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Abstract

This paper assesses quantitatively the impact of legal institutions on entrepreneurial firm
dynamics. Owners choose firm size, financial structure and default to manage risk. We find:
(i) Less risk averse entrepreneurs run bigger firms and it is optimal for them to incorporate,
while more risk averse entrepreneurs run smaller firms and generally are better off remain-
ing unincorporated. (ii) More risk-averse owners tend to default more often than the less risk
averse, though they carry less debt. (iii) The model estimates a credit constraint, which binds
for many but not all entrepreneurs and matches bank lending criteria. The model also finds
modest differences in owner risk aversion, consistent with micro studies.
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1 Introduction

Entrepreneurs’ decisions about firm legal organization, size, capital structure and default are cru-

cial determinants of firm dynamics. The importance of the link between entrepreneurship and the

legal environment is well explained by a quote from a successful entrepreneur, Pat Sullivan, to his

wife when they discussed whether or not to start a new business: “In Texas they can’t take your

house, they can’t take your last car and they can’t take your kids.” After realizing that laws were

in place that would limit their personal loss, they decided to start a firm.1 The goal of this paper is

to assess theoretically and quantitatively the impact of the legal environment on firm dynamics.

Historically, the fundamental role of corporate law was to limit personal liability for business

debts; Hovenkamp (1991), pp. 49-55. Supporters of the U.S. Bankruptcy Act of 1800 argued that

“unforeseen accidents” were ruining respectable merchants and there was substantial social value

in returning these merchants to active business; Mann (2003), note 11, pp. 57, 73. Yet roughly half

of all U.S. entrepreneurs are unincorporated, exposing owners to substantial personal risk. This is

puzzling because the cost of incorporation is low (government filing fees range from $25 to $200)

and Herranz, Krasa, and Villamil (2009) show that the puzzleremains when the tax implications

of alternative legal forms are accounted for. We construct amodel of firm dynamics that explains

why both types of firms, incorporated and unincorporated, are optimal and may co-exist.

Bankruptcy insures incorporated owners against poor firm returns, but permits upside gain

(though the effect of default on loan interest rates must be accounted for).The contribution of

our paper is to show how the legal system affects firm dynamics: entrepreneurs are more willing

to bear risk and hence operate larger firms, defaulting only in very bad states, which leads to

higher output.2 More risk-averse agents may not run firms, but if they do theirfirms will tend to

be small with lower future value. We find that it may be optimalfor such owners to leave some

personal assets at risk in bankruptcy by remaining unincorporated because this allows them to

credibly commit to refrain from “excessive” default. Attitudes toward risk are crucial (e.g., the

same bankruptcy rule will have different implications for owners with different degrees of risk

aversion), thus we allow for heterogeneity and use the modelto derive a distribution of owner risk

aversion. In addition to default and firm size decisions, we show that entrepreneurs also manage

firm risk by varying the firm’s financial structure and the amount of personal net-worth invested.

1In 1986 Pat Sullivan founded Contact Software International (CSI), a software firm that developed a program
to help salespeople manage client records. In 1993 CSI was bought by Symantec Corporation for $45 million, and
Sullivan was named Entrepreneur of the Year byInc. magazine. Sullivan often tells this story in business seminars.

2The option value of maintaining the firm to realize future value limits default. Owners will “bail out” a firm today
with personal funds if they expect sufficient future returns – this is a firm’s option value.
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We characterize firm dynamics along these dimensions as well.

We construct a model with a risk neutral representative lender and many long-lived agents

who may differ in their willingness to bear risk. Each period, agents choose consumption and

whether to run a firm with idiosyncratic return risk. If they run a firm, they choose its size, capital

structure (mix of personal funds and outside loans), and whether to default ex-post.3 Risk cannot

be diversified because owners run a single firm, not a portfolio of firms, and firms may be credit

constrained. Default occurs in equilibrium, with the lender recovering only a fraction of the loan

and the firm unable to obtain credit for several periods. Firms weigh the effect of default today

against access to future credit, given bankruptcy rules. Accounting for heterogeneous risk aversion

and uncertain firm returns requires us to derive cumulative probability distribution functions linked

to firm decisions. We compare model predictions to distributions constructed from data. The

discipline imposed by this check for consistency between model predictions and data is the analog

of matching moments in quantitative macroeconomic models,see Prescott (2006).

Our principal data source is the Survey of Small Business Finances (SSBF), which shows that

most entrepreneurs are owner-managers (in large firms ownership and management are usually

separate). In entrepreneurial firms business and personal assets are co-mingled, hence the detailed

information in the SSBF on firms and owners is crucial, see Herranz, Krasa, and Villamil (2009).

Small firms are a vital part of the macro economy, producing more than 50 percent of non-farm

private U.S. GDP, employing half of all private sector employees and paying 45 percent of total

private payroll. These firms are a source of “good jobs,” generating 60 to 80 percent of net new

jobs annually over the last decade, employing 41 percent of high tech workers (scientists, engineers

and computer workers) and producing almost 14 times more patents per employee than larger

patenting firms. Among all U.S. employer firms, 89 percent have less than 20 employees.4 Thus,

it is important to understand these firms.

The paper has three main results: First, modest differences in willingness to bear risk interact

with firm legal rules and credit constraints to generate significant effects on owners’ payoffs. This

induces less risk-averse entrepreneurs to run larger firms with higher future value, which limits

their incentive to default. Hence, less risk averse owners incorporate to protect personal assets. In

contrast, if more risk-averse entrepreneurs run firms they are small with low future value. Such

3Models with representative agents are aggregated by multiplying the optimal decision rules from the individual’s
problem by the number of (identical) agents. This is not possible in our setting because differences in willingness to
bear risk (i.e., heterogeneous risk aversion parameters) are central to the debate on entrepreneurship. We construct
distributions to account for heterogeneity.

4See http://www.sba.gov/advo/stats/sbfaq.pdf. In the 1993 and 1998 SSBF, the median number of employees is 7
and median assets are $270,000.
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owners may optimally leave some personal assets at risk in bankruptcy by remaining unincorpo-

rated because this credibly limits default ex-post. Second, we characterize firm dynamics with

respect to size, financial structure and default, and show how these endogenous choices are used

to manage firm risk. Surprisingly, we find that more risk-averse owners tend to default more often

than the less risk averse, but they carry less debt.5 Third, we use the model to measure a credit con-

straint parameter and the distribution of risk aversion. Wefind that most but not all entrepreneurs

are credit constrained and that differences in owners’ willingness to bear risk are modest. The credit

constraint is consistent with bank lending criteria and thepreference results are consistent with mi-

cro studies. Overall, our finding that that changes in legal rules and credit constraints can have

vastly different impacts on owners’ payoffs when they have only small differences in risk aversion,

shows that agent heterogeneity and the legal environment are important for policy analysis.

Our analysis requires technical innovation and high performance computing. The ex-post de-

fault decision introduces a non-convexity (described below), heterogeneity requires distributions,

and the return distribution cannot be captured by the first two moments or a few states. We prove

that when an agent’s value function is scalable in net worth,the complexity of the problem is

reduced. Nevertheless, the problem is computationally intensive because non-convex optimiza-

tion requires care to find an appropriate start value. Also, constructing distributions for firm size,

capital structure and personal net worth invested in the firmrequires the fixed point problem to be

computed for a sufficiently large number of risk-aversion values to account foragent heterogeneity.

Although calibration exercises can typically use small discrete approximations of uncertainty and

match moments, we cannot approximate the return distribution by a few states without introduc-

ing large errors because the non-normal shape of the distribution matters, see section 7.5. Thus,

given continuation values, when computing an agent’s utility maximization problem we must use

numerical integration in every step of the optimization.

There is a large literature on entrepreneurship.6 We focus on how owners use firm size, capital

structure and default to manage non-diversifiable risk and the implications for firm dynamics.

Our result that firms of less risk-averse owners with a default option tend to be large and have

high future value, which credibly limits their incentive todefault, is related to Vereshchagina and

Hopenhayn (2008)’s model of occupational choice with homogeneous preferences, where risk

reduces utility and discourages entrepreneurship. The option to default limits losses, but gains

5As in Chatterjee, Corbae, Nakajima, and Rios-Rull (2007), default occurs in equilibrium in our model.
6See Quadrini (2009) for an excellent survey of three branches of entrepreneurship: (i) factors that affect the

decision to become an entrepreneur, (ii) aggregate and distributional implications of entrepreneurship for savings and
investment, and (iii) how entrepreneurship affects economic development and growth. See Kihlstrom and Laffont
(1979) for an early analysis of differences in risk aversion that formalizes ideas in Knight (1921) in a static model.
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are unbounded if the firm is successful. This introduces a kink in the objective function that

encourages risk-taking. In Vereshchagina and Hopenhayn (2008) risky projects convexify the kink

by providing lotteries over future wealth. We also have a kink in the objective, but cannot use

lotteries to convexify it due to a commitment problem – firm size and capital structure decisions

are made ex ante but the default decision is made ex-post, andthere is no way to enforce ex-

post a firm’s ex ante promise to refrain from default. Chen, Miao, and Wang (2009) also study

the link between non-diversifiable risk and firm dynamics, but in an asset valuation model with

CARA preferences and fixed firm size. An important contribution of their paper is to show how

this standard corporate finance approach breaks down when idiosyncratic risk cannot be diversified

away. Finally, Abbring and Campbell (2005) formulate and estimate a model of firm dynamics and

find that a large component of firm value is due to the option to exit. They focus on differences in

firm size due to heterogeneity across entrepreneurs’ skillsrather than differences in risk aversion.

Our paper also complements recent analyses of the quantitative effects of bankruptcy rules in

dynamic models with limited commitment and incomplete markets begun in Athreya (2002). Chat-

terjee, Corbae, Nakajima, and Rios-Rull (2007) and Livshits, MacGee, and Tertilt (2007) show that

U.S. consumer bankruptcy provides partial insurance against bad luck due to health, job, divorce

or family shocks, but it drives up interest rates, which impedes intertemporal smoothing. In the lat-

ter paper the insurance effect slightly dominates the interest rate effect, while the former finds the

reverse. Meh and Terajima (2008) extend the model to study the effect of consumer bankruptcy on

unincorporated entrepreneurs and find larger benefits from eliminating the personal bankruptcy ex-

emption, but losses from eliminating consumer bankruptcy entirely. In contrast, our baseline model

focuses on bankruptcy by incorporated firms with heterogeneity in owner willingness to bear risk.

Bankruptcy provides insurance against poor firm returns, but default is tempered by potentially

high future gains from maintaining the firm, due to kurtosis in returns. The insurance effect is

much more important than the interest rate effect, especially for owners most willing to bear risk.

Also, as mentioned earlier, less risk-averse owners incorporate while more risk-averse owners may

not because the seizure of personal assets in bankruptcy mitigates a commitment problem.

The paper proceeds as follows. Section 2 contains the model.Section 3 uses theory to derive

a computable problem and constructs cumulative probability distributions predicted by the model

for net-worth, capital structure, and firm size. The model ismapped into U.S. data in Section 4.

Section 5 shows that the model is quantitatively plausible along a number of dimensions, including

firm size, capital structure and default rates. Section 6 examines firm legal status (incorporation).

Section 7 reports robustness and section 8 concludes.
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2 Model with Incorporated Firms

The economy hast = 0, 1, . . . time periods, with a risk-neutral competitive lender and many in-

finitely lived agents. We assume the lender has an elastic supply of funds and makes one-period

loans.7 Agents have a common discount rateβ and preferences that are heterogeneous with re-

spect to risk aversion parameterρ ∼ N(µ, σ2). Givenρ, each agent’s CRRA utility function over

consumption is given by

u(c) =
c1−ρ

1− ρ
.

At t = 0, agents have endowmentw0 and access to an ex-ante identical constant returns to scale

technology. If operated, the technology produces outputx per unit of assets investedA. The firm’s

return is given by random variableX with cumulative distribution functionF(x) and probability

density functionf (x), which is strictly positive on support [x, x̄], with x ≤ 0, x̄ > 0, and iid across

time periods. A negative realization means that firm losses in a year exceed its current assets; the

owner must either use personal funds to stay solvent or default. In all periodst ≥ 1, agents’ net-

worthwt is derived from the return on investment and is known at the beginning of the period. We

assume that all agents also have access to an alternative investment opportunity with returnr.

Entrepreneurs are agents that choose to operate a firm, whichmeansA > 0,8 and they raise

firm assets at timet in two ways:

Equity: Use personal net-worthwt to self-finance at real opportunity costr.

Debt: Take a loan, secured by business assets, at interest raterL = v̄/(1− ǫ), where ¯vA is the total

loan amount that must be repaid in the next period and (1− ǫ) is the fraction of debt finance.

The model has three interest rates:

rL: business loan interest rate (determined endogenously foreach entrepreneur by the model);

r f : exogenously given risk-free rate; and

r: exogenously given entrepreneur opportunity cost of providing equity to the firm.

Net-worthw consists largely of illiquid assets, such as home equity or retirement savings. The

entrepreneur’s opportunity cost of using these personal funds to provide equity to the firm,r, is

thus higher than risk-free rater f , the lender’s opportunity cost of funds, meaning that lenders

(banks) have better access to funds than entrepreneurs. Since entrepreneurs default with positive

7We consider a composite lender that supplies all liabilities (bank loans, trade credit and other liabilities) and can
infer borrower risk aversion. The average maturity on loansto small firms is less than one year in the Federal Reserve’s
Survey of Terms of Business Lending(these firms lack audited financial statements, payment or profit histories, or
verifiable contracts with workers, suppliers or customers).

8If agents do not wish to run a firm, they setA = 0 and consumewt.
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probability in equilibrium, the lender’s loan raterL generally exceedsr. Given a level of business

assetsA in a period, the entrepreneur determines the optimal financial structure by choosing the

fraction of self-financeǫ. Thus, total equity isǫA and total debt is (1− ǫ)A at the beginning of the

period, while at the end of the period the firm has assetsxA and liabilitiesv̄A.

The firm faces a borrowing constraint, (1− ǫ)A ≤ bw, which limits business loans to fractionb

of entrepreneur net-worth. If our model were static, this constraint would be identical to Evans and

Jovanovic (1989). Our constraint depends on agent net-worthw, however, which evolves over time

and includes both firm and personal assets.9 Of course firm assets can be seized in bankruptcy, but

the constraint indicates that the lender also takes accountof the fact that the entrepreneur will use

personal assets to “bail out the firm” (when this is optimal).Because the project’s expected return

exceeds the lender’s opportunity cost of funds plus expected default costs, the risk neutral lender

would like projects to be highly levered and run at a large scale. This constraint imposes lending

limits on entrepreneurs of each risk type. We will use the model to estimateb.

Ex-post, the entrepreneur chooses whether to repay loanAv̄ or default.10 When default occurs,

bankruptcy follows immediately and is described by two parameters,δ andT. The court determines

the total value of firm assets and transfers 1− δ to the lender, whereδ is a deadweight bankruptcy

loss (e.g., firm assets are sold at a loss). As the firm is incorporated, the entrepreneur is protected by

limited liability (only firm assets can be seized), but has the option to pay firm debt with personal

funds if this is optimal. If bankruptcy occurs, the entrepreneur does not have access to the firm’s

returns forT periods, which has two interpretations. First, corresponding to Chapter 7 in the U.S.

Bankruptcy Code, the firm may be liquidated. Because bankruptcy remains on a credit record for

a period of time, creditors and customers would be unwillingto do business with the entrepreneur

during this period. Second, corresponding to Chapter 11, the firm may continue to operate, but is

owned by the debt-holders who make investments and receive payments, or shut it down. After

T periods the credit record is clean, and the entrepreneur caneither restart a new firm or regain

control of the original firm, in Chapter 7 or 11 respectively.

The timing of events for incorporated firms is as follows:

1. Beginning of periodt (ex-ante) entrepreneur net-worth isw. There are two cases:

9The risky technology andw0 are ex-ante identical, but net-worth (and consumption) evolve stochastically over
time due to differences in risk aversion and return realizations. Asb→ ∞, borrowing is unconstrained.

10A firm may default if it is unable to repayAv̄ (firm plus personal assets are less thanA) or unwilling to repay.
Owners can “bail out the firm” with personal assets to forestall bankruptcy, but cannot be forced to do so. In our
model personal credit histories affect business loans, causing a credit interruption. Mester (1997) p. 7 finds that in
small business loan scoring models, “the owner’s credit history was more predictive than net worth or profitability of
the business” and “owners’ and businesses’ finances are often commingled.”
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(a) The entrepreneur did not declare bankruptcy in any of the previous T periods:Choose

consumptionc, firm assetsA, self-financeǫ (debt is 1− ǫ), and amount ¯v to repay per

unit A, subject to the lender receiving at least ex-ante expected payoff (1− ǫ)(1+ r f ).

(b) The entrepreneur declared bankruptcy k periods ago.The owner cannot operate the

firm for the nextT − k periods. Hence, only current consumption is chosen.

2. At the end of periodt (ex-post) the firm’s return on assets,x, is realized. Total end-of-period

firm assets areAx. The entrepreneur must decide whether or not to default. If

(a) Default: Only firm assets are seized; the entrepreneur is left with personal net-worth

(1+ r)(w − ǫA− c), personal assets invested at outside interest rater.

(b) No Default:Entrepreneur net-worth isA(x − v̄) + (1+ r)(w − ǫA − c), which includes

both net-equity in the firm and the return on personal assets.

3 An Individual Agent’s Problem

Consider the optimization problem of an agent, with a given coefficient of risk aversionρ. The

goal is to determine the structure of the value function. We state the problem recursively, with

beginning of period entrepreneur net-worthw. If bankruptcy occurred in the previousT periods,

then the state is given by (B, k, w) wherek is the number of periods since default. Otherwise, the

state is given by (S, w). Denote the value functions byVB,k(w) andVS(w), respectively. AfterT

periods the firm can restart, thusVB,T(w) = VS(w). LetB denote the set of asset return realizations

x for which bankruptcy occurs, with complementBc.

If the firm did not default in the previousT periods, the agent solves:

Problem 1 VS(w) = maxc,A,ǫ,v̄ u(c) + β
[∫

B
VB,1

(

(1+ r)(w − ǫA− c)
)

dF(x)

+
∫

Bc VS
(

A(x− v̄) + (1+ r)(w − ǫA− c)
)

dF(x)
]

Subject to:
∫

B∩R−

x dF(x) +
∫

B∩R+

(1− δ)x dF(x) +
∫

Bc
v̄ dF(x) ≥ (1− ǫ)(1+ r f ) (1)

x ∈ B if and only if VB,1 ((1+ r)(w − ǫA− c)) > VS (A(x− v̄) + (1+ r)(w − ǫA− c)) (2)

(1− ǫ)A ≤ bw (3)
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c ≥ 0, A ≥ 0, 0 ≤ ǫ ≤ 1. (4)

The objective is an agent’s utility of current consumption plus the discounted continuation value

of end of period net-worth. Constraint (1) ensures that the lender is willing to supply funds. The

right-hand-side indicates that the 1− ǫ fraction of funds the lender invests in the firm earn at least

reservation return 1+ r f . The left-hand side is the lender’s expected return from theloan: the

first term accounts for the fact that the lender may absorb some losses when the firm’s return is

negative,11 the second term is the net amount recovered from firm assets inbankruptcy states with

positive net returns (deadweight default lossδ arises only ifx is positive and the firm has not lost

more than the value of its assets in the period), the third term is the net amount recovered from

personal assets and the fourth term is the fixed debt repayment in solvency states. Constraint (2)

specifies ex-post optimality of the default decision: An entrepreneur will default if and only if the

expected continuation payoff after default exceeds that from solvency.12 As discussed previously,

(3) is the borrowing constraint. Finally, (4) is standard.13

Now consider the problem of a firm that defaultedk ≤ T periods ago. AfterT periods the firm

can operate again, thusVB,T(·) = VS(·). Letw′ denote net-worth next period.

Problem 2 VB,k(w) = maxc,w′ u(c) + βVB,k+1(w′)

Subject to:

c(1+ r) + w′ ≤ w(1+ r); (5)

c, w′ ≥ 0. (6)

The objective of problem 2 is expected ex-ante utility. If default occurred, the agent cannot op-

erate the firm forT periods and chooses only consumption and saving, consistent with budget

constraint (5) and non-negativity constraint (6).

We now use the fact that CRRA utility is scalable in wealth to determine the structure of the

11This can occur if the loan has an overdraft provision or the firm has trade credit. In the data, this corresponds to
the case where the firm has negative equity and defaults.

12Bailing out the firm with personal funds means that the entrepreneur continues to operate the firm even ifx < v̄.
In a one period model (instead of the dynamic model) bothVB,1 andVS would be the identity mapping, and (2) would
reduce tox ∈ B if and only if (1+ r)(w − ǫA− c) > A(x− v̄) + (1+ r)(w − ǫA− c), which impliesx ∈ B if and only if
x < v̄ (bankruptcy only if the return is less than debt plus interest).

13Ex ante 0< ǫ < 1, but ex-post negative equity may occur. This distinction arises because the non-negativity
constraint on equity only applies ex ante. Ex-post, if the project realization is low, assets are low and end-of-period
equity will be negative due to the accounting identity: assets= debt+ equity.
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value function. Proposition 1 determines the shape of the value function, which will allow us to

restate Problem 1 as a one-dimensional fixed point problem.14 The proof is in Appendix B.

Proposition 1 Suppose that the entrepreneur has constant relative risk aversion. LetvS = VS(1)

andvB,k = VB,k(1). Then VS(w) = w1−ρvS and VB,k(w) = w1−ρvB,k.

Applying Proposition 1 to Problem 2 it is straightforward tocomputevB,k as a function of

vS. Further, Lemma 1 and Lemma 2 in Appendix B prove that the investor’s constraint binds

and bankruptcy setB is a lower interval, with cutoff x∗. Thus, the optimization problem can be

rewritten as follows, where all endogenous variables are expressed as a fraction of net-worthw:

Problem 3 vS = maxc,A,ǫ,v̄ u(c) + βvB
∫ x∗

x

[

(1+ r)
(

1− ǫA− c
)]1−ρ

dF(x)

+βvS
∫ x̄

x∗

[

A(x− v̄) + (1+ r)
(

1− ǫA− c
)]1−ρ

dF(x)
]

Subject to:

∫ x∗

x
min{(1− δ)x, x} dF(x) +

∫ x̄

x∗
v̄ dF(x) = (1− ǫ)(1+ r f ) (7)

x∗ = max















v̄ −

















1−

(

vB

vS

)
1

1−ρ

















(1+ r)(1− ǫA− c)
A

, x















(8)

c+ ǫA ≤ 1 (9)

(1− ǫ)A ≤ b (10)

c ≥ 0,A ≥ 0, 0 ≤ ǫ ≤ 1. (11)

The objective is to maximize the utility of current consumption and the discounted value of end

of period net-worth in firm bankruptcy and solvency states. Constraint (7) corresponds to lender

individual rationality constraint (1), and binds by Lemma 1in Appendix B. Constraint (8) is the

optimal default cutoff and follows from (2) by Lemma 2. (9) ensures feasibility and (10) is the

borrowing constraint. (11) is obvious.

14We need onlyvB,1, the continuation utility given that default was just announced, andvS. To simplify notation,
write vB for vB,1.
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Problem 3 is non-convex because the timing of decisions leads to a commitment problem:c,

A, ǫ, v̄ are chosen ex-ante, but the bankruptcy decision is made ex-post and the firm cannot commit

to refrain from bankruptcy. This implies that default set cutoff x∗ is determined by (8). Lotteries

cannot be used to convexify the problem because independentrandomization overA, ǫ, c, v̄ and

x∗ is not possible. See Krasa and Villamil (2000), Krasa and Villamil (2003) for an analysis of

randomization and commitment.

3.1 Existence and Uniqueness

Proposition 2 There existρ < 1 and r̄ > 1
β
− 1 such that Problem 3 has a solution for allρ ≥ ρ

and for all r ≤ r̄.

Let Γ(vS) be the expected utility given continuation valuevS. In generalΓ′(vS) > 1 for all vS

close to 0. Thus,Γ is not a contraction mapping because net-worth is unbounded. In the proof of

Proposition 2 in Appendix B, we show thatΓ(0) ≤ 0 and that there existsvS such thatΓ(vS) ≥ 0 for

risk aversionρ > 1. As a consequence of the intermediate value theorem, continuity of Γ implies

thatΓ has a fixed point. By continuity, the result extends for someρ < 1.

If there is more than one solution to the recursive problem, then the solution with the maximal

vS corresponds to the solution of the infinite horizon problem where agents select sequences for

consumption, assets, debt-equity and default.

3.2 Heterogeneous Entrepreneurs & Model Predictions

Agents are heterogeneous with respect to risk aversion. This requires matching model predictions

and data in terms ofdistributions(see Krusell and Smith (1998)). We now specify the distributions

predicted by the model for end-of-period firm assets, personal net-worth invested in the firm, and

the ratio of equity over assets (firm capital structure). Given firm return pdff (x) and risk aversion

pdf gµ,σ(ρ), the cdfs predicted by the model are:15

Cdf of Net-Worth: After realizationx, firm assets areA(ρ)x and debt isA(ρ)v̄. Equity in the

firm is A(ρ)(x − v̄(ρ)), which is positive ifx ≥ v̄(ρ). Owner personal net-worth outside the firm is

(1+ r)(1− c(ρ) − ǫ(ρ)A(ρ)). The fraction of total net-worth invested is

w =
A(ρ)(x− v̄(ρ))

A(ρ)(x− v̄(ρ)) + (1+ r)(1− c(ρ) − ǫ(ρ)A(ρ))
. (12)

15We will constructf (x) andgµ,σ(ρ) in the quantitative analysis.
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It follows immediately thatw is strictly increasing inx. We can solve this equation forx = x(w, ρ).

The fraction of net-worth invested is less than or equal tow for all x ≤ x(w, ρ). For firms with

positive equity, the cdf of net worth is therefore given by16

Wm
µ,σ(w) =

∫ ρ

−∞

∫ x(w,ρ)

v̄(ρ)
f (x)gµ,σ(ρ) dx dρ +

∫ ∞

ρ

∫ x(w,ρ)

v̄(ρ)
f (x)gµ,σ(ρ) dx dρ

∫ ∞

v̄(ρ)
f (x) dx

. (13)

Cdf of Equity /Assets: The fraction of equity is given by

e =
A(ρ)(x− v̄(ρ))

A(ρ)x
.

Solve this equation forx = x(e, ρ). For firms with positive equity, the cdf of equity/assets is then

Em
µ,σ(e) =

∫ ρ

−∞

∫ x(e,ρ)

v̄(ρ)
f (x)gµ,σ(ρ) dx dρ +

∫ ∞

ρ

∫ x(e,ρ)

v̄(ρ)
f (x)gµ,σ(ρ) dx dρ

∫ ∞

v̄(ρ)
f (x) dx

. (14)

Cdf of End of Period Assets: The current realization of end of period assets as a fractionof

net-worth outside the firm is

a =
A(ρ)x

(1+ r)(1− c(ρ) − ǫ(ρ)A(ρ))
(15)

Solve this equation forx = x(a, ρ) to get the cdf of end of period assets

Am
µ,σ(a) =

∫ ρ

−∞

∫ x(a,ρ)

x
f (x)gµ,σ(ρ) dx dρ +

∫ ∞

ρ

∫ x(a,ρ)

x
f (x)gµ,σ(ρ) dx dρ. (16)

4 Mapping the Model to U.S. Data

Table 1: Exogenous Parameters
Parameter Interpretation Value Comment/ Observations

r f lender opportunity cost 1.2% real rate, 6 mo T-Bill, 1992-2006
r entrepreneur opportunity cost4.5% real rate, 30 year mortgage, 1992-2006
β discount factor 0.97 determined fromr andr f

T default exclusion period 11 U.S. credit record
δ default deadweight loss 0.10 Boyd-Smith (1994)

16The denominator is the probability that the entrepreneur has positive equity, whereρ is the lowest parameter for
which a model solution exists. For allρ < ρ we assign the model solution as explained in section 5.
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We use U.S. data to assign values to five model parameters and to construct the distribution

of firm returns. We jointly calibrate three remaining parameters. In table 1, we identifyr f , the

lender’s opportunity cost of short-term funds, with the average real return on 6 month Treasury

bills between 1992 and 2006.17 The interest rate charged by the lender will be strictly higher than

r f because of bankruptcy costs. We identify the owner’s opportunity cost of fundsr with the real

rate on 30 year mortgages over the period; the cost of using home equity to finance a business

loan will also be strictly higher.β = 0.97 is approximated by 1/(1 + 0.5r f + 0.5r), with r andr f

weighed equally (firm risk cannot be diversified since a portfolio of small firms does not exist).

The bankruptcy parameters areT = 11, because in the U.S. after 10 years past default is removed

from a credit record, andδ = 0.1, the bankruptcy deadweight loss in Boyd and Smith (1994) and

the midpoint of costs of 0-20% of assets in Bris, Welch, and Zhu (2006).

Herranz, Krasa, and Villamil (2009) use data from the Surveyof Small Business Finances

(SSBF) on incorporated firms to compute firm return distribution f (x).18 They assume firms have

access to a common constant returns to scale “blue print” technology. The return per unit of assets

for a particular firm is a sample point from this distribution(see section 10.1). Table 2 shows that

f (x) is risky, with rightward skew and a long upper tail.19

Table 2: Real Firm Return on Assets for Incorporated Firms: Summary Statistics

Moment: median mean standard dev. skewness kurtosis
1993 SSBF 1.094 1.30 1.57 13.2 290
95% conf. [1.08, 1.11] [1.22, 1.38] [0.95, 2.13] [2.3, 17.3] [29, 488]

The remaining parameters are jointly calibrated by choosing b, µ, σ to minimize the distance

between model predictions and data. We first construct two empirical cumulative density functions

17We use monthly data for T-Bill rates and deduct for each monththe CPI reported by the BLS.
18The SSBF was administered by the Board of Governors of the Federal Reserve System and the U.S. Small Busi-

ness Administration in 1987, 1993, 1998 and 2003, availableat http://www.federalreserve.gov.Each survey is a cross
section of about 4000 non-farm, non-financial, non-real estate small businesses that represents about 5 million firms.
The surveys contain information on small firms and the primary owner (e.g., owner age, gender, industry, type of
business organization), firm income statements and balancesheets, details on the use and source of financial services,
and recent firm borrowing experience (including trade credit and capital injections such as equity). We consider only
incorporated firms with assets of at least $50,000. We imposethis lower bound on assets for numerical reasons: we
divide profits by assets to get returns and 50,000 is the smallest number that did not generate numerical problems but
left almost all of the sample intact.

1995% confidence bands are computed for each moment using bootstrap sampling, except the interquartile range is
reported for the median. Only the 1993 SSBF has interest payments, required to compute return on assets.
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from the SSBF data. The empirical cdf of net-worth invested is,We(w):20

owners’ share∗ equity
net-worth outside the firm+ owners’ share∗ equity

.

The empirical cdf of end-of-period assets per unit of net-worth, Ae(a), is:

owners’ share∗ asset
net-worth outside the firm

.

The model-predicted median assets areaµ,σ such thatAm
µ,σ(aµ,σ) = 0.5.

Parametersb, µ, σ are chosen to minimize the supnorm distance between the cdf implied by

the model and the cdf from the SSBF data:

min
b,µ,σ≥0

||Wm
µ,σ(w) −We(w)||∞ + (0.431− aµ,σ)

+ + (aµ,σ − 0.519)+ (17)

The cdf of net-worth invested implied by the model,Wm
µ,σ(w), is given by (13). The supremum norm

||.||∞ is taken over all non-negative fractions of net-worth.21 The second and third terms impose

penalties only for asset values outside the 95% confidence interval for firm assets, which Herranz,

Krasa, and Villamil (2009) find is [43.1,51.9]. Since we exclude firms with negative equity when

determiningWe, net-worth invested is between 0% and 100%, but assets are unbounded.22 The

lack of a well defined upper bound for assets is a problem because tail behavior would greatly

impact model prediction; requiring the median asset level to lie in its 95% confidence interval

solves this problem.

Table 3: Calibrated Parameters
Parameter Interpretation Est. Value

b% borrowing constraint: loan≤ bw 21.5
µ median of distribution of risk aversion 1.55
σ standard deviation of distribution of risk aversion 0.83

Table 3 reports the calibrated parameters. The model predicts a maximal ex ante loan size of

21.5% of entrepreneur net-worth inside and outside the firm.To put this number in perspective,

20We(w) is the number of observations, accounting for sample weights, at which the fraction of net-worth invested
is less than or equal tow.

21To compute the supremum norm we evaluate|Wm
µ,σ(w)−We(w)| at 1,000 equi-distant points between 0 and 1, and

take the maximum. Appendix C shows the estimates are not affected by using square distance
√

∫

(

Wm
µ,σ(w) −We(w)

)2
dw + ((0.431− aµ,σ)+)2 + ((aµ,σ − 0.519)+)2

22For example, 5% of firms had assets over ownership share that exceeded owner net-worth by 500%.

13



consider its implications for small business lending. In order to be considered for a commercial

loan, three criteria must generally be satisfied:23

(i) The loan amount cannot exceed collateral.

(ii) Annualized loan repayment cannot exceed half of business cash flow.

(iii) The debt-equity ratio (1− ǫ)/ǫ cannot exceed 3.

Criterion (i) is straightforward, but difficult to check empirically. Owners can pledge firm assetsA

as collateral (if they exist) and use personal assets to bailout the firm. However, SSBF data provide

only an incomplete picture of firm collateral and it is not possible to distinguish “equilibrium firm

bailouts” via personal collateral from standard equity injections in any data base.

Our model is crucial for assessing (ii) and (iii). For (ii), the SSBF does not provide information

on annualized loan repayment (cash flow isAx), but the ex-ante debt-equity ratio is easily identified

in the data. However, it depends on entrepreneur risk aversion, which is not observable. We use the

risk aversion coefficients implied by the model to compute model debt-equity ratios and check if

they are consistent with SSBF data. The model’s median risk-aversion estimate of 1.55 implies an

ex-ante debt-equity ratio of 2, which clearly satisfies (iii). The limit of 3 is reached whenρ = 2.3,

which is roughly one standard deviation above the meanρ. Thus, the value ofb estimated by the

model implies that more than 80% of firms fall within bank business loan guideline (iii). Of course,

this is a guideline and some entrepreneurs may be able to borrow at higher rates. For example, SBA

loans allow debt-equity ratios of up to 4 as a matter of publicpolicy, and trade credit is not subject

to this guideline. Such factors may explain debt-equity ratios exceeding 3 for the remaining 20%

of entrepreneurs.

The prediction forǫ can be checked similarly. If the lender uses the median return, (iii) gives

(1−ǫ)A ≤ (1.094/2)A and the mean gives (1−ǫ)A ≤ (1.30/2)A (see table 2). This yieldsǫ ≥ 0.453

or ǫ ≥ 0.35, respectively, which are tighter than debt-equity ratioconstraint (iii). In the model, they

are fulfilled for allρ ≤ 1.01 orρ ≤ 1.51. If b were larger, the predictedǫ would be higher with

(iii) violated for more firms. Interestingly, a standard consumer loan guideline requires housing

payments to not exceed 28% of gross annual income. Business loans are (normally) riskier than

mortgages, roughly implying a lower constraint, which alsosuggests estimateb is reasonable.

Thus, the model’s estimate ofb is roughly consistent with established lending practices.

The model also estimates the median level of risk aversion ofowner of an incorporated firm,

finding µ = 1.55 with standard deviationσ = 0.83. We use these estimates to construct the

23Seehttp://www.sba.gov/localresources/district/fl/north/JK CIQUAL.html.
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distribution of risk aversion for incorporated firms,gµ,σ(ρ), the final object in the model that must

be mapped into data. To put this estimate in perspective, we again compare it with other studies.

Mazzocco (2006) uses the Consumer Expenditure Survey to estimate a median coefficient of risk

aversion of 1.7 for men. We would expect entrepreneurs to be somewhat less risk averse than the

general population, and our estimate forρ is in line with this.24 About 75% of our agents have

a coefficient of risk aversion between 1 and 3, the range used in real business cycle models. Our

result is also broadly consistent with results from laboratory experiments, e.g., Harrison, List, and

Towe (2009) find that CRRA describes the data well, modest heterogeneity, and a lower mean.

Appendix A shows that the values of the calibrated parameters do not vary significantly with

legal parametersδ andT. The insensitivity to changes inδ is due to the low equilibrium default

rate. Table 12 shows that the best model fit is obtained at a value ofT = 13. Thus, if we calibrated

T instead of choosing it to be consistent with U.S. institutions, the numbers for the calibrated

parameters and model results do not change significantly.

5 Matching Model Predictions and Data

Our model is quantitatively plausible along a number of dimensions. Figure 1 compares the cdfs

predicted by the model (computed as explained in section 3.2) with SSBF data.25 The first panel

shows the model-predicted and empirical cdfs for the fraction of net-worth an owner invests in

the firm. Since we fit to this empirical cdf one would expect to see a match, but the match is

surprisingly good given there are only three fitting parameters. The data show that owners invest

substantial personal net-worth in their firms: the median is21% and the mean is 27%. The data

also show a surprising lack of diversification: 3% invest more than 80%, 11% invest more than

60%, 25% invest more than 40% and 52% invest more than 20%. Themodel replicates these facts.

The next panel compares the predicted cdf of firm assets to itsempirical counterpart. The

match between these cdfs is also good, but the model under predicts a few large firms. This occurs

because model solutions do not exist belowρ = 0.74, and we assign point mass ofµ({ρ ≤ ρ̄})

to ρ. At ρ, the ex-ante level ofǫ andA are 0.720 and 0.766, respectively. Thus, end of period

net-worth outside the firm, (1− ǫA − c)(1 + r) is about 0.470. Using median return ˆx = 1.094

from table 2, the ex-post level of assets as a fraction of net-worth for risk aversion levelρ is

24Mazzocco (2006) does not estimate the distribution of risk aversion, so his estimate of the standard deviation of
0.96 is not directly comparable to ours.

25Only the 1998 SSBF has owner net worth, personal net-worth plus home equity. The data cdf for net-worth
invested is for firms with positive net-worth outside the firm, non-negative equity, and at least $50,000 in assets.
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Figure 1: Model Predictions and SSBF Data for incorporated firms: cdfs

Ax̂/(1 − ǫA − c)(1 + r)) = 1.786. In the graph, this is the range where the model predictedcurve

moves away from the data. The model predicted median asset level of 48.1% in table 4 below is

well within the 95% confidence interval of [43.1, 51.9]. This also shows that the penalty term in

(17) is not relevant in the neighborhood of the optimal parameters.

The bottom panels of figure 1 compare the model prediction forfirm capital structure to the

empirical cdfs for 1993 and 1998. The left panel shows that the model somewhat over predicts

equity/assets. This again occurs because no model solutions exist below ρ and (14) assigns point

mass to these values. Atρ = 0.74 the associated value of ¯v is 0.335. At median return level

x̂ = 1.094, this gives an ex post value of equity/assets of ( ˆx− v̄)/x̂ = 0.7, which is where the kink

in the left panel occurs. If the cdf ofǫ is computed conditional onǫ < 0.7, the model does an

excellent job of replicating the empirical distribution ofequity/assets among firms – see the right

panel. By definition total assets are debt plus equity, thus equity/assets is a measure of firm capital

structure. The approximately uniform cdf indicates that all capital structures are equally likely and
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Table 4: Model Point Estimates
Parameter Interpretation Model Data
medianA% median firm assets (size) 48.1 [43.1, 51.9]

consumption % consumption as a fraction of net worth 3.6 3-5
default % small firm default rate 4.4 3.5-4.5

neg. equity % negative equity in the firm 10.6 15.7, 21.0

this suggests agent heterogeneity, if individual firm capital structure is optimal.26

Table 4 shows that the model replicates successfully other targets. Median firm assets match

well (as discussed above) and consumption is in the standardrange.27 The default prediction is

slightly higher than the average annual default rate of 3.5%on small business loans guaranteed by

the Small Business Administration in Glennon and Nigro (2005) and close to the default rate on

trade credit of 4.5% in Boissay and Gropp (2007), table 2.4, for small French firms.28 Negative

equity, accounted for in the model in constraint (1), indicates that non-business assets are used to

cover business losses (e.g., personal funds or unpaid billsabsorbed by creditors). The model value

of 10.6% is below the SSBF empirical values for all firms of 15.7% in 1993 and 21.0% in 1998. The

use of personal funds to “bail out” a firm may seem puzzling since we consider only incorporated

firms, which are protected by limited liability in bankruptcy. Why do these entrepreneurs not

simply default on their loans? In a dynamic model an entrepreneur will not default, and hence will

choose to bailout a poorly performing firm with personal funds, if the firm’s expected discounted

continuation value is sufficiently high. While the benchmark model’s predicted level of negative

equity falls short of the values observed in the SSBF, section 7.4 will show the model can better

match the data if entrepreneurs are slightly optimistic.

Table 5: Entrepreneur’s Ex-Ante Optimal Choice and Risk Aversion
ρ 0.9 1.2 1.5 1.8 2.1 2.5 3.0 3.5 4.0

(1− ǫ)A % 21.5 21.5 21.5 21.5 21.5 18.7 15.2 12.8 11.1
A % 61.0 44.2 35.3 30.0 27.0 22.7 18.3 15.4 13.3
ǫ % 64.8 51.5 39.1 28.5 20.4 17.6 17.2 16.8 16.5
v̄ 0.409 0.550 0.682 0.798 0.891 0.921 0.925 0.928 0.930

default % 3.6 3.7 4.0 4.6 5.4 5.6 5.4 5.2 5.1
c % 2.2 4.0 4.6 4.9 5.0 5.0 5.0 4.9 4.9

26A uniform distribution for all firms is consistent with a determinate capital structure for each firm.
27Point estimates for expected fraction of net-worth spent onconsumption and the default probability are

∫ ρ

−∞
c(ρ)gµ,σ(ρ) dρ +

∫ ∞

ρ
c(ρ)gµ,σ(ρ) dρ and

∫ ρ

−∞

∫ x∗(e,ρ)

x
f (x)gµ,σ(ρ) dx dρ +

∫ ∞

ρ

∫ x∗(e,ρ)

x
f (x)gµ,σ(ρ) dx dρ.

28They report that trade credit is a third of all firms’ total liabilities in most OECD countries.
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Finally, parametersµ andσ are used to construct the distribution of risk aversion,gµ,σ(ρ), with

mean risk aversion parameterµ = 1.55. In order to better understand the effect of risk aversion on

endogenous parameters, table 5 shows how loan size, firm size, financial structure, debt burden and

default vary as risk aversion increases. The fraction of net-worth an entrepreneur borrows, (1−ǫ)A,

is constant when borrowing constraint (3) binds and falls asrisk aversion increases because the

borrowing constraint becomes slack. More risk averse agents also run smaller firms,A, and use

less of their own money,ǫ. As a consequence, firms become more leveraged and debt burden v̄

rises, which increases the incentive to default. Consumption is roughly constant except for the

agents most willing to bear risk, where current consumption(as a fraction of net worth) is lower

because they invest more now to consume more in the future.

Table 5 also allows us to compare our results with Chen, Miao,and Wang (2009). Like us,

they find that idiosyncratic firm risk jointly affects owner-manager consumption (c), firm capital

structure (ǫ), and default, among other things. Both models find that morerisk averse owners

default more, but the capital structure results merit discussion. In their model as risk aversion rises,

debt rises. Table 5 shows that in our model as risk aversion rises, total debt falls (row one) while

the percentage of debt rises (1− ǫ, based on row three). Three main differences account for this.

First, in our model firm sizeA is a choice variable, while in their model firm size is fixed. Second,

borrowing may be constrained in our model, but it is not constrained in theirs. Third, they have

CARA preferences, which imply that borrowing is independent of net worth. Recall that credit

constraint (1− ǫ)A ≤ bw requires business loans to not exceedb of owner net worth.29 Row one

of table 5 shows that the credit constraint binds forρ ∈ [0.9, 2.1], with total debt (1− ǫ)A stable

at 21.5. Row two shows that owners’ alter firm size dramatically to manage firm risk as owner

risk aversion rises. Our model assesses the importance of these effects quantitatively, producing

results consistent with the SSBF: substantial variation infirm size, whether measured by assets or

employees (see Herranz, Krasa, and Villamil (2009)), and limits on credit access.

6 Effects of Limited Liability

Up to this point we focused on incorporated firms only, and estimated the distribution of risk aver-

sion for entrepreneurs running incorporated firms. Doing a similar exercise for unincorporated

firms requires a distribution of return on assets for these firms, which is not possible since owners’

wages are not reported. In addition, we would need to calibrate another parameter, the fraction

29Net worth includes firm and business assets, all terms are divided byw, the model determinesb, and the interest
rate on loans is determined in equilibrium byr(ρ) = v̄/(1− ǫ).
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of assets an entrepreneur can retain in bankruptcy, which cannot be done directly for two reasons.

First, U.S. bankruptcy is a matter of federal law, but each state sets it own exemption parameter.

This would expand the complexity of the model significantly.Second and more fundamental than

computational concerns, entrepreneurs make different portfolio choices, which are not observable

in the data but determine the amount of assets that can be seized in bankruptcy. As a consequence,

we conduct a comparative static analysis to determine the main forces that drive a typical entrepre-

neur to incorporate or remain unincorporated.

To put the importance of this question into perspective, in the SSBF roughly half the firms are

incorporated and half are unincorporated. The main benefit of incorporation is limited liability: an

owner’s personal assets are separated from firm assets and cannot be seized by creditors.30 In order

to understand why incorporated and unincorporated small firms co-exist, we focus on the effect

of limiting personal liability on an entrepreneur’s ex-ante payoff. Our main finding is that less

risk-averse owners receive uniformly higher payoffs from incorporation while more risk-averse

owners may be better off remaining unincorporated for some values of the bankruptcyexemption

parameter. This occurs because less risk-averse owners runbigger firms with higher intertemporal

value, which tempers their incentive to default. In contrast, the more risk averse are unable to

credibly commit ex-ante to refrain from defaulting ex-post, and putting some personal assets at

risk by forgoing incorporation mitigates this commitment problem.

In the baseline model, limited liability corresponds toγ = 0, meaning that no personal assets

can be confiscated in bankruptcy. We now relax this assumption by considering a legal system in

which an unincorporated owner can be forced to pay 1> γ > 0 of personal assets (w−ǫA−c)(1+r)

to investors in bankruptcy, thus an unincorporated owner ispersonally liable for some firm debt.31

Appendix E modifies Problem 1 to account forγ. In the objective, (w− ǫA−c)(1+ r) in the default

integral is replaced by (1− γ)(w − ǫA − c)(1 + r). The investor receivesγ(w − ǫA − c)(1 + r),

after deadweight lossδ is deducted. Default cutoff x∗ is also affected and is decreasing inγ.

Appendix E shows that Problem 1 is equivalent to a slightly modified version of Problem 3 in

which the integrand over default states is (1− γ)(1 − ǫA − c)(1 + r) and the investor receives

(1−δ)γ
(

1
A − ǫ −

c
A

)

(1+ r), which is divided by assetsA since the investor’s constraint specifies the

30A secondary benefit is taxation (e.g., a firm may lower self-employment taxes by organizing as an S-corporation).
Herranz, Krasa, and Villamil (2009) show that recent firm hybrids account for taxes, yet liability status remains equally
divided. Disadvantages include small legal costs and information disclosure requirements.

31In the U.S., sole proprietors and partners are personally and jointly responsible for business liabilities. In the
extreme case ofγ = 1 all personal net-worth can be seized if the firm defaults. Inpractice,γ = 1 does not occur for
unincorporated firms because some private assets are exemptfrom seizure (e.g. some equity in a home, retirement
assets, and personal assets). Thus even if a firm is unincorporated, the effective level ofγ is significantly less than
100% and varies across individuals (with different portfolios and asset class exemptions).
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Figure 2: Impact of changes inγ on entrepreneurs with lower risk aversion levels

return per unit of assets. We also need a return distributionand constraint parameter. In order to

illustrate the costs and benefits of incorporation and facilitate comparison with our previous results,

we choose return distributionf (x) constructed for incorporated firms and calibrated parameter b

for the borrowing constraint. While differences between incorporated and unincorporated firms

may exist, our comparative static results forγ remain qualitatively valid.

Figure 2 shows that for agents with below median risk aversion, any positiveγ decreases owner

payoff.32 The loss is substantial, especially for those most willing to bear risk. Clearly, such an

owner would wish to incorporate to protect personal assets.Raisingγ is detrimental in this case

because while it lowers default (see the top-right panel), this benefit is outweighed by the fact that

raisingγ discourages risk taking, resulting in a substantial decrease in firm size (see the bottom-

left panel). The size reduction is bigger for entrepreneurswith ρ = 1.55, but since less of their

net worth is tied up in the firm, their payoff loss is lower. The lower default probability implies

32We compute the equivalent variation, which for givenρ andγ is theλ such thatVγS(λw) = Vγ
′

S (w); VγS, Vγ
′

S (w) are

value functions in solvency given exemption parametersγ andγ′. Proposition 1 implies thatVγS(λw) = λ1−ρVγ
′

S (w).

Further,VγS(w) = w1−ρVγS(1) = vγS andVγ
′

S (w) = w1−ρVγ
′

S (1) = v
′γ

S . The change isλ = (vγS/v
γ′

S )
1

1−ρ .

20



0 0.1 0.2 0.3 0.4
-7

-6

-5

-4

-3

-2

-1

0

1

2

3

0 0.1 0.2 0.3 0.4
0

0.01

0.02

0.03

0.04

0.05

0.06

% Payoff gain/loss

ρ=2

Default Probability

gamma gamma

ρ=2.5

ρ=3 ρ=2
ρ=2.5

ρ=3

0 0.1 0.2 0.3 0.4
-50

-40

-30

-20

-10

0

10

% Change of Assets

gamma

ρ=2.5

ρ=3

ρ=2

0 0.1 0.2 0.3 0.4
-100

-90

-80

-70

-60

-50

-40

-30

-20

-10

0

% Change of ε

gamma

ρ=2.5
ρ=3

ρ=2

Figure 3: Impact of changes inγ on entrepreneurs with higher risk aversion levels

that interest rates and thus borrowing costs decline, henceǫ decreases and the firm uses more out-

side funds. In summary, the net effect of increasingγ is a reduction in the insurance provided by

bankruptcy, which discourages socially beneficial risk-taking.

In contrast, figure 3 shows that more risk averse agents couldincrease payoffs by forgoing lim-

ited liability for some values ofγ. This occurs because higherρ agents run smaller firms, hence the

loss from exclusion is smaller. This implies that ratiovB/vS is increasing inρ, which in turn implies

that x∗ is larger.33 If owners could commit ex-ante to a default cutoff x∗c (i.e., if constraint (8) was

eliminated), thenx∗c < x∗. Thus inability to commit leads to higher default, which is costly. Raising

γ lowersx∗, moving the default cutoff closer to the efficient (full commitment) level,x∗c. Figure 3

illustrates aγ for which the benefit outweighs the cost of discouraging risktaking. The figure also

shows that increasingγ increases firm (asset) size for entrepreneurs withρ = 3, but not for those

with ρ = 2 andρ = 2.5. Borrowing constraint (10) binds whenǫ → 0, and when this occursA = b,

i.e., the ex-ante choice ofA is constant. This is the flat spot in the lower left figure, where A is

33Continuation valuevS is increasing inA, i.e., bigger firms have greater losses from exclusion. ThusvB/vS < 1,
but it converges to 1 asA→ 0.
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Figure 4: Assets as a fraction of net worth and net worth invested in the firm for 1998

constant over some range (the firm cannot get more debt due to the credit constraint). In contrast,

for ρ = 3 the borrowing constraint is slack for all values ofγ. Raisingγ lowers borrowing costs

and the owner first responds by loweringǫ, i.e., by using more outside funds. Onceǫ = 0 it cannot

be reduced further, and lower borrowing costs induce the firmto increaseA. Whenγ becomes too

large, however, the loss of insurance from bankruptcy starts to dominate andA is reduced.

The prediction that more risk-averse owners may remain unincorporated has two observable

implications. First, table 5 shows that in the baseline model (γ = 0) less risk averse owners run

larger firms (higherA), use more personal funds (higherǫ), and risk aversion has little effect on

consumption (c). (15) implies that for givenx > 0, more risk averse owners will have a smaller

posterior level ofA. Second, (12) implies that for givenx, more risk-averse agents will invest less

personal wealth in the firm. Figure 4 shows that both implications are true in the SSBF data.34

Why do all risk-averse entrepreneurs with a commitment problem not simply incorporate and

pledge collateral? For example, the owner of a small unincorporated firm with retirement assets

has two options: (i) Withdraw funds from a retirement account and post them as a bond with the

lender. This is costly due to early withdrawal penalties andbecause long-term assets earn higher

returns than more liquid investments. (ii) Leave the funds in the retirement account but promise

to use them to cover business debts. The agent might renege onthe promise or it may not be

enforceable by a court. Remaining unincorporated effectively provides collateral whenγ is known

to all parties and enforced by bankruptcy courts at low cost.In practice, remaining unincorporated

34The distributions in figure 4 report firms with positive equity and owners with positive net worth.
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Table 6: Comparative statics forT: Fix r f = 1.2%, r = 4.5%,β = 0.97,δ = 0.10
T 6 7 8 9 10 11 12 13 14 15 16 20

medA% 56.2 54.4 52.7 51.1 49.6 48.1 46.7 45.4 44.3 43.3 42.4 38.9
default% 6.1 5.6 5.3 5.0 4.7 4.4 4.2 4.0 3.8 3.6 3.5 2.9
cons.% 3.7 3.7 3.7 3.7 3.7 3.6 3.6 3.6 3.6 3.6 3.6 3.6
neg eq% 8.4 8.8 9.3 9.7 10.0 10.6 11.1 11.9 13.4 15.1 17.0 21.0

and pledging collateral may be substitutes, and the desirability of each alternative will depend on

opportunity and enforcement costs. Furthermore, the effective amount of personal asset exposure

(γ) will differ significantly among entrepreneurs. As noted previously,if most of an entrepreneur’s

net-worth is in home equity and the entrepreneur resides in astate that exempts home equity in

bankruptcy,γ will be very low, while if the state permits home equity to be seizedγ will be higher.

Thus, the model suggests that more risk averse entrepreneurs are more likely to be unincorporated,

but it does not imply a strict cutoff level ofρ.

7 Robustness and Comparative Statics

Overall, the model can account for key properties of the data. In light of this success, we undertake

a series of policy experiments to check robustness and better understand the effect of bankruptcy

rules, credit constraints, risk aversion and optimism. We conduct comparative static exercises and

use equivalent variation to assess outcomes (utilities of heterogeneous agents cannot be compared).

We also perform a counterfactual exercise to show the importance of the return distribution.

7.1 Bankruptcy Policy: T, δ

Bankruptcy Exclusion Period T: Consider the effect of changes inT on the owner’s payoff,

where longer exclusion raises the penalty of bankruptcy. Table 6 fixesµ, σ, b, and evaluates

the effect of altering the exclusion period from the benchmarkT = 11. AsT decreases default

increases rapidly. Firm size increases, measured by medianasset levelA. Becauseb is fixed,

the decrease in total investment results in a decrease in equity and an increase in debt, which

raises negative equity. One of the main economic arguments in support of recent U.S. bankruptcy

reform was that more stringent bankruptcy rules lower interest rates, and therefore help borrowers.

Table 13 in Appendix A shows that the loan rate indeed decreases asT increases. However, stricter

bankruptcy provides less insurance against bad realizations, and this effect dominates. Table 7
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Table 7: Effects asT Varies: % change in net-worth compared to benchmark

risk aversionρ 0.9 1.2 1.5 1.8 2.1 2.5 3.0 3.5 4.0
T = 6 36.9 11.2 7.7 6.1 5.0 3.9 3.1 2.6 2.2
T = 8 19.8 5.5 3.9 3.0 2.4 1.9 1.5 1.3 1.1
T = 10 6.3 1.3 1.1 0.8 0.7 0.5 0.4 0.3 0.3
T = 11 — — — — — — — — —
T = 12 -3.6 -0.7 -0.9 -0.7 -0.5 -0.4 -0.3 -0.3 -0.2
T = 14 -7.6 -4.4 -2.1 -1.8 -1.4 -1.0 -0.8 -0.6 -0.5
T = 16 -12.7 -6.5 -3.8 -2.4 -2.0 -1.5 -1.1 -0.9 -0.7

shows that lowering the exclusion period increases the owner’s payoff, and the model implies that

it is optimal to setT as low as possible. DecreasingT is beneficial in the baseline model because it

allows a firm to restart and be productive, in accordance withthe historical rationale for bankruptcy,

thoughT = 0 may not be possible or desirable.35

The tradeoff between insurance provided by firm bankruptcy and higher interest rates induced

by increased default has been analyzed for consumer bankruptcy by Chatterjee, Corbae, Naka-

jima, and Rios-Rull (2007) and Livshits, MacGee, and Tertilt (2007). In both models consumers

trade off insurance against health, divorce or family shocks versus consumption smoothing; the

signs of the tradeoffs differ but the welfare effects are modest.36 Meh and Terajima (2008) add

unincorporated entrepreneurs to the model, and find a largerwelfare effect of 1.78%. In contrast,

table 7 reports strong effects from reducing the exclusion penalty in our model, particularly for

agents with low levels of risk aversion. The main reason for the difference between our model of

firm bankruptcy and the consumer bankruptcy models is that reducing the punishment period en-

courages entrepreneurs to invest more in their firms and operate at a larger scale, which increases

output. In this sense, even though we do not find extreme variations inρ, risk interacts with the

dynamic decision problem, return distribution and bankruptcy rules to have an important effect on

some (heterogeneous) agents, namely those that invest mostheavily in their firms.

35For example, information frictions would make a very lowT undesirable. Suppose entrepreneurs could choose be-
tween the blueprint return distribution and an alternativewith more risk that is socially undesirable. In an institutional
environment in which strong ex ante and interim screening mechanisms exist and penalties are credible, a smallT can
be sufficient to avoid moral hazard or adverse selection. In contrast, a country with poor institutions would require a
largerT to deter entrepreneurs from choosing the alternative distribution, thus generating additional inefficiencies.

36In our model credit is secured, for example by a house, and “bad luck” is a poor returnx rather than the health,
job, divorce or family shocks in the consumer models. The first paper finds that when punishment is reduced from 10
to 5 years welfare drops by 0.05%, thus the negative effect from a higher interest rate and tighter borrowing constraint
slightly dominates the insurance benefit of a shorter punishment period. The second paper shows that the insurance
effect is sometimes weakly dominant, but again the effect is modest.
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Table 8: Comparative Statics forb: r f = 1.2%, r = 4.5%,β = 0.97,δ = 0.10
b 0.10 0.15 0.20 0.21 0.25 0.30 0.35 0.40 0.50

medianA % 46.9 47.1 47.8 48.1 49.0 50.5 51.8 52.4 52.5
default % 3.0 3.6 4.3 4.4 4.8 5.2 5.4 5.6 5.9
cons. % 3.6 3.6 3.6 3.6 3.7 3.7 3.7 3.6 3.6

neg Eq. % 5.7 7.7 10.0 10.6 11.7 12.9 13.6 14.2 15.0

Bankruptcy Cost δ: Appendix A analyzes bankruptcy costδ (efficiency in liquidating firm assets)

and table 16 shows the effect is minor. However, ifδ is very large and there are large fixed costs to

creditors to recover payments in default, agents will try toavoid costly bankruptcy, through debt

forgiveness or renegotiation. The static model of Krasa, Sharma, and Villamil (2008) shows that

when courts are sufficiently inefficient substantial deadweight losses are possible.

7.2 Credit Constraints

Policy can also affect credit constraint parameterb. Table 8 shows that increasingb allows firms

to borrow more, and hence operate at a larger scaleA. The higher levels of firm debt, however,

increase the fraction of firms who default or have negative equity. Table 9 shows substantial ef-

fects from raisingb for the least risk averse agents, but not for the more risk averse because for

sufficiently highb the credit constraint does not bind. Comparing the effects ofT andb shows that

an entrepreneur with medianρ benefits more from reducingT than from relaxing the borrowing

constraint, in the baseline model. In practice, relaxing the borrowing constraint could be achieved

by providing subsidized loans targeted to small business, such as SBA loans.

Table 9: Effect asb Varies: % change in net-worth compared to benchmark
risk aversionρ 0.9 1.2 1.5 1.8 2.1 2.5 3.0 3.5 4.0

b = 0.100 -13.1 -8.5 -6.2 -4.9 -3.7 -2.2 -0.9 -0.2 -0.1
b = 0.150 -6.1 -4.8 -3.2 -2.0 -1.4 -0.4 0.0 0.0 0.0
b = 0.200 -1.8 -0.2 -0.6 -0.4 -0.1 0.0 0.0 0.0 0.0
b = 0.215 — — — — — — — — —
b = 0.250 8.2 1.7 1.3 0.6 0.0 0.0 0.0 0.0 0.0
b = 0.300 14.8 4.2 2.4 0.7 0.0 0.0 0.0 0.0 0.0
b = 0.400 26.6 7.2 2.7 0.7 0.0 0.0 0.0 0.0 0.0
b = 0.500 35.0 7.5 2.7 0.7 0.0 0.0 0.0 0.0 0.0
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7.3 Risk Aversion

Now consider the effect of changes in risk aversion. Clearly policy cannot modify µ, but compar-

ative statics show how owner risk aversion affects the firm. In table 10, asµ increases, owners run

smaller firms. Becauseb is fixed, these smaller firms have higher debt, which explainswhy nega-

tive equity and default rise withµ. Mazzocco (2006) finds that women are more risk averse than

men (ρ of 5 versus 1.7). In our model this parameter change would imply that (i) less women own

businesses, (ii) they run smaller firms,37 and (iii) they have higher negative equity. The SSBF data

indicate that all three model implications are consistent with the data. In 1993 and 1998 women

owned 16% and 24% of businesses, respectively. In 1998 median assets, normalized by net-worth

outside the firm, were 39% for firms owned by women and 53% for men (the only year net-worth

is reported). Finally, negative equity for women was 19.5% versus 14.8% for men, and 26.1%

versus 19.4% in 1993 and 1998, respectively. Absent the model, the observation that firms run by

more risk averse owners have more negative equity might seemcounterintuitive.

Table 10: Comparative Statics forµ: r f = 1.2%, r = 4.5%,β = 0.97,δ = 0.10
µ 1.15 1.25 1.35 1.45 1.55 1.65 1.75 1.85

medianA % 74.3 65.4 58.3 52.7 48.1 44.4 41.2 38.6
default % 4.2 4.2 4.3 4.4 4.4 4.5 4.6 4.7
cons. % 2.8 3.0 3.2 3.5 3.6 3.8 4.0 4.1

neg Eq. % 8.4 8.9 9.5 10.0 10.6 11.1 11.7 12.3

7.4 Entrepreneur Optimism

How does optimism by entrepreneurs affect our results? Intuition suggests that less risk averse, less

optimistic agents will behave similarly to more risk averse, more optimistic agents. This leads to

an identification problem: optimistic agents may be observationally equivalent to less risk averse,

non-optimistic agents. We now investigate whether the model has observable implications that

are uniquely induced by optimism. Assume that an optimisticentrepreneur believes the firm’s

return exceeds the true return by some fixed percentage ¯o. Formally, this implies the entrepreneur

assumes that firm returns areX+ō, which yields cdfH(x−ō) in the objective of problem 3. Assume

the lender uses the correct distribution to determine payoff (7) in problem 3.

37In an interesting study of nascent entrepreneurs, Campbelland DeNardi (2009) table 6 documents that women
plan to run smaller firms than men, suggesting an innate difference.
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Figure 5:Empirical firm return pdf versus normal pdfs, SSBF 1993

Tables 17 and 18 in Appendix A vary ¯o by 5% and 10% respectively, and fix all other param-

eters.38 The tables show that slight optimism improves the fit in the baseline model withT = 11

while keepingµ, σ and the default rate in acceptable ranges. Credit constraint parameterb in-

creases slightly, as doesA. Negative equity increases to a level consistent with SSBF data because

optimistic entrepreneurs run larger firms: they expect higher future returns relative to the baseline

and increase total debt ¯v. Equity is negative ifx < v̄. Whenv̄ is higher,x < v̄ is more likely and this

increases the percentage of projects with negative equity.Mild entrepreneur optimism can thus

account for the level of negative equity observed in the 1993SSBF (15.7%) and still accommodate

the relatively low level of default observed in the data.

7.5 Counterfactual Exercise: Empirical vs. Normal Returns

The features of return distributionf (x) are important for understanding entrepreneur behavior.

Figure 5 compares the empirical distribution of return on assets for incorporated firms in the 1993

SSBF to two normal distributions with different means and variances.39 Clearly, small firms have

risky, non-normal returns. The standard deviation is high,with the higher risk somewhat compen-

sated by a higher mean, and the distribution is skewed right with high kurtosis (i.e., a long upper

tail), see table 2. About 12% of firms lost more than 20% of assets invested (debt plus equity),

38Differences in manager ability could be modeled by considering adistributionH(x, a), wherea denotes ability.
We focus on heterogeneity in risk aversion because it is central to theories of entrepreneurship. Furthermore, firms
with very high and low ability will exit the SSBF sample – those with low ability will tend to close down and those
with high ability will become too large to be included in the survey. See, for example, Antunes, Cavalcanti, and
Villamil (2008), Cagetti and DeNardi (2006) or Meh and Terajima (2008) for models with ability heterogeneity.

39We use 1993 data because it is the only SSBF data set with interest expenses, which are required to compute ROA.
We consider only incorporated firms with at least $50,000 in assets.
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7.4% lost more than 40%, and 3.8% lost more than 100%. However, positive returns are even

more substantial: 20.7% exceeded 50%, 10.4% exceeded 100%,and 3.8% exceeded 200%.

We conduct two counterfactual experiments to show that the return distribution is important.

The experiments replace the empirical ROA distribution computed from SSBF data, keeping all

other benchmark settings the same, with two different normal distributions. In figure 5 the right

panel shows the “best fit” normal distribution that minimizes the maximum distance between the

normal and empirical cdfs and the left panel shows the normaldistribution with the same mean

and variance as the empirical distribution.

Best Fit Normal Distribution. Let gµ,σ be the density of a normal distribution with meanµ and

standard deviationσ and f be the density of the SSBF distribution. Solve minµ,σ supx |gµ,σ(x)− f (x)|

to find a normal distribution that best approximates the empirical density function. The resulting

values areµ = 1.193 andσ = 0.394, shown in the right panel of figure 5. In order to fit the “middle”

this normal distribution has less mass in the tails and, as a consequence, is less risky. Thus, when

re-calibrating the model, median risk aversion increases from 1.55 to 2.33 but at the same time, for

givenρ, the lower project risk in this normal distribution encourages entrepreneurs to run larger

firms. Default is lower, again because this normal distribution has a thinner lower tail. Finally,

the thinner upper tail implies that less firms will be “lucky”and have a very good realization. In

order to match the distribution of net-worth invested, firmsmust be more leveraged: Given two

solvent firms with the same realization, a more leveraged firmearns a higher return because the

owner receives a higher residual after making the fixed debt payment.40 The somewhat higher

level of debt also implies that more low realizations will result in negative equity, and the predicted

percentage of firms with negative equity increases from 10.6% to 13.7%.

Table 11: Counterfactual Experiment: Normal Distributions
Parameter Data Empirical f (x) Best Fit Normal g(x) µ, σ Normal g(x)

SSBF 1993 µ= 1.193,σ=0.3938 µ=1.300,σ=1.193
µ 1-3 1.55 2.33 4.4 ∗ 108

σ NA .83 1.11 7.9 ∗ 108

b% NA 21.5 30.0 23.4
fit NA 0.042 0.040 .045

median A% [43.1,51.9] 48.1 54.7 38.6
default % 3.5 4.4 1.5 61.0
cons. % 3-5 3.6 4.9 3.1

neg. Eq % 15.7 10.6 13.7 64.4

40This also explains the higher value ofb.
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Normal Distribution with SSBF µ, σ. The left panel of figure 5 compares the SSBF pdf with

a normal distribution with the same mean and standard deviation. Table 11 shows the results for

this distribution are significantly at odds with the data, highlighting the importance of the return

distribution. First, the fat tails lead toµ andσ with all point mass atρ andρ̄, whereρ̄ is the highest

risk aversion for which we compute a solution. Generally, wecan choose ¯ρ sufficiently high that

the mass above ¯ρ is negligible; this cannot be done for this normal distribution with fat tails and ¯ρ

affects the results.41 Second, the model predictions in the last column of table 11 are implausible.

8 Concluding Remarks

This paper assesses the quantitative effects of changes in legal rules and credit constraints on firms

when agents have modest differences in their willingness to bear risk. Corporate bankruptcy insures

owners against extreme personal loss, but preserves the possibility of very high future firm returns.

The empirical return distribution for small U.S. firms has most mass centered around the middle

(see figure 5), which is attractive to individuals with standard degrees of risk aversion, and a long

upper tail. Entrepreneurs trade off the value of absorbing a current loss against the option value

of maintaining the firm. We find that modest differences in risk aversion interact with policies

to generate significant effects on owners’ payoffs and firm scale. The model also links firm legal

status with owner risk aversion. Less risk-averse owners incorporate to protect personal assets

because higher firm option value leads to lower default rates, while if more risk-averse owners run

firms they tend to remain unincorporated. This seemingly paradoxical behavior occurs because

placing some personal assets at risk of seizure allows more risk-averse owners to solve their “excess

default” problem by effectively posting a bond a postiori. Of course, if the legal system is too

costly, slow, corrupt, or not credible, bankruptcy will notimprove outcomes.

There is a large literature which shows that default is beneficial in risky lending relationships

because it introduces a contingency into (non-contingent)debt contracts. Thus, the relatively low

default rates observed empirically may be puzzling. We showthat although bankruptcy allows risk-

averse agents to protect themselves against extremely bad outcomes, even when current realizations

are poor owners may use personal assets to “bail out” their firms to avoid bankruptcy. In our model

this occurs for three reasons. First, the firm has future option value. Second, a firm uses many

strategies to manage risk – including altering its size, capital structure (e.g., injecting equity from

personal net-worth), and sometimes choosing to default. Third, the firm’s default decision and the

bankruptcy rule permit the firm to effectively alter the return distribution, which has the interesting

41Upper bound ¯ρ is needed for computation; it is impossible to compute solutions for a fine grid [ρ,∞].
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empirical shape described previously.42

A number of extensions to our model are possible. For example, important work by Paulson

and Townsend (2006) distinguishes limited liability from moral hazard. In our model the lender can

infer agents’ risk aversion (e.g., from their loan request), thus adverse selection and moral hazard

do not occur. If the coefficient of risk aversion were private information, two types of mis-reports

might occur: more risk averse agents could pretend to be lessrisk averse and vice versa. Our agents

would never have an incentive to pretend they are less risk averse because they would pay a higher

interest rate in exchange for a larger line of credit, which they do not need (see table 13). They also

would not have an incentive to pretend they are more risk averse because they would get a slightly

lower interest rate but a significantly smaller loan – table 5shows that loan size (1−ǫ)A goes down

asρ rises and table 13 shows that interest rate ¯v/(1− ǫ) does not change significantly. Paulson and

Townsend (2006) show that an information friction and a choice between entrepreneurship and

wage work creates an important role for moral hazard. In future work we plan to extend our model

to quantify the effects of Paulson and Townsend’s insight in our framework.

Finally, our model uses a composite lender to aggregate the many sources from which firms ob-

tain loans – banks, trade credit associations, leasing companies, and credit cards. In future work, it

would be useful to model the problems of these different lenders. For example, it would be instruc-

tive to consider the problem of a bank that must attract deposits and make loans, subject to default

risk and regulation. Similarly, trade credit and leasing are important when lenders face information

and enforcement problems, as is the case for small firms (e.g., see Eisfeldt and Rampini (2008)).

Also, general equilibrium effects are important in credit markets. Increased loan demandwill raise

the cost of external finance, which will offset some of the gains. Finally, we focus on idiosyncratic

firm risk, which is particularly interesting in this setting, because firms are not tradable, and hence

the owner cannot diversify this risk. Nonetheless, aggregate risk and correlated shocks would be

interesting extensions to further explore macroeconomic implications of the model.

42Lowering the default rate to zero is not the desideratum. Forexample, the default rate is zero when no lending
occurs, but this is not a desirable outcome.
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9 Appendix A: Robustness

Table 12 shows that the model is roughly stable whenT changes. AsT increases,µ remains between 1.5 and
1.6 andσ between 0.74 and 0.9. Liquidity constraintb decreases somewhat because the penalty increases
with T; entrepreneurs become more cautious and run smaller firms (lowerA) and to achieve the best model
fit, the optimization procedure lowersb to ensure they use enough personal funds. Default decreaseswith T
because it is more costly to the entrepreneur. Consumption and negative equity are stable. Table 13 shows
that the loan rate decreases asT increases givenρ.

Table 12 Benchmark Exogenous Variables:r f = 1.2%, r = 4.5%,β = 0.97,δ = 0.10

T 10 11 12 13 14 15 16 20
µ 1.62 1.55 1.49 1.51 1.52 1.52 1.51 1.50
σ 0.90 0.83 0.75 0.74 0.76 0.76 0.76 0.78

b % 20.6 21.5 22.0 19.8 18.4 17.7 17.3 15.4
fit 0.046 0.042 0.037 0.034 0.034 0.034 0.035 0.036

medianA % 46.9 48.1 49.2 47.0 45.3 44.3 43.8 41.3
default % 4.7 4.4 4.2 3.8 3.5 3.3 3.1 2.5
cons. % 3.7 3.6 3.6 3.6 3.6 3.6 3.6 3.5

neg Eq. % 10.2 10.6 10.8 10.5 10.8 11.1 11.6 11.1

Table 13 Loan Interest RaterL asT Varies

risk aversionρ 0.9 1.2 1.5 1.8 2.1 2.5 3.0 3.5 4.0
T = 0 19.6 17.7 17.4 18.1 19.4 21.6 24.4 27.2 29.9
T = 6 18.0 15.3 14.2 14.0 14.3 14.4 14.3 14.1 14.1
T = 8 17.3 14.5 13.3 13.0 13.3 13.3 13.2 13.1 13.0
T = 10 16.6 13.7 12.4 12.1 12.3 12.4 12.2 12.0 11.9
T = 11 16.3 13.3 12.0 11.6 11.9 11.9 11.6 11.5 11.4
T = 12 16.0 12.9 11.7 11.2 11.4 11.4 11.2 11.0 10.9
T = 14 15.3 12.3 10.9 10.5 10.6 10.5 10.3 10.2 10.1
T = 16 14.7 11.8 10.4 9.8 9.8 9.8 9.6 9.5 9.4
T = 20 13.6 10.7 9.3 8.7 8.5 8.8 8.6 8.5 8.4

Table 14, 15 and 16 show the results are unaffected by substantial changes in bankruptcy costδ. Com-
pared to theδ = 0.1 benchmark in table 12, table 14 triplesδ and re-estimates the model:µ,σ, b are virtually
unaffected, thus the model is robust and detailed cost measurement is not essential in this range. Table 15
reports comparative static results in whichδ varies between 0 and 100%, fixingb, µ, σ at the benchmark
values (i.e., the model is not re-estimated). Again,δ has almost no impact on endogenous variables – in
contrast to the comparative statics with respect toT. Table 16 shows thatδ has a minor effect (at the median
level of risk aversion the gains/losses are less than 0.1%) because (a) bankruptcy occurs with only a small
probability, and (b) assetsAx in bankruptcy states tend to be small so deadweight lossδAx is small. Clearly,
the expected costs, i.e., the product of (a) and (b) is secondorder.
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Table 14 Higher Costδ: r f = 1.2%, r = 4.5%,β = 0.97,δ = 0.30

T 10 11 12 13 14 15 16 20
µ 1.79 1.67 1.55 1.50 1.52 1.52 1.51 1.50
σ 1.08 0.95 0.81 0.74 0.76 0.76 0.76 0.78

b % 14.9 16.9 19.8 20.1 18.4 17.6 17.2 15.4
fit 0.052 0.046 0.040 0.035 0.034 0.034 0.035 0.036

medianA % 39.8 42.6 46.3 47.3 45.3 44.3 43.6 41.3
default % 4.0 4.0 4.0 3.8 3.5 3.2 3.1 2.5
cons. % 3.8 3.7 3.7 3.6 3.6 3.6 3.6 3.5

neg Eq. % 8.7 9.2 10.2 10.5 10.7 11.0 11.4 11.1

Table 15 Comparative Statics forδ: Fix r f = 1.2%, r = 4.5%,β = 0.97,δ = 0.10

δ 0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.80 1.00
fit 0.042 0.042 0.046 0.050 0.054 0.057 0.060 0.063 0.065

medianA % 48.3 48.1 48.0 47.9 47.8 47.8 47.7 47.6 47.5
default % 4.5 4.4 4.4 4.4 4.3 4.3 4.3 4.2 4.2
cons. % 3.6 3.6 3.6 3.6 3.6 3.6 3.6 3.6 3.6

neg Eq. % 10.8 10.6 10.3 10.2 10.1 10.1 10.0 9.9 9.7

Table 16 Effect asδ Varies: % increase or decrease of net-worth compared to benchmark

risk aversionρ 0.9 1.2 1.5 1.8 2.1 2.5 3.0 3.5 4.0
δ = 0.00 0.0 0.0 0.0 0.0 0.1 0.1 0.1 0.0 0.0
δ = 0.10 — — — — — — — — —
δ = 0.20 0.0 0.0 0.0 0.0 -0.1 -0.1 0.0 0.0 0.0
δ = 0.40 0.0 0.0 0.0 0.0 -0.2 -0.2 -0.1 -0.1 -0.1
δ = 0.60 0.0 0.0 0.0 -0.1 -0.4 -0.3 -0.2 -0.1 -0.1
δ = 0.80 0.0 0.0 0.0 -0.2 -0.5 -0.3 -0.2 -0.2 -0.1
δ = 1.00 0.0 0.0 0.0 -0.2 -0.5 -0.4 -0.3 -0.2 -0.1
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The remaining tables show the effects of slight optimism.

Table 17 5% Optimism:r f = 1.2%, r = 4.5%,β = 0.97,δ = 0.10, optimism=5%

T 10 11 12 13 14 15 16 20
µ 1.69 1.65 1.61 1.58 1.55 1.52 1.50 1.48
σ 0.75 0.71 0.68 0.66 0.64 0.63 0.62 0.62

b % 26.4 26.2 26.3 26.7 27.0 27.3 27.2 24.4
fit 0.032 0.030 0.029 0.028 0.028 0.028 0.028 0.029

medianA % 55.1 54.9 54.8 54.7 54.7 54.7 54.5 51.5
default % 4.7 4.4 4.1 3.9 3.7 3.6 3.4 2.7
cons. % 4.4 4.4 4.3 4.3 4.2 4.2 4.1 4.0

neg Eq. % 12.6 13.4 14.5 15.9 17.1 17.7 17.8 16.2

Table 18 10% Optimism:r f = 1.2%, r = 4.5%,β = 0.97,δ = 0.10, optimism=10%

T 10 11 12 13 14 15 16 20
µ 1.92 1.89 1.83 1.79 1.76 1.73 1.70 1.61
σ 0.83 0.81 0.77 0.74 0.72 0.70 0.69 0.63

b % 26.6 26.2 27.0 27.2 27.3 27.3 27.3 27.4
fit 0.030 0.030 0.029 0.029 0.029 0.029 0.029 0.028

medianA % 54.9 54.1 54.8 54.8 54.8 54.8 54.8 54.7
default % 4.4 4.0 3.8 3.6 3.4 3.3 3.1 2.7
cons. % 5.2 5.1 5.1 5.0 5.0 4.9 4.9 4.7

neg Eq. % 15.8 16.7 17.5 17.8 17.8 17.8 17.7 17.6
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Appendix B: Proofs

Proof of Proposition 1. First, substituteVS(w) = w1−ρvS andVB(w) = w1−ρvB into the right-hand

side of the objective of problem 1 and in constraint 2. Thus, we get

VS(w) = max
c,A,ǫ,v̄

u(c) + β
[

∫

B

((1+ r)(w − ǫA− c))1−ρvB dF(x)

+

∫

Bc
(A(x− v̄) + (1+ r)(w − ǫA− c))1−ρvS dF(x)

]

;

Subject to:
∫

B

(1− δ)x dF(x) +
∫

Bc
v̄ dF(x) ≥ (1− ǫ)(1+ r f ) (18)

x ∈ B⇐⇒ vB
(

(1+ r)
(

w − ǫA− c
))1−ρ

> vS
(

A(x− v̄) + (1+ r)
(

w − ǫA− c
))1−ρ

(19)

(1− ǫ)A ≤ bw (20)

c,A ≥ 0, 0 ≤ ǫ ≤ 1. (21)

Let λ > 0 and let current wealth bew. We must prove thatVS(λw) = λ1−ρw.

Suppose that the entrepreneur’s wealth isλw and consumption is changed toλc, the firm’s

assets toλA, while ǫ remains unchanged. Then

λ1−ρvB
(

(1+ r)
(

w − ǫA− c
))1−ρ

= vB
(

(1+ r)
(

λw − ǫλA− λc
))1−ρ

, and

λ1−ρvS
(

A(x− v̄) + (1+ r)
(

w − ǫA− c
))1−ρ

= vS
(

λA(x− v̄) + (1+ r)
(

λw − ǫλA− λc
))1−ρ

.

This and (19) imply that bankruptcy setB remains unchanged. Thus, (18), (20) and (21) are

satisfied. Next, note that the right-hand side of the objective changes by the factorλ1−ρ. Because

VS(λw) is the maximum utility of the entrepreneur given wealthλw, it follows that

VS(λw) ≥ λ1−ρVS(w), (22)

for all λ > 0. Thus,

VS(w) = VS

(

1
λ
λw

)

≥ 1
λ1−ρVS(λw),

which implies that (22) holds with equality. Substitutingw = 1 andλ = w in (22) immediately

implies thatVS(w) = w1−ρvS. The proof thatVB(w) = w1−ρvB is similar.
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Lemma 1 Constraint 1 of Problem 1 binds.

Proof of Lemma 1. Immediate: Suppose by way of contradiction that constraint(1) is slack.

Thenv̄ can be lowered thereby increasingw′s(x), which increases the objective of problem 1.43

Lemma 2 Suppose thatB is non-empty. Let

x∗ = v̄ −

















1−

(

vB

vS

)
1

1−ρ

















(1+ r)(1− ǫA− c)
A

(23)

ThenB = {x|x ≤ x < x∗}. Conversely, if x∗ > x, then bankruptcy setB is non-empty.44

Proof of Lemma 2. If the entrepreneur chooses to default, the entrepreneur’sutility is

uB(x) =
[

ηAx+ (1+ r)
(

1− ǫA− c
)]1−ρ
vB. (24)

Otherwise, if the entrepreneur does not default, then the utility is

uS(x) =
[

A(x− v̄) + (1+ r)
(

1− ǫA− c
)]1−ρ

vS. (25)

Note thatx ∈ B if uB(x) > uS(x) andx < B if uS(x) ≥ uB(x).

Suppose thatuS(x) ≥ uB(x). We show thatuS(x′) > uB(x′) for all x′ > x. Note that

d
(

uS(x) − uB(x)
)

dx
=

(1− ρ)(1− η)AvS
[

ηAx+ (1+ r)
(

1− ǫA− c
)]ρ

vB

> 0

Thus,uS(x)−uB(x) ≥ 0 implies thatuS(x′) > uB(x′) for all x′ > x. Similarly,uB(x) > uS(x) implies

uB(x′) > uS(x′) for all x′ < x. Let x∗ solveuB(x∗) = uS(x∗). Then the bankruptcy set is given by

B = {x|x ≤ x < x∗}. (24) and (25) imply

[

ηAx∗ + (1+ r)
(

1− ǫA− c
)]

(

vB

1− ρ

)1−ρ

=
[

A(x∗ − v̄) + (1+ r)
(

1− ǫA− c
)]

(

vS

1− ρ

)1−ρ

,

which implies (23).

Now suppose thatx∗ is given by (23) andx∗ > x. Then by construction,uS(x∗) = uB(x∗).

Further, the monotonicity result established above impliesuB(x) > uS(x) for all x < x∗ anduS(x) ≤

uB(x) for all x ≥ x∗. Thus, the bankruptcy set is given byB = {x|x ≤ x < x∗}.

43The direct effect is to increase the entrepreneur’s payoff by decreasing required payments to the lender and the
indirect effect is to lower the bankruptcy probability.

44At realizationx∗, the entrepreneur is indifferent between default and continuing to operate the firm. Thus, (2)
must hold with equality. Solving (2) forx∗ implies (23).
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Proof of Proposition 2. Let Γ(vS) be the maximum entrepreneur utility in Problem 3. We must

prove there existsv∗S such thatΓ(v∗S) = v∗S. First letρ > 1. Suppose thatvS = 0. ThenvB < 0. As a

consequence,Γ(0) < 0. Now letv̂S be the entrepreneur’s expected utility from autarky.

v̂S = max
c0,c1,...

∞
∑

t=0

βtu(ct)

Subject to:
∞
∑

t=0

ct

(1+ r)t
≤ w and c0, c1, . . . ≥ 0,

Note that ifvS = v̂S and we chooseA = 0 in problem 3 then we get the autarky utility ˆvS. Thus,

optimization implies thatΓ(v̂S) ≥ v̂S. SinceΓ is continuous, the intermediate value theorem implies

that there exists a fixed pointv∗S.

Forρ ≤ 1 we re-normalizeuρ(x) = (x1−ρ − 1)/(1− ρ). Then limρ→1 uρ(x) = ln(x). Suppose that

vS = 0 and thatu(x) = ln(x). We show thatΓ(vS) < 0.

Let w0 = 1− ǫA be the amount of net-worth not invested in the firm. Because the continuation

payoff from non-default is zero we get

Γ(0) = max
c0,c1,...,cT

T
∑

t=0

βt ln(ct) (26)

Subject to:
∞
∑

t=0

ct

(1+ r)t
≤ w0

Furthermore, it is sufficient to prove that the objective of (26) is negative forw0 = 1, because the

objective is increasing inw0.

The first order conditions immediately reveal that

ct = (1+ r)tβtc0, c0 =
1− β

1− βT+1
. (27)

Substituting (27) into the objective of (26) yields

T
∑

t=0

βt ln((1+ r)tβt) +
T

∑

t=0

βt ln(c0). (28)

If β(1+ r) ≤ 1 then (28) is strictly less than 0. Thus, there exists ¯r(β) with (1+ r̄(β))β > 1 such that

Γ(0) < 0 for all r ≤ r̄(β). By continuity there existsρ < 1 such thatΓ(0) < 0 for ρ ≥ ρ. Finally,

Γ(v̂S) ≥ v̂S for the autarky level of utility ˆvS. Thus, continuity ofΓ implies the existence of a fixed

point v∗S.
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Appendix C: Match Criterion

We compare criterion (17) to the alternative square distance criterion.

Table 19 Supremum Norm:r f = 1.2%, r = 4.5%,β = 0.97,δ = 0.10, optimism=0.0%

T 10 11 12 13 14 15 16 20
µ 1.62 1.55 1.49 1.51 1.52 1.52 1.51 1.50
σ 0.90 0.83 0.75 0.74 0.76 0.76 0.76 0.78

b % 20.6 21.5 22.0 19.8 18.4 17.7 17.3 15.4
fit 0.046 0.042 0.037 0.034 0.034 0.034 0.035 0.036

medianA % 46.9 48.1 49.2 47.0 45.3 44.3 43.8 41.3
default % 4.7 4.4 4.2 3.8 3.5 3.3 3.1 2.5
cons. % 3.7 3.6 3.6 3.6 3.6 3.6 3.6 3.5

neg Eq. % 10.2 10.6 10.8 10.5 10.8 11.1 11.6 11.1

Table 20 Square Norm:r f = 1.2%, r = 4.5%,β = 0.97,δ = 0.10, optimism=0.0%

T 10 11 12 13 14 15 16 20
µ 1.53 1.49 1.47 1.46 1.44 1.41 1.42 1.41
σ 0.74 0.70 0.70 0.69 0.67 0.65 0.67 0.69

b % 21.4 21.8 20.9 20.3 20.3 20.7 19.3 17.3
fit 0.020 0.019 0.019 0.019 0.019 0.019 0.019 0.020

medianA % 50.2 50.8 49.6 49.0 48.9 49.3 47.4 44.7
default % 4.7 4.4 4.0 3.8 3.6 3.4 3.2 2.6
cons. % 3.7 3.7 3.6 3.6 3.6 3.5 3.5 3.5

neg Eq. % 9.8 10.2 10.1 10.3 10.9 11.7 11.8 11.5

10 Appendix D

10.1 Construction of the Distribution of Firm Returns

Herranz, Krasa, and Villamil (2009) use the 1993 SSBF to compute the return on assets (ROA)

because it includes interest payments. They exclude unincorporated firms because the SSBF data

do not account for the entrepreneur’s wage from running the firm. The firm’s nominal after-tax

ROA is:

x =
Profit after taxes+ Interest Paid

Assets
+ 1. (29)
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Interest paid is added to after tax profit because the ROA mustinclude payments to both debt

and equity holders.45 The nominal rate is adjusted by 3% for inflation (BLS CPI 1993). ROA is

computed instead of return on equity because many firms had negative equity (about 16% in the

1993 SSBF and 21% in 1998). Many of these firms stay in businessbecause owners use personal

funds to “bail out the firm.” Computing a ROA and modeling owners’ allocations of equity and

debt accounts for this.46

10.2 Numerical Procedure

Given model parameters, compute solutions to problem 3 as follows. For fixedvS, use the first

order conditions to solve for the optimum. (9) is always slack, sincec + ǫA = 1 would imply

zero future consumption. We need only verify if (10) and (or)(11) bind by checking for positive

Lagrange multipliers in the first order conditions. Inserting the solution of the first order conditions

into the objective yieldsΓ(vS). To find a fixed point, compute slopeΓ′(vS) by the Envelope Theorem

or compute the difference ofΓ betweenvS and a pointv′S, giving solutionǫ, A, c, v̄. Section 3.2

explains how to go from these point estimates to cdfs. Compute ρ from the first order condition

using the fact thatvS → ∞ asρ ↓ ρ.47

11 Appendix E: Limited Liability

Suppose that entrepreneur can be forced to pay a percentageγ of private assets in the case of

default. This yields the following optimization problem for an individual entrepreneur.

Problem 4 VS(w) = maxc,A,ǫ,v̄ u(c) + β
[∫

B
VB,1((1− γ)(1+ r)(w − ǫA− c)) dF(x)

+
∫

Bc VS(A(x− v̄) + (1+ r)(w − ǫA− c)) dF(x)
]

Subject to:
∫

B∩R−

x dF(x) +
∫

B∩R+

(1− δ)x dF(x)

+

∫

B

γ(1− δ)
(

w

A
− ǫ −

c
A

)

dF(x) +
∫

Bc
v̄ dF(x) ≥ (1− ǫ)(1+ r f )

(30)

x ∈ B if and only if VB,1 ((1− γ)(1+ r)(w − ǫA− c)) > VS (A(x− v̄) + (1+ r)(w − ǫA− c)) (31)

45We use after tax returns as this is relevant for an entrepreneur to decide how much net-equity to invest.
46Computing ROE is misleading for firms near distress. For firmswith low but positive equity, small profit gives a

high percentage return. Also, many loans are collateralized; book value of equity understates owner contribution (the
“correct” value of equity).

47Choose a large value forvS, solve for the remaining parameters includingρ, which approximatesρ. In other
words, rather than solving the fixed point problem forvS, solve it forρ.
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(1− ǫ)A ≤ bw (32)

c ≥ 0, A ≥ 0, 0 ≤ ǫ ≤ 1. (33)

Note that the investor’s constraint is normalized by assets. Thus, the payment in bankruptcy states

made out of the entrepreneur’s personal assets must be divided byA.

Again, suppose that the entrepreneur’s wealth isλw and consumption is changed toλc, the

firm’s assets toλA, while ǫ remains unchanged. Then as in the proof of Lemma 1 we can show that

the constraints of Problem 4 are satisfied and thatVS(λw) = λ1−ρVS(w). Similarly, it follows again

thatVB(λw) = λ1−ρVB(w). Thus, we get an optimization problem that is analogous to Problem 3.

Problem 5 vS = maxc,A,ǫ,v̄ u(c) + βvB
∫ x∗

x

[

(1+ r)
(

(1− γ)(1− ǫA− c)
)]1−ρ

dF(x)

+βvS
∫ x̄

x∗

[

A(x− v̄) + (1+ r)
(

1− ǫA− c
)]1−ρ

dF(x)
]

Subject to:

∫ x∗

x
min{x, (1− δ)x} dF(x) +

∫ x∗

x
γ(1− δ)

(

1
A
− ǫ −

c
A

)

dF(x) +
∫ x̄

x∗
v̄dF(x) ≥ (1− ǫ)(1+ r f )(34)

x∗ = max















v̄ −

















1− (1− γ)

(

vB

vS

)
1

1−ρ

















(1+ r)(1− ǫA− c)
A

, x















(35)

c+ ǫA ≤ 1 (36)

(1− ǫ)A ≤ b (37)

c ≥ 0,A ≥ 0, 0 ≤ ǫ ≤ 1. (38)

Note that forγ = 0 this problem is equivalent to Problem 3.
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