock and lagged
endogenous variable, has also been used (see, for example, Evans and McGough 2005a). We will

adopt this more general framework here:

Y = BE Y1 + Oye—1 + vs, (15)

where the exogenous shock v; is white noise with variance o2. Of course, equation (15) can be
reduced to (1) by setting § =0, v; = 0.

Under rational expectations, with E* = E, the expectational operator, equation (15) has one
unique non-explosive solution if 0 <| ¢; |< 1 <| ¢4 |, with ¢; and ¢, representing the two roots of
the polynomial ¢ — ¢ + 4

o, — LEVI=3
1,2 — 2/3 )
with ¢, being the root obtained with the minus sign. In this case the unique solution takes the
form?

Yr = pryi—1 + (Bdy) vy (16)

We will be interested here instead in the case with 0 <| ¢; |<| ¢4 |< 1, as in this case solutions
other than the minimum state variable (MSV) one exist,® and sunspots can play a role in the
model.

To fix ideas, consider the general solution to model (15), that can be written as

ye =B o1 — B 0y—o — B v e (17)

where

Et+1 = Yt+1 — Bty

is a martingale difference sequence (mds). By defining

&t = (/qusi)ilvh

i € {1,2}, we get the two MSV solutions: depending on the case, neither, one or both solutions
can be stable.
If instead

ee = (Bg)) Mo + (1= ¢;L) &,

we have a sunspot solution, where &, is the sunspot component, independent of v;.* This last
equation imposes a restriction on the sunspot, which must "resonate" with the structural para-
meters for the economy, i.e., it must have an AR(1) form with coefficient equal to ¢, (see Evans

and McGough 2005a).

2We will restrict our analysis to the case where these roots are real, which imposes the restriction 36 < 1/4.

3The term "minimum state variables" was introduced by McCallum (1983) and refers to the solution with the
minimum possible number of state variables.

4For a derivation of the MSV and sunspot solutions from (17), see the Appendix 7.1.



On the fragility of sunspot equilibria under learning and evolutionary dynamics

Formally, for a given sunspot variable

§=Aq e

we must have that
A= ¢7L

in order for the sunspot to enter into the solution of (15).

Note that the sunspot solution imposes a restriction on the roots ¢;: they both need to be
smaller than one in absolute value in order to have a stable process for y;.

It is well known that, for a given solution, we can have alternative representations, as it has
been shown by Evans and McGough (2005a, 2005b). Only sunspot solutions with the so called
common factor (CF) representation, though, turn out to be learnable. We will thus focus on these

solutions in our analysis, and in particular on the only one being learnable:

Yt = d1yi—1 + (Bdy) " top + KE,, (18)

with
§t = P21 t et

Existence and E-stability of this solution requires 8 < —1/2, 3+ < —1 and 43§ < 1.° In this

case, moreover, the parameter « attached to the sunspot is free. Note that these conditions imply
¢12 <0.

3.1 Heterogeneous solutions

Starting from the results of Evans and McGough (2005a), outlined in the previous section, we
want now to introduce heterogeneity of beliefs in this framework and investigate whether solutions
exist where only a fraction of agents conditions their forecasts on the sunspot. We therefore allow
agents to use one of two different models, one that includes and one that does not include a sunspot
component: while the fraction of agents in each group is fixed in this section, it will be endogenized
later using evolutionary dynamics, where we will allow agents to choose between different models
on the basis of the relative performance in forecasting, as expressed by the expected mean square
errors (M SE). In specific, we will use replicator dynamics to model the evolution of the fraction
of agents using each model.

The economy is still represented by (15). We assume there is a continuum of agents on the
unit interval, and in forming their expectations they can use one of two models or PLMs, one
sunspot-free (PLM?)

Yyr = a1+ b1y 1+ crug (19)

and one that includes a sunspot (PLM?)

Yt = a2 + bays_1 + covp + d2&;. (20)

5These restrictions are obtained by Evans and McGough (2005a) by simultaneously imposing conditions for
indeterminacy, E-stability and real solution. Conditions for E-stability alone would be 8 <1/2 or 4§ < 1.
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Parameters in each model will be derived by minimizing the expected mean squared errors of
forecasts, which is equivalent to saying that they are estimated using least-squares techniques.
We denote by p the fraction of agents using the sunspot-free model, and (1 — p) the remaining

agents using the model with sunspot. Aggregate expectations are therefore given by
Efyi1 = pEy + (1 — 1) Efyia

where Ely;,1 are expectations formed using PLM?, i € {1,2}.

The parameter p, for the moment taken as given, will be regarded later on as endogenous, and
it will be determined by replicator dynamics based on the relative performance of the two models,
measured by the unconditional mean squared error.’

One important thing that must be noted is that the presence of heterogeneity changes the
resonant frequency condition for the sunspot, as already pointed out by Berardi (2009) in a purely
forward looking model. To see how this happens in the present context, and to fix ideas about

learning, consider agents using (19) and (20) to form expectations. We then have

Etlyt+1 al (1 + bl) + b%yt—l + Clbl’Ut (21)
Elyrn = a2 (14bg) + b3y 1 + cabyvy + da (b + A) &y, (22)

where we have assumed that A is known to agents: otherwise, since the sunspot component is
exogenous and observable, this parameter could be consistently estimated using least-squares tech-
niques. Aggregating expectations and substituting into (15), we get the temporary equilibrium,

or ALM for the economy:

ye = Bluar (1+b1) + (1= p)as (1+b2)] + [B (b2 + (1 — ) b3) + 6] ys—1 +
+ (B (nerby + (1 — p) e2b2) + 1 ve + B (1 — p) d2 (b2 + N)] &, (23)

Equilibrium value for parameters under learning are those that minimize the mean squared
errors of forecasts. While for PLM? we can obtain such values by simply mapping one by one
parameters from PLM? to ALM, this is not possible for PLM"'. This last one is in fact under-
specified with respect to the ALM, since it ignores the sunspot component that enters in the
ALM through the expectations of agents in group 2. Parameters from PLM?' can therefore not
be mapped directly into those of the ALM: the best thing agents can do is to optimize parameters
in their PLM" in a statistical sense, by minimizing the expected mean squared errors, and to find
such values we must project the parameters of the ALM into the space of those in the PLM. We
thus obtain that parameters are defined by the maps (see Appendix 7.2):

6 As Branch and Evans (2006) point out, the unconditional mean square error is more appropriate than a measure
of real time performance in a stochastic framework such as ours.
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a = A (24)
aa = A (25)
bp, = B+F (26)
b = B (27)
aq = C (28)
e = C (29)
d, = D (30)

where

= Blpar (1+b1) + (1 —p)az (1+bo)]
= B (b} + (1 —p)b3) +6
Blucibr + (1 — p) eabo] + 1
= B —p)(b2+A)d>
AD? (1 - B?) o2
(1= AB) (A% +C?02) + (1 + AB) D20}’

4 O Qo
I

The key difference between the two sets of belief parameters for the two groups comes from F':
for agents not using the sunspot, the coefficient b; on y;_; must pick up the serial correlation that
comes from the sunspot. Note that if do = 0, ag =0or A =0, then FF =0 and by = by. In the
first case, the sunspot effectively does not enter into PLM?2, and thus it does not affect the ALM
and b; does not need to adjust for it; in the second case, the sunspot is equal to zero at all times,
and therefore, again, it does not affect the dynamics of y;; finally, in the third case, the sunspot is
an i.i.d. process and therefore it does not induce any additional serial correlation in y;, so by does
not need to adjust to compensate for it.

Fixed points of equations (24)-(30) are possible equilibria for the model: agents are doing
the best they can, given the model they are endowed with. Note that agent not conditioning
their forecasts on the sunspot have in fact a misspecified model, and their parameter b; needs
to pick up the correlation induced by the sunspot in order to minimize the mean squared errors.
Beliefs derived from PLM?! imply a restricted perceptions equilibrium (RPE) for those agents (see
Evans and Honkapohja, 2001, chap. 13): they represent a weaker requirement compared to what
is asked in a REE, since forecasts are assumed to be optimal only within a particular class of
(underparameterized) linear models.

We turn now to the map for ds. In order to have it satisfied, and thus obtain an equilibrium

with sunspot, we must have
B(1— ) (ba+2) = 1. (31)

This is the resonant condition in the heterogeneous setting, and it poses a restriction between S,

@ and A, much in the same way as we found for the 2-SSE. Instead of the transition probabilities,

10
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the restriction now affects the AR(1) coefficient on the sunspot process.

Definition 2 A heterogeneous sunspot equilibrium with AR(1) sunspot is an endogenous stochastic
process Y, a fundamental shock vy and an exogenous stochastic process &,, with population fraction
w € (0,1) and a set of expectational parameters {a1,b1,c1,a9,ba, ca,ds } such that: i) y; solves (15)
for any t; ii) expectations are given by (77),(21) and (22); iii) expectational parameters are fized
points of the maps (24)-(30); iv) condition (31) is satisfied and dy # 0.

Note that we are requiring u € (0,1), i.e., both PLMs must be used in a heterogeneous
equilibrium. If instead p € {0,1}, we then have an homogeneous expectations equilibrium (with
or without sunspot, respectively).

The set of maps (24)-(29) plus the resonant fraction condition B [(1 — ) (b2 + A)] = 1 define
parameters {ay, b1, 1, a2, ba,co} U {u}, for given B, 6 and A, while ds is free. Note that, for given
B, 6 and A, the resonant condition pins down p. Alternatively, for given 3, § and p, it pins down
A

The set of equations (24)-(29) can only be solved numerically. In particular, we can use a
multivariate Newton procedure starting from the known, closed form equilibrium of a system with

ds = 0 (i.e., without sunspot): in this case in fact, the solution is given by (16), i.e.,

ap = as =0
by = by=¢
ci = ¢ —71
' fT - 8o,

Starting from such values, and using equations (24)-(29) plus (31) and their derivatives, we

can compute the values of coefficients in the two PLMs. An example is given in the next Section.

3.1.1 A numerical example

In order to implement our numerical procedure to find an heterogeneous equilibrium, we need
to chose a set of parameters values. We will use in this example the following set of values:
B=-0806=-03 A=—-09; 07 = 1; 07 = .1; dy = 1. Note that this parameterization satisfies
all the restrictions derived by Evans and McGough (2005a) to ensure E-stability.” In fact, such
restrictions are quite demanding and only admit a small set of combinations of parameters.

Let’s define {aj, b, ¢}, a3, b5, c5} U {p*} as the solution vector, such that equations (24)-(29)
plus (31) are satisfied. We then find

a® = 0.000000, a}=0.000000
bt = —0.559538, b = —0.521657
& = 1727071, ¢ = 1.727071
gt = 0.120744,

"Moreover, with this parameterization, the resonant condition implies an initial value for p equal to 0.107,
which satisfies the restriction 0 < p < 1.

11
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Note that the only difference for the belief coefficients in the two groups of agents (besides da,

which is free) is in parameters b; and ba, as expected from looking at equations (24)-(29).

4 Evolutionary dynamics

We consider now how a sunspot equilibrium could emerge from a process of evolution and adap-
tation on agents’ beliefs. We therefore look at the possibility of a transition from a fundamental
equilibrium to a sunspot one. This is equivalent, in our heterogeneous setting, to going from p =1
to = 0. Unless the whole population switches simultaneously and instantly agrees to coordinate
on a sunspot, this transition will need to happen gradually, through some process of progressive
adoption of the sunspot in the population. We will consider how this can be achieved through
evolutionary dynamics.

A note here must be made about the nature of time in our model. Though time in equations (1)
and (15) is discrete, adaptive learning dynamics can be studied (asymptotically) by analyzing the
behavior of ordinary differential equations that represent approximations to the original stochastic
recursive algorithm (see Evans and Honkapohja, 2001), and we have exploited this fact in order to
derive the equilibrium values of parameters in the PLMs. In order to gain analytical tractability,
we will also model replicator dynamics in continuous time. The choice of continuous time replicator
dynamics in a discrete time model can be justified by noting that such continuous time dynamics
are the approximation of the discrete time replicator dynamics as the interval of time is decreased
towards zero (see Vega-Redondo 2008, chapter 3). In particular, the continuous time replicator
equation can be interpreted as an approximation to a discrete time system where the magnitude
of differential fitness per period between types is very small: having the time interval become
infinitesimal in the replicator dynamics equation is one way of achieving such approximation. In
a later Section, we will consider predictor choice dynamics in discrete time, and show that results
do not change.

Under replicator dynamics, the fraction of agents using each model (1) evolves according to
their relative performance. Using the (unconditional) mean squared error (MSE) as a measure of

performance, we thus have

jp = p{-MSE'— [u(~MSE") + (1 - p) (~-MSE?)]}
= p(l-pA (32)

where A = MSE?—MSE'. MSEs will be defined below for each model and setting specification.

Clearly, A = 0 implies 1 = 0, as the two models deliver the same performance and there
is no incentive for agents to switch from one to the other. Moreover, also 4 = 0 and p = 1 are
resting points for the dynamics of p: once homogeneity is reached, the excluded model is no longer
used. We will check below whether these equilibrium points are stable under replicator dynamics.
Results will depend on the sign of the derivative g—ﬁ at the two resting points: for p = 0, g—z = A,
while for p =1, g—ﬁ =—A.

We will also be interested, in particular, to see whether an equilibrium for the dynamics of the

12
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two groups of agents exists other than the two homogeneous ones, i.e., if there exists a situation
where =0 but p ¢ {0,1}: this will require A = 0.

Definition 3 An endogenous heterogeneous expectations equilibrium with sunspot, either in 2-
state Markov or AR(1) from, is a heterogeneous expectations equilibrium as defined in Definition
(1) or in Definition (2), but where the population fraction p € (0,1) is endogenously determined

by (32).

4.1 Replicator dynamics in 2-SSE

In order to have the relative fraction of agents using each model () determined endogenously
through replicator dynamics, as specified by equation (32), we need to derive the unconditional
expected M SE for the two models:

2
MSE' = E(y—y/)
MSE* = E(y —?31)2 if 5 = 51
MSE? = E(y, — )" if s; = .

Substituting the ALM into these expressions, we get:
1_ f = = 1% 56 —
MSE' = E [Buy” + B (1 — p) [m11h + ma2d] — y! ™ if 5 = s1, 5
and

2.

MSE? = E[Buy’ + 81— p)[rigs + moafo] — th] if st =51
2,

MSE2 = F [ﬂ,uyf + ﬁ (]. - ‘LL) [711271 + 71'222?2] - gQ:I if St = So.

Looking at the maps from PLMs to ALM, it is clear that M SE? = 0 at all times, while M SE"! >
0.

Specifically, we have that if s; = s1
A= MSE* -~ MSE' = ~MSE" = —E [(Bp— 1)y +[B(1 — p)m1 — 151 + B (1 — ) w2252
and if s; = so
A=MSE* -~ MSE" = —MSE"' = —E [(Bp— 1)y + 8(1 — p) 71191 + (B (1 — p) w2 — 1)?72}2-

Since in both cases MSE! > 0, we will have A = MSE? — MSE' < 0 and p — 0 over time.

It follows that under replicator dynamics there can be no equilibrium where p € (0, 1).

Proposition 4 An endogenous heterogeneous expectations equilibrium with 2-state Markov sunspot
does not exist.

Consider the problem of stability under evolutionary dynamics now: of the two homogeneous
equilibria represented by g = {0,1}, only the first one is stable, since at u = 0 we have A < 0
and thus g—ﬁ = A < 0. The second one is instead unstable, since at 4 = 1, A < 0, and thus

13
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g—ﬁ = —A > 0: a small deviation from the homogeneous fundamental equilibrium is enough to

drive the economy away from that equilibrium.

Proposition 5 The homogeneous equilibrium with ;1 = 0 (i.e., the sunspot equilibrium) is always
stable under replicator dynamics. The homogeneous equilibrium with p =1 (i.e., the fundamental
equilibrium) is never stable under replicator dynamics.

Our results above seem to suggest that, starting from a homogeneous fundamental equilibrium,
the economy would move towards a homogeneous sunspot equilibrium as soon as a fraction of
agents start using the sunspot for their forecasts. But for this to be true, the resonant condition
should hold at all times over the path of the evolutionary dynamics if the two PLMs are to
represent an equilibrium for agents’ beliefs. Since the replicator dynamics equation o = p (1 — p) A
implies that p changes for any A # 0 (in particular, A < 0), condition (14) should then adjust
accordingly.

Consider the transition probabilities defining the sunspot, 711 and mo. We have seen that they
are pinned down by 3 and p through the resonant condition. But under evolutionary dynamics, p
changes according to (32). Since 8 is a deep parameter unlikely to adjust as g moves under evo-
lutionary dynamics, the (exogenous) transition probabilities should adjust to ensure the resonant
condition is satisfied and the sunspot equilibrium exists all along the evolutionary trajectories.
This is clearly not possible, since the sunspot is an exogenous process and there is no reason it
should evolve in line with p.

There is of course another possibility, that is, as p evolves under replicator dynamics, agents
could continuously change the sunspot variable they are conditioning on, in order to ensure that the
resonant condition remains satisfied at all times. This would require the existence of a continuum
of sunspots with the right statistical properties, and agents knowingly moving from one to another

as population dynamics evolve: something that seems quite farfetched to assume.

Proposition 6 No exogenous two state Markov process can represent a sunspot variable along
evolutionary trajectories, as the resonant condition (14) will be continually violated due to the
dynamics in p.

What would happen when, along evolutionary trajectories, the resonant condition is violated?
Matrix H from (13) would not be singular, and the only solution for the system (12) would be
[yf ,91,72] = [0,0,0]: the fundamental equilibrium. It follows that we can not obtain a Markov

sunspot equilibrium through a process of learning and evolution on agents’ beliefs.

4.2 Replicator dynamics in AR(1) sunspot equilibrium

We turn now to the case with AR(1) sunspot and allow the relative fraction of agents using each
model (@) to be determined endogenously through replicator dynamics, as specified by equation
(32). We start by defining the unconditional expected MSE for the two PLMs in this setting as:

MSE' = E(y, —612)°
MSE? = E(y, —052)°
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where

0r = [a1 b7 ¢ O]

0 = lay b5 c3 dy

and
ze=1[1yio1 v &

Remember that in order to have 1 = 0, we need either u € {0,1}, or A = 0.
Using the maps from PLMs to ALM, we obtain

MSE' = E(A—ay+(B—b)yi—1+ (C—c1)vy+ DE)? = (—Hys—1 + DE)* >0
MSE® = E(A-ay+(B-b)yo1+(C—co)vi+ (D —dp)§,)° =0

and therefore

A =MSE? -~ MSE' = — (—Hy,_, + D¢,)* < 0

This result shows that the requirement for a heterogeneous equilibrium where p ¢ {0,1} can
not be met, as agents using the sunspot will always outperform the others in terms of MSFEs.
Under replicator dynamics, there does not exist an equilibrium where both types of agents coexist.

Proposition 7 An endogenous heterogeneous expectations equilibrium with AR(1) sunspot does
not exist.

We want now to check for stability under replicator dynamics of the two homogeneous solutions,
¢t =0 and g = 1. Note that both imply i = 0, so they are resting points of the population
dynamics, but are they locally stable? To answer this question we can simply observe that A < 0,
for any u € (0,1), which implies that ft < 0: so while p = 1 is unstable under replicator dynamics,
1 = 0 is stable. Even if a small fraction of agents starts using the sunspot, evolutionary dynamics
ensure that all the population gradually switches to the sunspot. Another way of looking at it
is to check for the sign of the derivative g—ﬁ at the two resting points: we have that for p = 0,
g—z = A < 0, while for y =1, g—z = —A > 0: the first point is therefore stable, while the second is
not.

Proposition 8 The homogeneous equilibrium with 1 = 0 (i.e., the sunspot equilibrium) is always

stable under replicator dynamics. The homogeneous equilibrium with u =1 (i.e., the fundamental
equilibrium) is never stable under replicator dynamics.

This result would seem to support the view that, starting from a homogeneous fundamental
equilibrium, we could move to a homogeneous sunspot equilibrium: it only takes a small fractions
of agents to use the sunspot for starting the evolutionary dynamics that ultimately lead all agents
adopting the sunspot in their forecasts. But the above propositions only considers replicator

dynamics, and we have seen that in order to have a sunspot equilibrium with (boundedly®) rational

8We qualify the word rational with boundedly here becasue agents that do not condition their forecast are using
a mispecified model. But given that model, they are doing the best they can, i.e., their model is optimal in terms
of delivering the minimal mean squared error possible.
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agents, a resonant condition must be satisfied.

This condition, for given 3, § and A, pins down a specific value for u. For any other value of p,
the only equilibrium value for dy from (30) would be zero, thus effectively eliminating the impact
of the sunspot in the economy. This means that as p changes under evolutionary dynamics, the
resonant condition will be violated and the sunspot equilibrium disappear.

Alternatively, for given 5, § and u, the resonant condition imposes a restriction on A. For

example, for © = 0, the resonant condition requires 5 [(b2 + A)] = 1, i.e.,
A= 6"1 = bs.

If an exogenous stochastic process with such AR(1) coefficient exists, it could be the basis for a
sunspot equilibrium where all agents condition they forecasts on it. In a heterogeneous setting

with only a fraction p € (0,1) of agents using the sunspot, the resonant condition is instead
B —p)(b2+A)=1

A=[B(1—p) " —b

where by is pinned down by the optimality condition on belief parameters, and it depends on S,
6 and p. Therefore, since 5 and § are taken to be structural and fixed parameters, as p changes
under evolutionary dynamics, A would need to change too in order for the restriction to remain
true and the sunspot equilibrium to exist. This means that along evolutionary trajectories, in
order for the resonant condition to remain satisfied and the sunspot equilibrium to exist, either
the sunspot endogenously modifies its (exogenous) statistical properties, or agents continuously
change the sunspot variable on which they condition their forecasts. Either case implies that
a given exogenous stochastic process can not represent a sunspot variable when evolutionary

dynamics on predictor selection are at play.

Proposition 9 No exogenous AR(1) stochastic process can represent a sunspot variable along
evolutionary trajectories, as the resonant condition (81) will be continually violated due to the
dynamics in p.

5 Alternative predictor choice dynamics

We have used replicator dynamics to model the evolution of predictor choices over time in the
population. Our main argument against the likelihood of sunspot equilibria to emerge from evo-
lutionary dynamics, though, can be made with any evolutionary model of belief dynamics. As
an example, we consider here the discrete-time predictor choice dynamics proposed by Brock and
Hommes (1997). Brock and Hommes (1997) propose to model the evolution of predictor choices
in the population according to a discrete logit model based on relative performance. Using again

the unconditional mean squared errors, we have

B exp{—BMSE?}
P = o p{—BMSE}} + exp{—BMSE]}

(33)
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or equivalently

[eq = % (tanh {g(MSEf — MSEg)} + 1) , (34)

" "rationality": with § — oo, all

where  is the "intensity of choice" parameter, a measure of agents
agents switch immediately to the predictor that delivers the lowest M SE, while for finite values of
B, some agents adopt the sub-optimal predictor. We have added the time ¢ subscript to M SEs to
make it explicit that they depend on time ¢ parameters (and in particular on p,). Both replicator
dynamics and the Brock and Hommes dynamics with 8 — oo ensure that no agent will use strictly
dominated predictors in equilibrium.

We can see that, since we have A = MSE? -~ MSE! < 0, in the limiting case 3 — oo all agents
will ultimately adopt the predictor that includes the sunspot and p — 0, both for the sunspots in
finite state Markov form and in AR(1) form. Moreover, and crucially for our argument, also in this
case the changing fraction of agents using the sunspot requires a time-varying resonant condition
(in discrete steps now instead of continuously), thus again calling into question the possibility of

a sunspot equilibrium to emerge through evolutionary dynamics in the population.

6 Conclusions

There are two main sources of belief dynamics in our setting: optimization of parameters within
each model through learning, and evolutionary dynamics on the selection of the forecasting model.

It has been shown in the literature (in homogeneous settings) that, depending on the parame-
terization of the model, sunspot equilibria may or may not be learnable: that is, if all agents use
the same sunspot in their forecasting model, they may converge to a sunspot equilibrium, or learn
to discard the sunspot variable and converge to the fundamental equilibrium.

We have shown here instead that evolutionary dynamics always favour the model with the
sunspot, as it always delivers a better performance in the mean squared error sense compared to
a model without the sunspot.

While learning dynamics are driven by the difference (in terms of forecasting error) between
the ALM and each PLM, evolutionary dynamics are driven by the difference between the (two)
competing PLMs. In the first case, if the impact of the sunspot variable on the endogenous
variable in the ALM is less than what predicted from the PLM (because it enters into the law of
motion only indirectly, though expectations, and not directly through the structural model as the
fundamental variables), agents can learn to discard the sunspot. In the second case, instead, since
the PLM that disregards the sunspot is, effectively, mispecified as long as there is a fraction of
agents conditioning on the sunspot, this "fundamental" PLM is bound to deliver higher MSEs,
and it will vanish from population over time.

As we have seen, though, evolutionary dynamics clash with the resonant condition necessary for
the existence of a sunspot equilibrium: as agents progressively switch from one model to the other,
the statistical properties of the sunspot (it’s transition probabilities, in case of a 2-state Markov
process, or it’s serial correlation in case of an AR(1) process) need to adapt endogenously for the

sunspot equilibrium to survive. As this can not happen with exogenous stochastic processes, the
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sunspot will not resonate with the structure of the economy, and agents will stop using it in their
forecasts.

The key point in this result is that, in a heterogeneous setting, the ALM for the economy de-
pends on the fraction of agents using the sunspot, . The resonant condition that makes the PLM s
consistent with the ALM and allows for a sunspot equilibrium depends therefore, among other
things, on p and it imposes a restriction on the relation between such parameter and the statistical
properties of the sunspot (7 or A). Under evolutionary dynamics on predictor selection, u changes
endogenously over time: if the equilibrium is to exist at all times over the evolutionary dynamics
path, the properties of the sunspot (7 or A) must evolve together with population dynamics. This
effectively means that either the changing fraction of population must continuously coordinate on
a different sunspot, or the stochastic properties of the (exogenous) sunspot must evolve together
with population dynamics. Either case implies that a (given and exogenous) stochastic process
cannot represent a sunspot variable over paths defined by evolutionary dynamics and we therefore
conclude that sunspot equilibria can not emerge endogenously through a process of learning and
adaptation on beliefs. For a sunspot equilibrium to emerge, all agents, simultaneously, must start

using the right (i.e., one that has the required statistical properties) sunspot variable.

7 Appendix

7.1 Rational expectations solutions for (15)

We briefly show here how to derive the MSV and sunspot solutions for model (15). Starting from
the general form (17), reproduced here for simplicity

Yt = 671%71 - 5715%72 - ﬁ719t71 + &t (35)

different solutions can be obtained by appropriately redefining the error term

Et+1 = Ye+1 — Eryry1-

1. MSV solutions. By defining
er = (Be;)

i € {1,2}, and deleting the common factor (1 — ¢,;L), we get the two MSV solutions
Yt = Ojyt—1 + (Be;) ™ vy (36)

where i, j € {1,2} and j # i. Depending on the case, these two solutions can be both stable,

one stable and one not, or both unstable.

2. Sunspot solutions. By defining

&t = (ﬂéf’i)ilyt + (1 —=9¢;L)&,
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and again deleting the common factor (1 — ¢, L), we have the sunspot solutions

Yt = Ojy—1 + (B v + &4, (37)

where &, is the sunspot component and again 4,5 € {1,2}, j # 7. Note that in order to have
a stable solution for y;, it must be that 0 <| ¢; |<| ¢ |< 1, as this requires that both ¢,
and ¢; are less than one in absolute value: the first is needed to ensure that the sunspot is a
stable process (if not, it would make unstable also y;), and the second is required to satisfy
the usual stability restriction for the AR(1) coefficient on y; in (37).

Solution representations (36) and (37) are called "common factor representation", as they are

obtained from the general solution (35) by deleting a common factor component.

7.2 Derivation of optimal values for belief parameters

We derive here the value of belief parameters in PLM s that minimize the mean squared errors. We
will follow the learning literature and use stochastic approximation to project the ALM onto the
space of the PLM for each agent. For agents with a correctly specified model, this is equivalent to
map, one by one, parameters from the PLM into the corresponding ones in the ALM. For agents
having a misspecified (underparameterized) model, the derivation of the map is more involved and
is shown here.

For agents in group 2 (those using the sunspot), the one-to-one map from PLM to ALM leads
to equations (25),(27),(29),(30).

For agents in group 1, instead, we must project the ALM onto the space of parameters in the
PLM, in order to find their optimal values. We follow the adaptive learning literature here and
assume agents recurrently estimate their PLM over time using a recursive least-squares algorithm

of the form

¢ = b1+t R w (g — ¢y ma)
R = Ry +t! (xt71x271 — Rtfl)

where ¢, = [a1,b1,c1] and z}_; = [1, 91, v¢].
The E-stability principle allows us to study the asymptotic behavior of this algorithm by looking
at the associated ODFE arising from stochastic approximation of the discrete time algorithm

d . -
g = tlirgo ER; 'z, (yt - ¢;71xt*1)

where the expectation is taken over the invariant distribution of x for fixed ¢.

Since lim; o R = Exx := R, where

with 02 = Ey? and o} = Ev}, we then have
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A—a 1
O RR Bty |+ RDEE |y
C—c i
dé A—ay 0
el B—b| +R'D |Ety
C—-c 0

and since F¢, = 0 and E (§,v:) = 0 we get

d A—a1
9 _ b+ pEiys
dT Y
C*Cl
with
2 2\—1 /42 2 2 2 2 2
o, = (1-B%) (4 +2BD)a£y+C o, + D70
D)\
2 _ _ 2
O’gy = Egtytfl = mgg,

which lead to equations (24),(26),(28).
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