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Abstract

In this paper, we extend Bai and Perron’s (1998, Econometrica, pp. 47-
78) method for detecting multiple breaks to nonlinear models. To that end,
we consider a nonlinear model that can be estimated via nonlinear least
squares (NLS) and features a limited number of parameter shifts occur-
ring at unknown dates. In our framework, the break-dates are estimated
simultaneously with the parameters via minimization of the residual sum
of squares. Allowing for breaks in the marginal distribution of regressors
and errors, and using new empirical process theory results, we derive the
asymptotic distributions of both break-point and parameter estimates and
propose several instability tests. Simulations show good finite sample prop-

erties of our procedure.

JEL classification: C12, C13, C22

Keywords: Multiple Change Points, Nonlinear Least Squares



1 Introduction

As pointed out by Lucas (1976), policy shifts and time-varying market conditions
induce behavioral changes in the decisions of economic agents. Hence, over longer
time spans, a stable model might not be the appropriate tool to capture the fea-
tures of economic decisions. A popular way to capture instability in macroecono-
metric models is to impose sudden parameter shifts or break-points at unknown
dates.

Both the econometric and statistical literature on break-point problems is ex-
tensive!, and its main focus is on testing for breaks rather than estimation. For
example, early work by Quandt (1960) suggests using a supremum (sup) type test
for inference on a single unknown break-point. Whether in linear or nonlinear set-
tings, most subsequent work - see inter alia Anderson and Mizon (1983), Andrews
and Fair (1988), Ghysels and Hall (1990), Andrews (1993), Sowell (1996), Hall and
Sen (1999) and Andrews (2003) - proposes tests that are designed against the al-
ternative of a one-time parameter variation or of more general model misspecifica-
tion. For parametric settings, Bai and Perron (1998) is among the few papers that
proposes tests for identifying multiple breaks. Their tests are designed for linear
models estimated via ordinary least-squares (OLS). While these tests are useful,
the linear framework might be considered a limitation. In practice, researchers
often argue that it can be difficult to discriminate between misspecification due to
parameter instability or neglected nonlinearity. It is therefore desirable to develop
a framework that allows both features. While tests such as the ones developed in
Eitrheim and Terasvirta (1996) can detect instability in some classes of nonlinear
models, they are not particularly designed against an alternative with breaks nor
offer an estimation framework that can allow for both smooth and sudden change.

One of the aims of this paper is to provide change-point tests in the spirit of Bai

IFor statistical literature surveys, see Zacks (1983), Krishnaiah and Miao (1988), Bhat-
tacharya (1994), Csorgd and Horvath (1997); for recent developments in econometrics, see Dufour
and Ghysels (1996) and Banerjee and Urga (2005).
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and Perron’s (1998) tests, but with a maintained nonlinearity assumption. These
tests are valid for a large class of parametric nonlinear models, including inter alia
smooth transition models, neural networks, partially linear models.

Compared to inference procedures, the issue of consistently estimating one or
multiple change-points - when their location is unknown - has received consider-
ably less attention in the literature. Within linear parametric models, there are
a few methods that yield consistent estimates of the break-points, e.g. maximum
likelihood - Quandt (1958), least-squares - Bai (1994), least absolute deviation -
Bai (1995), minimum description length - Davis, Lee, and Rodriguez-Yam (2006).
In Bai and Perron’s (1998) paper, the break points are estimated simultaneously
with the regression parameters via least-squares methods. Bai and Perron (1998)
establish consistency and derive the convergence rate of the resulting break point
fractions under fairly general assumptions. They also propose a sequential pro-
cedure for selecting the number of break points in the sample based on various
tests for parameter constancy. This procedure is extended to models with cross-
regime restrictions by Perron and Qu (2006), and to multivariate frameworks by
Qu and Perron (2007). Hall, Han, and Boldea (2009) further extend Bai and
Perron’s framework to linear models with endogenous regressors. A slightly differ-
ent approach is proposed by Davis, Lee, and Rodriguez-Yam (2006); they suggest
estimating the number and location of breaks not separately, but simultaneously
via minimization of the minimum description length (MDL) criterion of Rissanen
(1989).

While useful, all analyses above are restricted to linear models. Nevertheless,
several economic models exhibit asymmetries that are usually quantified as non-
linearities or breaks, but rarely both. For example, threshold models are largely
viewed today as a special case of smooth transition models, when the smoothness
parameter of the transition function approaches infinity. Similarly, change-points
are viewed as a special case of smooth transition models with the state vari-

able time and the smoothness parameter approaching infinity, see e.g. van Dijk,
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Terésvirta, and Franses (2002). However, such a treatment is not desirable, since
it is difficult to develop estimation and inference theory in the presence of pa-
rameters approaching infinity; even if these parameters are not the main object of
inference, it is likely that their estimation will affect the estimation of other param-
eters of interest. While this discussion highlights the importance of distinguishing
between breaks and time transitions with smoothness parameters close to infinity,
it does not preclude the treatment of smooth and sudden change jointly. Since
our assumptions about the form of the nonlinearity encompass smooth transition
models, our results provide a framework for inference that allows modeling breaks
and smooth transitions jointly, without treating them as mutually exclusive.

To that end, in this paper we consider a univariate nonlinear model that can
be estimated via NLS - or under stronger assumptions, equivalent methods such as
quasi-maximum likelihood - and exhibits multiple unknown breaks. Allowing for
a limited number of breaks in the marginal distribution of the regressors and/or
errors, we show that a minimization of the sum of squared residuals over all possible
break dates and parameters yields consistent estimates of both the unknown break
fractions and parameters. We further prove T-rate convergence of break fraction
estimates, a key result because it implies that inference on parameters can be
conducted as if the break-points were known a priori. To obtain this result, we
make use of two new empirical process theory results: one in the context of piece-
wise strictly stationary processes, extending a result in Caner (2007), and another
for more general empirical processes when the errors are independent. We also
discuss sufficient but higher level assumptions for more general processes in the
errors and the regressors.

Based on the above, we provide various structural stability tests - in the pres-
ence or absence of autocorrelation - that naturally generalize those proposed by
Bai and Perron (1998). We consider global tests for zero versus a fixed number
of breakpoints, known or unknown, as well as sequential tests for an additional

break. These tests can be used to develop a sequential method for finding the
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number and locations of breaks, as suggested by Bai and Perron (1998) in linear
settings. Moreover, the sequential Wald test we propose - similar to Hall, Han,
and Boldea (2009) - allows for marginal breaks in the distributions of regressors,
at the same time extending the strategy of identifying the number of breaks to
settings where autocorrelation is present.

For forecasting purposes, it is still of interest to know with certain confidence
when the last break occurred. As Bai (1994, 1995, 1997) shows, change-point
distributions in linear models can be derived in two cases: when the magnitude of
parameter shifts is constant and when it shrinks to zero at a certain rate. Because
in the first case, the confidence intervals depend on the distribution of the data, the
device of shrinking shifts is used to ensure that shifts disappear at a slow enough
rate so that pivotal statistics can still be obtained. In practice, this framework
can be viewed as one of moderate shifts, according to Bai and Perron (1998). A
local analysis of small shifts is presented in Elliott and Miiller (2007) for linear
models, but providing a similar framework here is beyond the scope of our paper.

We consider each of the two cases above in turn. For the first case, we pro-
vide an asymptotic approximation to the exact change-point distribution, but this
approximation is - as for linear cases its exact counterpart - dependent on the
distribution of the data. For the second case, we obtain a similar asymptotic dis-
tribution as in Bai (1997). We validate the usefulness of our estimators, tests and
confidence intervals via simulations.

The paper is organized as follows: Section 2 describes our model. Section
3 reveals the assumptions needed for our estimation method. We outline the
consistency and limiting distributions results in Section 4. Section 5 rederives -
in a nonlinear context - two classes of stability tests. Section 6 shows good finite
properties of our break-point estimators, tests and number of break-points. Section
7 concludes. Sketch proofs are relegated to the Appendix, while the detailed proofs
can be found in a Supplemental Appendix that is available from the authors upon

request.



2 Model

In this section, we introduce a nonlinear model with breaks. Consider a univariate

nonlinear data generation process with m unknown change-points:
yt:f(xtaeg—l-l)—'_ut tEI?:[ﬂ0+17nql-l] 1=0,1,...m (1)

where 7§ = 0 and 7)., = T by convention. Here y; is the dependent variable,
z¢ (s x 1) are the regressors, 6, (p x 1) are parameters that change at dates T7,
f:R*x O — R is a known measurable function on R for each § € ©, and T is
the sample size. To begin, we consider m to be a known finite positive integer,
but we allow for the break dates to be unknown to the researcher; we consider the
question of how to estimate m in Section 6. For simplicity, let f.(0) = f(x¢, 0) and
denote by T™ = (Ty = 1,14, ..., Ty, Trny1 = T) any m-partition of the interval
[1,T]. To further simplify the notation, we will stack column vectors such as 69, ,
and 6,4, into two corresponding (m + 1)p x 1 vectors, 65 and 0°. For a given
sample partition and given parameter values 6, denote by Sr(T™, 6°) the sum of
squares.?

One of our main goals is to provide a method for estimating the unknown pa-
rameters and change points. As in Bai and Perron (1998), the estimation method
we propose is based on the least-squares principle® and follows in two steps. First,

we obtain the sub-sample NLS estimators for each partition:

05.(T™) = argmin Sp(T™,0°(T™)) (2)
oe(T™)

Second, we search over all possible partitions to obtain the break-point estimates.

2We use superscript ¢ to distinguish between (m + 1)p x 1 parameter vectors and the p x 1
parameter vectors at which f;(-) is evaluated.

3Note that an extension to more general settings such as generalized method of moments
(GMM) is non-trivial because minimizing a GMM criterion over all possible partitions does not
yield consistent estimates of the break-fractions indexing the break-points even for linear models
and one break under reasonable conditions, see Hall, Han, and Boldea (2009).

7



A

The estimates 7' = (1, T, ..., T, T') for change-points and éf‘} = (él, ooy Opiq) for

parameters are obtained as follows:

T = argmin Sy (T™,05(T™) ) and 65 = 65 (T) (3)
Tm

The above is an NLS estimation with an appropriate modification to allow for mul-

tiple break-points, and can be legitimately performed provided that Efu, f; (65, ,)] =

0foreacht =T +1,..., 7%, (i=0,1,...m).

3 Assumptions

To derive the statistical properties of our estimators, we establish a framework
that combines elements of asymptotic theory in stable nonlinear models and un-
stable linear models. As pointed out by Hansen (2000), the marginal distributions
of regressors and/or errors may change, possibly at different locations in the sam-
ple than the population parameters of the equation of interest. Our framework
is designed to achieve as much generality as possible with respect to changes in
marginal distributions.* In dealing with nonlinear asymptotics, we impose usual
smoothness and boundedness assumptions that closely follow e.g. White and Do-
mowitz (1984) and Gallant and White (1988), as well as a new assumption that
originates from arguments of uniform convergence in 6 x r we need to consider.

To deal with instability, we adapt some assumptions from Bai and Perron (1998).

Assumption 1. Let vy = (z},u;). Then either (i) {v;} is a piece-wise strictly
stationary process on intervals [T; | +1,T5],5 = (1,...,m*"+1), Ty = 0; Tppe 1 =T
for a fized m*; T} = [TAj], where 0 < A} < ... < Ay, < 1; {u} is also an a-

mizing process of size —2s/(s — 2), where s > 2, and the errors are uncorrelated

4Allowing for these types of changes is important in many settings. For example, when
estimating a possibly asymmetric (nonlinear) interest rate reaction function, regressors such as
output gap or inflation gap may exhibit changes in variance, due to a period of Great Moderation
- see e.g. Stock and Watson (2002) - and these changes may occur at different locations than
those in the parameters of the equation of interest.
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with the regression function, i.e. E[u.f;(0)] = 0 for all 6,t or (i) The errors
{u;} are independent of each other and of the regressors, i.e. u; L xp,us for all
k and t # s; {x;} is a near-epoch dependent (n.e.d.) sequence of size —1 on an

underlying a-mizing process of size —2s/(s — 2), with s > 2.

Assumption 2. The function fi(-) is a known measurable function, twice contin-

uwously differentiable in 6 for each t.

Assumption 3. Let Fi(0) = 0f(0)/00, p x 1 vector and ft(2)(9), ap X p matrix
with (i, 7)™ element ft(?j = 0%f,(0)/(00,00}). Also denote by || - || the Buclidean
norm. Then (i) the common parameter space © is a compact subset of RP; (ii)
E[sup, <, olue f(0)|] < oo, for some fized ng, and sup,y E|u, fi(0)]** < oo; (iii)
sup, g E||u 5, (0)||* < oo; (iv) Fori,j =1,...p, sup,g EHutft(’i)j(G)Hs < oo for all
t.

Assumption 4. (i) S(0°) = plim T='S7(6°) has a unique global minimum at 05;
(i3) Let A; 7(09) = Var T2 Ztel?_l u By (09), fori=1,... ,m+1, and Ar(0,r) =
Var T—1/2 ZEZ] w Fy(0). Then A;p(00) 2 Ay(609), and Arp(0,7) 2 A(G,r) , where
the two limits are finite positive definite matrices not depending on T, and the
last convergence is uniform in 6 x r. (iii) Let Diz(607) = T 3 0 F2(67)Fo(67)'
and Dr(0,7) = TSV Fy(0) Fi(0). Then D;r(6°) 2 Dy(0°) and Dp(6,r) 2
D(60,r), where the two limits are finite positive definite matrices not depending on
T, and the last convergence is uniform in 6 x r; () E[f(69)] # E[f:(62,,)], for

eachi=1,2,...,m.
Assumption 5. T = [TA)], where 0 < A} < ... <\ < 1.

Assumption 1(i) allows for a fixed number of shifts in the distribution of errors
and /or regressors, m*, possibly at different locations than the parameter breaks in
(1), and ensures that the change-point fractions indexing the change-points in the

distribution of v, are asymptotically distinct.> We alternatively derive our results

5Note that m* as well as A; are taken as given and are not objects of inference here, unless
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under Assumption 1(ii). A further discussion about why these assumptions arise
in the context of nonlinear models with breaks, along with ways of relaxing them,
can be found after Lemma 1.

Assumption 1 also ensures that the model can be estimated via NLS, since
the errors are uncorrelated with the regression function. Assumption 2 and 3 are
overall typical smoothness and boundedness assumptions encountered in nonlinear
models.® Assumption 4 (i) is the usual NLS identification assumption, while (ii)-
(iv) are required because of the unstable structure of the model. Part (ii) and
(iii) are similar to those in Bai and Perron (1998) and refer to the existence of
limiting variances within regimes, while (iv) ensures that the parameter shifts
across regimes can be identified. Note that (ii)-(iii) require uniform convergence
in # x r, as compared to uniform convergence in r in linear models; this renders
the asymptotic theory we use non-standard. Assumption 5 is a typical assumption
for unstable models, allowing the break-fractions to be fixed and hence the break-

points to be asymptotically distinct.

4 Asymptotic Behavior of Estimates

4.1 Consistency of Break-Fraction Estimates

In Section 2, we described a least-squares based method similar to its linear coun-
terpart in Bai and Perron (1998). To elucidate the connection between linear
and nonlinear settings, we will provide a heuristic discussion first. As Gallant

(1987) shows, NLS estimators have the same form as OLS estimators (in stable

m = m* and all breaks in {v;} and the parameters of (1) coincide. Knowledge of m* and A is
irrelevant as far as asymptotic distribution results are concerned, but may be of course crucial
for both getting consistent estimates of certain asymptotic variances, as well as obtaining the
null distribution of stability tests if the break-points in parameters do not coincide with the ones
in the distribution of {v;} - see Hansen (2000) and Section 5.

SNote that Assumption 3(ii) is slightly stronger, implying that the expectation of the first ng
realizations of the process {supg|u:fi(0)|} exists. This assumption is only needed to obtain the
result in Lemma 1 under Assumption 1(ii) and is not imposed in other parts of the analysis.
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models) up to a first-order approximation. To see that, denote by X the T x s
and f(X,60) the T x 1 regressors in stable OLS, respectively NLS models, and let
F =0f(X,0°/00, where 0° is the true parameter value. The similarity between

OLS and NLS can be seen from the equation below:
OLS = (X'X)'X'y;  NLS = (F'F)"'F'y + 0,(T""/?) (4)

Given this similarity, extending Bai and Perron’s (1998) methodology to non-
linear settings may seem straightforward. However, consistency of parameters
estimates, and related to this, the Taylor expansion needed to obtain a similar for-
mula as in (4) for unstable NLS estimates cannot be legitimately obtained prior
to deriving the consistency and convergence rate of break-fraction estimates. For
the latter we require different proof strategies, but the results are similar to Bai

and Perron (1998) and are summarized in Theorems 1 and 2.

Theorem 1. For each i = 1,...,m, let N\ be the smallest number such that

T, = [zjl] Then, under Assumptions 1-5, \; 2> A0.

7

For intuition and because they are informative for Assumption 1, we outline
the main steps of the proof here, the details being relegated to the Appendix.

Define 4; = y; — ft(ék+1), for t € I, and d; = @y — uy = ft(9?+1) - ft(ék+1>’ for
t €19 Iy, with I9 = [0+ 1,7%,,] and I = [T} + 1, Tjys] and k,j = 0,1,...,m.

Also, denote 1;(0) = u,f;(f), a mean zero process governed by Assumption 1.

Then:

T m m
T updy =T Y (00) =T 0 “wn(f) =1 +11.
t=1 i=0 [0 =0,
The proof of consistency rests on showing that I+ 11 is 0,(1). While I = 0,(1)
by a simple law of large numbers, the analysis of I1 is more complicated as this

term contains not only sums with random endpoints but summands that depend
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on the parameter estimators, which in turn depend on the random endpoints. In

showing 11, we appeal to the following result:

Lemma 1. Under Assumptions 1-2 and 3(i)-(ii), T~ S04, (0) = O,(T~1/?%)

t=1

uniformly in 6 x r € © x [0, 1].

Lemma 1 was shown by Caner (2007) under the assumption that {v;} is a
strictly stationary process. To address issues raised in Hansen (2000), we first
relax strict stationarity over the whole sample to piece-wise strict stationarity:.
However, there may be cases of interest where even piece-wise strict stationarity
is not desired, so we also establish Lemma 1 in the Appendix under Assumption
1(ii), which restricts z; only to be n.e.d. but at the price of requiring independence
of {z;} and {u;} and the serial independence of {u;}. The proof uses Ottaviani’s
inequality and empirical process theory.

Remark The conditions of Lemma 1 allow for serial correlation in wu;, but rule
out models with lagged dependent variables in x;. The extension of the lemma
to such processes is problematic due to the type of non-stationarity induced by
breaks in the parameters of lagged dependent variables.” These issues seem to
be mitigated under some assumptions, as stated in Andrews and Fair (1988), pp.
620, who describe without proof some classes of primitive conditions one would
need to employ for a weak law of large numbers (but not a central limit theorem)
uniform in ¢ x r. However, note that if Lemma 1 holds, all the other results in the
paper hold with appropriate modifications, thus lagged dependent variables can
be considered at the expense of imposing Lemma 1.

With Lemma 1 in mind and using the definition of the sum of squared residuals,

"Note that by dropping strict stationarity, the limit of the process Ur(f,7) =
T-1/2 Zﬁrﬂ ¥¢(#) in Lemma 1 becomes a non-standard Gaussian process, more general than
the Kiefer process in Caner (2007), Lemma 1, since its variance-covariance function may depend
nonlinearly on the fractions of the partial sums. In other words, ¥ (6, 7) may not have a unique
limit for all r, because its terms undergo a number of shifts; however, that does not in general
preclude uniform boundedness in 6 x r, and the latter is all we need for Lemma 1 to go through.
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one can show that:

T T
Ty d 277 duy <0 (5)
t=1 t=1

Consistency follows from the following lemma:

Lemma 2. Let Assumption 1-5 hold. Then: (i) T-'S._ wd, = 0,(1); (ii) If
5\]- A )\? for some j, then limsup P [T‘l Z;‘FZI d? > C’} > ¢, for some C' > 0,¢ > 0.

Given part (i) of Lemma 2 and inequality (5), it follows that 7" 3" d? =
0p(1). The latter is in contradiction with part (i) of Lemma 2, establishing con-

sistency of break-fraction estimates.

4.2 Rates of Convergence

A necessary next step involves determining the convergence rates of the break-

fraction estimates. The results are summarized below:

Theorem 2. Under Assumptions 1-5, for every n > 0, there exists a finite C' > 0
such that for all large T, P(| T\, = X)) | > C) <, (k=1,...,m).

Theorem 2 is useful since the consistency of é% can be established provided that
the difference between the estimated and the true objective function is no more
than o,(1). This is the case here because Theorem 2 implies that the difference
involves a bounded number of 0,(1) terms. Given the T-rate convergence of break-
fraction estimates, the limiting distributions of parameter estimates follow from

standard NLS asymptotics:

Theorem 3. Under Assumptions 1-5, 6; and éj are asymptotically independent
and TV(0; = 69) 5 N (0,@:(07)), where ®(69) = [Di(69)]~ As(09)[D:(69))"!
fori,j=1,....m+1,i#j.

Theorems 1-3 allow us to estimate the covariance matrices ®;(6?) by replacing
Di(69) with Di(f;) = T~ 27 Fy(0:)F(6;) and A;(6?) with a heteroskedas-
ticity and autocorrelation (HAC) robust covariance matrix estimator, /L(@AZ) If

we consider the special case:
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Assumption 6. (i) Assumption 1 holds with m = m*, T} = T;,i = 1,...,m,
Eluzy) = 0 and Elugus|zgz) = 0 for all t # s and all k,1; (it) The errors are
homoskedastic within regimes: E[u? | x,) = Y, 02 1{t € I°} for all t; (iii) Let
Dr(0, 1) = 1Zt T10+[Tr] E,(0)F,(0). Then Dp(0,r) & rDi(#), (T-' < r <

N — XY ), where the latter is a positive definite matriz not depending on T, and

the convergence is uniform in 0 x r, with D;(0) not necessarily the same for all i;

(iv) Let Ap(0,7) = plim Var T~ "0 TIJ T (0 F(0). Then Ap(0,7) 2 rAi(0),
T <r <A\ — A1), where the latter is a positive definite matriz not depending

Tt N — X2 ), wh he [ itive defini ' d di

on T, and the convergence is uniform in 0 X r, with A;(0) not necessarily the same

for all i.®

Then the covariance matrix in Theorem 3 simplifies to o2[D;(6?)]~!, which can be
estimated, for example, via 62[D;(69)]~", where 62 = (T; — Tj_;)" th;T},lﬂ 02,
fori=1,....m+1.

Note that Assumption 6 allows for breaks in marginal distributions of regres-

sors, as well as breaks in the error variance that occur at the same time as the

true breaks in model (1).

4.3 Limiting Distribution of Break Dates

Similar work by Bai (1994, 1995, 1997) for linear models derives the non-standard
distributions of change-point estimates. Hall, Han, and Boldea (2008) extend this
method to models that can be estimated via two stage least squares. These papers
find the distribution of the break-point estimators in two cases, fixed and shrinking
magnitude of shifts. In the first case, in general, the distributions in linear models
depend on the underlying distribution of the regressors and errors. The second
case allows for magnitudes of shifts that shrink to zero as the sample size increases.

We consider both cases in turn.

8Part (iv) is implicit from (ii)-(iii) given (i), but is used explicitly without (ii) for Theorems
8.9.
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4.3.1 Fixed Magnitude of Shifts

Consider the following data generation process, with one break?:

[z, 09) + uy t=1,..., ko
Y =
f(xt,98)+ut t:kg—i-l,,T

An implicit assumption so far was that the parameter shifts are constant:
Assumption 7. § = 05 — 60, a fized number.

Denote by Sr(k,01,6;) the sum of squared residuals evaluated at a potential
break-point 1 < k < T. Also, let Sp(k) = ming, g, S7(k,01,02). Then we can
write:

k = argmin argmin V (k, 0y, 6,) (6)

1<k<T 61,6
where: V' (k,01,0,) = Sr(k,01,605) — Sr(ko, 07,609). We obtain a large sample ap-

proximation to this finite distribution, given below:

Theorem 4. Under Assumptions 1-5 and 7, for m =1,

[l% - k‘o} — argmax J*(v) = 0,
vER

where J*(v) is a double-sided stochastic process with J*(0) =0, J(v) = Jf(v),v <
0, J(v) = J5(v),v >0, and

ko
i)=Y [f(63) — fu(69)]" —2 Z e [fi(69) — f(69)]
t=ko+v+1 t=ko+v+1
ko+v ko+v
Tiw)=— 3" [£03) = f(0)]" =2 D i [£(69) — f(6)]
t=ko+1 t=ko+1

9The extension to multiple breaks is immediate because the m + 1 errors in the sub-samples
are asymptotically independent given Assumption 1.
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The result above is comparable to linear models. Under Assumption 1(ii),
J*(v) becomes a two-sides random walk with stochastic drifts. If we also impose
the strict stationarity Assumption 1(i) with m* = 0, the limit is a two-sided
Gaussian stochastic process with negative drift, and it is the same as the limit for

shrinking shifts (see next section).

4.3.2 Shrinking Magnitude of Shifts

Instead of Assumption 7, consider Assumption 8, which imposes parameter shifts

that are shrinking at a certain rate wry:

Assumption 8. Fori=1,...,m, =0, , — 0}, = 6wy, where 6; are fized p x 1
vectors and {wr} is a scalar series such that wr — 0 and TY* w2 — oo as

T — oo, for some vy € [0,%).

This assumption ensures that the asymptotic distributions of the change-point
estimates do not depend on the underlying distributions of {u;, f;(#)}. Similar
1) in Bai and Perron (1998)

assumptions are inter alia TV/*~Twy — oo, for v € (O, 5
and T?wr/(logT)? — oo in Qu and Perron (2007). Our assumption allows only
shifts of order T-/* or larger, but the simulation section discusses that, despite
this, the coverage probability for the confidence intervals is good. Note that under
shrinking magnitudes of shift, the asymptotic properties of parameter and break-

fraction estimates need to be re-derived (see Appendix), with the break-fraction

distribution presented below.
Under Assumptions 1-5, 6(iii)-(iv), and 8, for m =1,

5/ D 90 5 2 R
1 1 v

where Z(v) = Ji(—v) —0.5]v],v <0, Z(v) = /o Jo(v) —0.5|v],v > 0, J1(v), Jo(v)

are two independent standard scalar Gaussian processes defined on [0, 00|, and ‘=’
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denotes weak convergence in Skorohod metric.

Details regarding this process can be found in Bai (1997). The density of
argmax, Z(v) is characterized by Bai (1997) and he notes that it is not symmetric
if @ # 1 or & # 1. A confidence interval can be constructed as follows. Let
D1 = (0 — 0,) Ay(0,) (05 — 0,)', @23 = (B2 — 6,)Di(61)(02 — 6,)', Dy(0) = (T, —
T,1)™! Ztiﬁ_lﬂ F,(0)F,(8); A;(#) a HAC estimator of the long-run variance

Ai(0), and H = &3 /@1;1. Also, let & = Qoo/@n1 and ¢ = @1/@11. Then, a
100(1 — a)% confidence interval for k is:

(k — [e/H| =1,k + [ca/H] + 1) (7)

where ¢; and ¢, are respectively the (a/2)™ and (1—a/2)" quantiles for argmax, Z(v)
which can be calculated using equations (B.2) and (B.3) in Bai (1997).

Theorem 5 can be extended to yield confidence intervals for the multiple break
model, because given Assumption 1, the sample segments are asymptotically in-
dependent, allowing for the analysis of the limiting distribution to be carried out

as in the one break case:

Corollary to Theorem 5. Define ¢; = 6.A;11(09)6;/[0/A;(69)5;] and & = 6,D;1(6)6;
/[10:D;(69)8;]. Under Assumptions 1-5, 6(ii1)-(iv) and 8,

8'D;(06,]2 .-
%w%[l{ — ko| = argmax Z;(v)

where Z;(v) = W;1(—v) — 0.5/v],v < 0, Wi(v) = V@:;W;a(v) — 0.5]v],v > 0
and W;1(v), Wia(v) are independent standard scalar Gaussian processes defined

on [0,00], fori=1,...,m.

Confidence intervals can thus be obtained by redefining the appropriate quan-

tities in (7) for each break-point estimator.
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5 Tests for Multiple Breaks

This section is concerned with finding the number of breaks m, so far treated as
known. To that end, we consider similar tests in Bai and Perron (1998), as well as
equivalent sup Wald tests that are useful when autocorrelation is present. Given
the results in the previous sections, we are able to show that their distribution
carry over from linear settings. The critical values are already tabulated in Bai

and Perron (1998) and Bai and Perron (2003a).

5.1 Sup F-Tests

The F-tests based on differences in sum of squared residuals can be carried out as
long as long as Assumption 6 holds. Extensions to serially correlated errors can

be found in Section 5.2.

5.1.1 An F Test of No Breaks Versus a Fixed Number of Breaks

Consider the following hypothesis:
Hy:m=0 vs. Hy:m=kE. (8)

where k is a fixed finite positive integer. For this purpose, consider a partition
(T1,...,Ty) of the [1,T] interval such that T; = [T'A;]. We also need to restrict
each change point to be asymptotically distinct and bounded away from the end-
points of the sample. To this end, define A, = {\y = (A1, ..., \) ¢ [ Nigs — A >
€,\1 > €, A\, < 1— €}, where € is a small number, in practice ranging from 0.05
to 0.15. As in Bai and Perron (1998), consider a generalized version of the sup

F-type tests proposed in Andrews (1993):

(SSRy — SSRy,)/kp
sup Fr(k;p) = sup 9
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where SSRy and SSRy are the sums of squared residuals under the null, respec-
tively under the alternative hypothesis. Let B,(-) be a p-vector of independent
Brownian motions. The following theorem describes the distribution of the test

under Hy:

Theorem 6. Under Assumptions 2-6 and Hy in (8),

k
1 [Ai Bp(Air1) = A1 Bp(N) |12

sup Fr(k;p) = — sup

Ak EAC T< ) kp AmEAc i=1 )\i)\H‘l()\H*l - )\l)

It is worth noting that the distribution of the sup-F' test under Hy above does
not depend on any nuisance parameters. As Bai and Perron (1998) show, the test
above is consistent for its alternative. Of course, if autocorrelation is present, this
F-test should be replaced with a Wald-type test of equality of parameters across

regimes, and we describe such a test in the next section.

5.1.2 A Double Maximum F Test

Next, one can consider testing against an unknown number of breaks m < M, M
being an upper bound on the number of change-points. To that end, consider the

hypothesis:
Hy:m=0  ws. H, : m unknown, m < M, M fixed. (10)

As Bai and Perron (1998) point out, to test this hypothesis it suffices to take the
maximum over weighted versions of the test statistics described in the previous

section, where the weights are (ay,...,ay):
Dmax Fr(M,ay,...,ay) = max a, sup Fr(m;p) (11)

The distribution of the test statistic above is:
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Corollary to Theorem 6. Under Assumptions 2-6 and Hy in (10),

By (A1) = A1 By (M)
)\i)\i+1()\i+1 - )\7,>

Dmax Fr(M,ay,...,ay) =  ax :Ln—T; ;}36 2
As Bai and Perron (1998) mention, the choice of weights remains an open
question. It may reflect the imposition of some priors on the likelihood of various
number of breaks. One possibility is to set all weights equal to unity. We denote
this test as:

UDmax Fr(M,p) = max sup Fr(m;p) (12)

L<msM 3 en
m €

Note that, for fixed m and break locations, Fr(m;p) is the sum of m dependent X;Z;
variables, each divided by m. This scaling by m can be viewed as a prior that, as
m increases, a fixed sample becomes less informative about the hypotheses that it
is confronted with. Since for any fixed p, the critical values of sup s, ea, Frr(m;p)
decrease as m increases, this implies that if we have a large number of breaks, we
may get a test with low power, because the marginal p-values decrease with m.
One way to keep marginal p-values of the tests equal across m is to use weights
that depend on p and the significance level of the test, say a. More precisely, let
c(p, «,m) be the asymptotic critical value of the test sups <. Fr(m;p). Define,
as in Bai and Perron (1998), a; = 1 and a,,, = ¢(p, o, 1)/ ¢(p, ¢, m) for 1 <m < M.
The test obtained this way is:

B c(p,a, 1) :
WDmax Fr M) = 0, iy * 0% Frlms) (19

For consistency of Dmax tests and critical values of both its versions, UDmax

and WDmax, see Bai and Perron (1998).
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5.1.3 An F Test of ¢/ Versus ¢+ 1 Breaks

Consider the following hypothesis of interest:
Hy:m=10(  ws. Hy:m=1/0+1. (14)

One would ideally construct such a test based on the difference between the sum
of squared residuals for ¢ breaks and (¢ + 1) breaks. Considering the different
mismatches in end-points of partial sums obtained this way, it would be hard to
describe the limiting behavior of such tests. An easier strategy involves imposing
¢ breaks and testing each segment for an additional break. The test statistic is:

1 A A o A A o
FT(£+1|€): max A—Q{ST(Tl,...,Tg)— inf ST(Tl,...,ﬂ_l,T,,Ti,...,Tg)}

1<i<l+1 G TEA
where under Hy:

~ A

A= {r: Ti—1 + (Tz —Tian<t< Tl —(T; — Tz’—l)ﬁ}, and &22 P, 52

%

The following result is proved in the Appendix:

Theorem 7. Under Assumptions 2-6 and Hy in (14), lim P(Fr(¢ + 1|¢) < z) =

B — uB,(1)]?
GIHY, where Gy is the distribution function of — sup 1B(12) = nBy(L)] .
’ n<pst—n (1= p)

Note that this test allows for heterogeneity in regressors and errors across

regimes, including breaks in the distribution of errors and/or regressors occurring
simultaneously with the coefficient breaks.

If there are more than ¢ breaks, but we estimated a model with just ¢ breaks,
then there must be at least one additional break not estimated. Hence, at least
one of the (¢+ 1) segments obtained contains a nontrivial breakpoint, in the sense
that both boundaries of this segment are separated from the true break-point by
a positive fraction of the total number of observations. For this segment, the

sup F'(1, p) test statistic diverges to infinity as the sample size increases, since this
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test is consistent. Then so does Fip(¢ + 1|¢), hence this test is consistent too.

5.2 Tests in the Presence of Autocorrelation

In this section, we provide tests that are robust to types of autocorrelation allowed
by Assumption 1. In particular, we extend the tests in Sections 5.1.1-5.1.3; the
first two tests were developed for linear models in Bai and Perron (1998), while

the last test is proposed for linear models in Hall, Han, and Boldea (2009).

5.2.1 A Wald Test of Zero Versus a Fixed Number of Breaks

The hypothesis in (8) can be re-written as: Hy : Ry 05 = 0, where Ry, is the con-
ventional matrix such that (R 05) = (0% — 65 ,...,0Y —67,). The corresponding

sup Wald test statistic is:

NN Wi (k:p) = sup 0 (T})R,, (Re Y(T}) Ry) ™" Ry 0°(T,)
where 0°(Ty) = [0,(Tx), . .., 04,1 (T1)], T(T}) = diag [Y1(Th), . .., Tera(Th)], and
Ti(Ty) = TV [D; (6:(Ty))] [Ai(0:(Tk))] [D;(0;(Tk))], recalling that Tj, was a cer-
tain k-partition of the sample interval.

To facilitate the presentation of an intuitive form for the distribution of the
sup Wald tests, rewrite R, = B, ® I, with Ry, being the conventional k x (k+1)
matrix such that (Rp3) = (61 — Bo, ..., Bk — Brs1), where 3; the i element of
some (k+1) x 1 vector 3, and I, is the p x p identity matrix. From the Appendix,
it follows that:

Theorem 8. Under Assumptions 1-5, 6(iii)-(iv) and Hy in (8),

sup Wr(k;p) = sup Bi(\),
AEAC A EAC

where: By(A\e) = Bl oq) { [C "R (BiCy Ry) T ReC @I, } Byirny, with Bygryry =
22



(B, (M), By(A2) — B(M); -+ By(Ars1) — By(Ak)]', a p(k + 1) x 1 vector of pair-
wise independent vector Brownian motions of dimensions p, Cy = diag (A1, Ay —

Ay M1 — Ag) and Ay = 1 by convention.

It can be shown that the Hy distribution of the sup Wr(k; p) is a scaled version
of the corresponding distribution of the sup Fr(k;p), with scaling factor kp.

5.2.2 Double Maximum Wald Tests

Given the result in Theorem 8, the Dmax Fr(M,ay,...,ay) test has its corre-

sponding autocorrelation-robust version:

DmaXWT<M7 ala"'aaM) = 1£na<XM:;_ﬂ;) sup WT(m7p) (15>
M= S\TYLEAG

whose distribution is:
Corollary to Theorem 8. Under Assumptions 1-5, 6(iii)-(iv) and Hy in (10),

A, -
D M. ay. ... om B
max Wr (M, ay,...,ap) = L P 5}36 m(Am)

The scaling mp is used not only to obtain the same asymptotic distributions
as for the corresponding F-tests, but because, in the absence of scaling and equal
weights a;, this test will be equivalent to testing zero against M breaks, since
SUpy, . eA. Bm(j\m) is increasing in m for a fixed p. Given the scaling, the discussion
in Section 5.1.2. about picking a,, is still valid. Thus, as in Section 5.1.2, we can
use the unweighted version of the test, with a,, = 1, or the weighted version of

the test, with a,, = ¢(p, a, 1)/ ¢(p, a,m) in (15).

5.2.3 A Wald Test of ¢/ Versus ¢ + 1 Breaks

For purposes of sequentially estimating the breaks in the presence of autocorrela-

tion, it is desirable to develop a Wald-type test that is designed for testing ¢ versus

23



¢+ 1 breaks; under £+ 1 breaks, this is equivalent to testing whether, there exists
exactly one i such that 69 # 607, |, where i € {1,...,0+ 1}.

Under Hy in (14), for each index ¢ € {1,...,¢ + 1} define the corresponding
hypothesis: R* [le, 92;1]/ =0, where R* = R*@Ip and R* = [1, —1]. For simplicity,
let ¥ = [69,6%,) and Dg(1) = [04(p), 841 (1)), where we first estimated the
model with ¢ breaks, imposed them as if they were the true ones, and then defined,
for each feasible break [T'u] € A, - with A, defined in Section 5.1.3 - parameter
estimates éq(,u), éq+1(u), for before and after the break.

The appropriate Wald test is:

Wr(f+116) = Iax Tilif,e Wr (7, q)
where Wr(r,q) = W) = () R [R5 () R R, (1), with T () =
diag [T;,DTZQ] with Tz,j = T[b;"j(u)]_l A;,j(/i) [D;,j(,u)]_la (j = 1,2), and

D;,l (M) =71 Z;:Tq,lﬂ Ft,q(M)Ft,q(N)/u f);g(ﬂ) =7 ZfiT—i—l E,q-&-l(M)Ft,q—i-l(/i)/a

while A;’l(u) and A;,Q(,u) are HAC estimators of the limiting variances of respec-

tively T2 350 oy teg (1) Frg(p), T2 thiTH Ut,qr1 (1) Fr g1 (p), with Fy s (p) =
Fi(04(p)) and g () = u(05(p)), (s = ¢,q + 1). Even though there are easier to
compute estimates of the limiting variance of T;(,u), for increasing the power of
the test, we consider those that would be more relevant if the alternative is true.
Note that this test is useful for performing sequential estimation of breaks in
the presence of autocorrelation. Not surprisingly, we find that the distribution of

the above Wald test is the same as that of the corresponding F-test, but holds

under more general assumptions:

Theorem 9. Under Assumptions 1-5, 6(iii)-(iv) and Hy in (14), one can write

B — uB,(1)]|?
lim P(Wr((+1[0) < x) = GJtY, where Gy, is the cdf of — sup 1Bp(1) = 1By (1] ,
’ n<p<l-n (1 — p)

24



5.3 Sequential Estimation of the Number of Breaks

Using the test statistics presented above, we can suggest a simple sequential
method for obtaining an estimator, my say, of the number of breaks.

On the first step of the sequential estimation, use either sup Frr(1;p), sup Wr(1;p)
or Dmaz Fr (M,p), Dmax Wr(M,p), to test the null hypothesis that there are
no breaks. If this null is not rejected then set my = 0; else proceed to the next
step. On the second step, use Fr(2|1 or Wr(2|1) to test the null hypothesis of
one against two breaks. If Fip(2]1) or Wp(2]1) does not reject, then iy = 1; else
proceed to the next step. On the ¢ step, by means of Fr (£+1|¢) or Wy (£+1]€),
test the null hypothesis of ¢ breaks against £+ 1 breaks, and if the hypothesis is not
rejected, then mp = ¢; else proceed to the next step. This sequential procedure
stops when M, the ceiling on the number of breaks, is reached. If all statistics in
the sequence are significant then the conclusion is that there are at least M breaks.
Note that this is not a proper sequential procedure, because with each sequential

test, the breaks are re-estimated under the null with a global procedure.

6 Simulation Results

There are some clear computational advantages of the Bai and Perron (2003b)
method for detecting breaks. As Bai and Perron (2003b) show, even when the
number of change-points is large, we need not search over all possible partitions
to find the true break. Imposing a minimum length on the segments in each
partition, one need not perform more than 7'(7T + 1)/2 operations to find the
estimated partition.

Here, we implement an algorithm for finding breaks similar to Bai and Per-
ron (2003b). Along with nonlinearity additional issues arise, related to having no
closed form for updating the sum of squares and parameter estimates when one

more observation is present. Although approximate updating procedures such as
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an unscented Kalman filter can be useful, for simplicity we recalculate in each
segment of the T'(T'+ 1) /2 new NLS estimates and sum of squares through global
minimization of the concentrated sum of squares by a quasi Gauss-Newton algo-
rithm.!® As starting values for the nonlinear parameters, we use grid searches,
Taylor expansions of up to 7" order, as well as interpolations suggested in Gallant
(1987) and Bates and Watts (1988).

We pick data generation processes (DGPs) with m = 1,2, and a nonlinear

function used in Gallant (1987) and Bates and Watts (1988):
f(x,0) = 0] + 07 exp (—2,60?), witht € I, fori=1,...,m+1

The true data was generated such that x; ~ N(0,1), u; ~ N(0,1) and X L U.!!

Tables 1-3 are reported for 1000 simulations, ¢ = 0.15 and 6 DGPs, with
m = 0,1,2. Let ¢; be a j-vector of ones. We pick DGP1 : m = 0,05 = 3;
DGP2,3,4:m = 1,65 = (1,2) ® ¢, (1,1.5) @ ¢ and (4;(2,1,1)); DGP5,6 :
m =20 =(1,2,1)®4, (1,1.5,1)® 5. The empirical coverage of the break-point
99%, 95%, 90% confidence intervals are almost 100% in each case. This is consistent
with break-point estimates coinciding with the true break-points or being just one
observation away. Table 1 shows very good size and power properties of sup F
tests; they improve as the sample size increases, for both m = 1, m = 2, and so do
the properties of the estimate for number of breaks mqs in Table 2.

Parameter confidence interval coverages reported in Table 3 and are in all cases
close to the nominal size. Overall, our methodology seems to work well in finite

samples.

10The Levenberg-Marquardt algorithm provides similar results.
1To check whether our method works when parameters change in opposite directions, we ran
simulations with z; ~ N(1,1) as well. The results are similar and are available upon request.
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Table 1: Relative rejection frequencies of F-statistics

sup F seq F' UDmax F
DGP T
0:1 | 0:2 2:1 | 3:2

1 100 .05 .05 .01 0 .05
200 .05 .05 .01 0 .05

9 100 1.00 1.00 .05 0 1.00
200 1.00 1.00 .03 0 1.00

3 100 1.00 1.00 .04 0 1.00
200 1.00 1.00 .03 0 1.00

4 100 .96 .92 .04 0 .96
200 1.00 1.00 .04 0 1.00

5 100 97 1.00 1.00 .02 1.00
200 1.00 1.00 1.00 .01 1.00

6 100 .94 1.00 .99 .02 1.00
200 1.00 1.00 1.00 .01 1.00

Notes: sup F denotes the statistic Sup Fr(k; 1) and the second tier column heading
under it denotes k; seq F' denotes the statistic Frr(¢ + 1]¢) and the second tier col-
umn beneath it denotes {+1 : ¢; UDmax F denotes the statistic U Dmaz Fr(5,1).

Table 2: Empirical distribution

of the estimated number of breaks

sup F' UDmax F
DGP T

0 1 | 2 | 3,4,5 0 | 1 | 2 | 3,4,5

1 100 .95 .05 0 0 .95 .05 0 0
200 .95 .05 0 0 .95 .05 0 0

9 100 0 .95 .05 0 0 .95 .05 0
200 0 97 .03 0 0 97 .03 0

3 100 0 .96 .04 0 0 .96 .04 0
200 0 96 .04 0 0 96 .04 0

4 100 .04 .93 .03 0 .04 .93 .03 0
200 0 .96 .04 0 0 .94 .04 0

5 100 .03 0 .95 .02 0 0 .98 .02
200 0 0 .99 .01 0 0 .99 .01

6 100 0 .96 .04 0 0 .96 .04 0
200 0 0 .99 .01 0 0 .99 .01

Notes: The blocks headed sup F' or UDmax F' give the empirical distribution of
mr, obtained via the sequential strategy using Sup Fr(1;1) or UDmax Fr(5,1)

on the first step with the maximum number of breaks set to five.
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Table 3: Empirical coverage of parameter confidence intervals

Confidence Intervals

DGP | T Regime 67 69 69
99% [ 95 % [ 90% [ 99% [ 95 % [ 90% [ 99% [ 95 % | 90 %
100 15% regime .99 .95 .90 .97 .93 .89 .98 .94 .89
9 2"? regime .99 .95 .89 .98 .95 .89 .98 .95 .89
200 157 regime .98 .94 .89 .99 .93 .88 .99 .94 .88
ond regime .98 .94 .89 .99 .93 .88 .99 .94 .88
100 157 regime .99 95 .90 97 .93 .89 .99 .94 .89
3 27? regime .99 .95 .89 .98 .95 .89 .98 .95 .89
200 15T regime .98 .94 .89 .98 .94 .89 .99 .94 .90
279 regime .99 .94 .89 .98 .94 .89 .98 .94 .90
100 15% regime .98 .94 .87 .96 91 .86 .98 .93 .86
4 279 regime .98 .92 .86 .96 .92 .87 .96 91 .85
200 15T regime .98 .94 .88 .97 .93 .88 .99 .94 .88
279 regime .98 .93 .89 .98 .94 .89 .98 .93 .88
100 15% regime .96 91 .87 .94 .89 .85 .97 .92 .87
2"9 regime .96 91 .87 .98 .93 .86 .97 .92 .86
5 374 regime .99 .94 .90 97 .93 .89 .98 .93 .88
200 157 regime .98 .94 .89 .99 .93 .88 .99 .94 .88
2"? regime .98 .94 .89 .98 .93 .89 .98 .93 .89
377 regime .98 .94 .90 .98 .94 .90 .98 .94 .89
100 15 regime .96 91 .86 .93 .89 .84 .97 91 .87
2"9 regime .95 .88 .82 .96 .90 .84 .96 .90 .84
6 374 regime .98 .94 .89 97 .93 .89 .98 .93 .88
200 157 regime 97 .94 .89 .96 .92 .88 .98 .93 .86
2"? regime .98 .93 .87 .97 .93 .89 .98 .93 .89
377 regime .98 .94 .90 .98 .94 .89 .98 .94 .89

Notes: The column headed 100a% gives the percentage of times the 100a% confi-
dence intervals for each parameter contains its true value.

7 Conclusions

In this paper, a nonlinear method for estimating and testing in NLS models with
multiple breaks is developed. In our framework, the break-dates are estimated si-
multaneously with the parameters via minimization of the residual sum of squares.
Using nonlinear asymptotic theory, we derive the asymptotic distributions of both
break-point and parameter estimates and propose several instability tests. Our
estimation procedure is very similar to that of Bai and Perron (1998), but the
proofs are different since they require some empirical process theory results de-

veloped in this paper, results that may be useful in other settings as well. By
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construction, our method nests nonlinearities and breaks, and is useful in practice
both for testing for breaks in the presence of nonlinearity, and for jointly modeling
breaks and nonlinearity, should evidence for both be present.

Many other issues can be important for modeling nonlinearity jointly with
breaks. Important macroeconomic applications that use structural equation mod-
els with endogeneity can be dealt with by extending the methodology in the cur-
rent paper to multivariate, more general nonlinear models, as well as to partial
structural change. On the other hand, developing primitive conditions along with
new uniform convergence results for more general nonlinear time series processes

is certainly of interest, and we leave this to future research.
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8 Appendix

This Appendix only contains a complete proof of Lemma 1. For the rest, an
outline of the proofs is given; for complete proofs, see Supplemental Appendix.
As a matter of notation, we will use || - || not only to denote the Euclidean
vector norm, but also the matrix norm ||A| = [tr(A’A)]*?, and ¢(0) = u.f.(6),
respectively W,(0) = u, Fy(6).

Proof of Lemma 1.
Lemma 1 translates into showing that under Assumptions 1-3, if Ur(0,r) = T—1/2
E’"ﬂ Y(0) is Op(1) uniform in 6, it is also O,(1) uniform in 6 x r. For simplicity,

consider the case m* = 1; the extension to m* > 1 is immediate and omitted for

simplicity.
From Assumption 1(i)-3 and Caner (2007), Lemma 1, it follows that for r < A},
the limit process of T1/2 gl} Y (0) is a Kiefer process, say K;(0,r), restricted to

r < A}; that is, K1 (6, ) is the restriction to r < A} of a Gaussian zero-mean process

with variance covariance function EWr(6,,7) Ur(fs,s) = min(r, s) Q(6,,0,) and
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Q(0,,0,) = limp_ oo EV7(0,,1)Wr(0s,1). Hence, we have:

sup [Wrp(6,7)] < sup [Kqi(6,7)] + & (16)

0,0<r<X} 0,7 <\

where & is an o0,(1) term uniform in 6 x r. If » > A}, then by Caner (2007) and
Assumption 1(i)-3, the limit process of 7~1/2 ZEZ]T/\’{}H Yy(0) is a Kiefer process,

say Ko(0, 7 — \}), such that A} < r <1,if T"— oo. Hence:

sup (W (6, 7)] < sup|Ki(6, A7)+ sup [Ks(0,7)] + & (17)
o N; <r<1 0 0N <r<1
where & is an 0,(1) term uniform in 6 x r. Thus, from (16) and (17), the desired

result follows, since:

sup |Ur(0,r)] < max{ sup |K1(6,7)|,sup|K1(0,\])| + sup |K2(9,7")\}+0p(1)
0,0<r<1 0,r<\: 0 9.\ <r<1
where the 0,(1) term is uniformly bounded in 6 x r. It remains to show that this
result also follows from Assumptions 1(ii), 2-3.

Proving Lemma 1 for ,(6) is equivalent to showing that for any ¢ > 0, there
exists real 7. > 0,7, > 0 such that for k = [T'r], Pmaxj<g<r supy|¥r(0,7)| > 1]
< e. First, note that Ottaviani’s inequality for independent sequences {1,(6)} - see
van der Vaart and Wellner (1996), pp. 430 - can be rewritten as described below
when letting A = p = nvT /2 and provided all quantities below are measurable!?:

P [sup U (6)

0cO

>-n/2}

>0l <

\I/T(Q, 7’)

P | max sup
1<k<T gco

1 —2 max P {sup \Ilk(ﬁ)’ > 77/4}

I<k<T | gco

max Ly,
1<k<T

— 1—2 max L
1<k<T

(18)

12Measurability is satisfied by Assumption 2, thus we can replace outer probabilities P* in van
der Vaart and Wellner (1996) with probabilities P.
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where W, (0) = k=2 3°%  4,(h) and Ly, = Plsupgee|¥i(A)| > 1/4]. Now consider
k > ny for large enough but fixed ng, the same as in Assumption 2. Then if ¥(0) is
the mean-zero normal distribution with variance A(6,1) as defined in Assumption

4, then:

max L, < max P |sup|W(0) — ¥(6)| > 77/8} + P [sup|\11(9)| >n/8
0cO

k>ng k>ng 9cO

(19)

Since our Assumptions 1(ii), 2-3 involve a special case of the assumptions needed
for the uniform CLT in # in Gallant and White (1988), pp. 34, we have that, for any
€ > 0 and n > 0, maxysy,, P [Supgee|Vi(0) — V(0)| > n/8] < €*/2. On the other
hand, since supgeg|¥(#)| has moments of all orders by van der Vaart and Wellner
(1996), Proposition A.2.3, there is an 7 > 0 such that P [supgee|¥(6)| > ne /8] <
€*/2. Using these and (19) into (18), we obtain, for k* = argmax;, Ly > ny,

*

€

\IJT(07T) 1 _ 26*

>0 <

(20)

P | max sup
1<k<T gco

Upon defining €* = ¢/(1 + 2¢) for any € > 0, noting that this definition implies
€* < 1/2 without restricting € > 0, and letting 1.« = 7., Lemma 1 follows if £* > ny.
If k* < ng, then, by Assumption 2(ii), max;<g<n, Lx < P(SUPg s<p, [¥:(0)] > n/4) <
4n(1)/217_1E[sup97t§n0]@Dt(Q)H < Mn~! say. Then, for any ¢* > 0 and n = M/e*, (20)
is satisfied. By redefining €* as in the case k* > ng, and since the two cases are
mutually exclusive, the proof of Lemma 1 is complete.

O

Let I; = [Ti.y + 1,7} and I = [T°, + 1,7°, (i = 1,...,m 4 1). To prove
Lemma 2, we use the uniform law of large numbers (ULLN) in Gallant and White
(1988), pp. 34. Note that their assumption of n.e.d. encompasses Assumption
1(i)-(ii):

Proof of Lemma 2.

Part (i). This part follows directly from Lemma 1.
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Part (ii). Consider n > 0 such that [T'y] is an integer. Let 1* and 2* denote
summing over the sets Iy(n) = { [TAY] = Tn+1,...,[TA)] }, respectively Ir(n) =
{ [T +1,... [TA)]+Tn }. If PP A) for at least one j, then there is an 7 such
that with positive probability, 6), will be estimating 0? on I(n) € I, but 0?+1 on
I(n) € I,.. Hence, with positive probability greater than e > 0,

TN d; =T dj (0, 609) + T d (0,6),,) > inf Hr(0)  (21)
=1 1* 2+
where di(04,05) = fi(04) — fi(05), with 04,05 € O, and for i = 1,2, Hr;(6)
=171 di (0, 9?—1+i)7 and Hr(0) = Zi:l,? Hr,(6).

To prove T~' S°1_ d? > C with probability > ¢ and establish Lemma 2(ii), it is
sufficient to prove uniform convergence in 6 of Hry(6) to a positive quantity H(6).
Uniform convergence can be established using the ULLN mentioned above, under
Assumptions 1-4. It remains to show that infy H(#) > 0. This can be establish by

showing - see Supplemental Appendix:
E[Hz(0)] = (169 — 69, |*tr {infinf E[F(0)F/(0)]} > C

where the last inequality follows from Assumption 4(iii). O

Proof of Theorem 2.

The proof follows in three steps. The first step redefines the proof objective and
introduces some notation. In the second step two distinct terms are analyzed and
compared to finalize the proof.

Step 1. As in Bai and Perron (1998), without loss of generality, we assume only
three breaks. We will focus on proving Theorem 2 for Ao; the analyses for A1 and A
are similar. For any € > 0, define V, = {(T1, 1%, T3) : | T, — TP |< €T (i =1,2,3)}.
Since \; = X0, lim P{(1},T3,T3) € V.} = 1. Hence, we need only examine the
behavior of breakpoints contained in V.. Consider, without loss of generality, the

case Ty < TY; the case Ty > TY can be handled by a symmetric argument. For
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C > 0, define: V.(C) = {(T1, Ty, T3) : | T; = T2 |< €T (i = 1,2,3); TY — Ty, > C}.
Note that V,(C) C V.. We will show that the probability that the break-points
are contained in V,(C') is very small. Hence, with large probability, |7} — T°| < C,
for + = 1,2, 3, confirming the content of Theorem 2. So, for proving the latter, it
suffices to show that the break-points will not be contained in V,(C') with large
probability.

To that end, denote by Sy (71, Tz, T3) the minimized sum of squared residuals
for a given 3-break-partition (1,77, 75, T3,T) of the sample interval. By definition
of minimized sum of squared residuals, ST(Tl,TQ,Tg) < ST(Tl, Ty, Tg) Let Ay =

Ty, — T9. We will show that for any n > 0, we can pick ¢ and C such that:

P {‘I/{l(icn)(Ag)l[ST(Tl,TQ,ng) — Sp(T, T3, T3)] < o} <n, for T >T(n). (22)
Equation (22) implies that for large 7', with probability > 1 — n, ST(Tl,TQ,T3)
> ST(T LTy, Tg), contradicting the sum of squares minimization definition; thus,
T, & V.(C), completing the proof.

Define SSRy = Sr(T1, Ty, T3), SSRy = Sp(Ty,TY,T3) and introduce SSR3 =
Sr(Ty, Ty, TY, T3). Then Sp(Ty, Ty, T3)—Sp(Ty, T3, T3) = (SSRy—SSR3)—(SSRy—
SSR3). This approach helps carry out the analysis in terms of two problems involv-
ing a single structural change: the first imposing an additional break at T% between
T, and T3, and the second introducing an additional break at 75 between T} and
TY. Let (0%, 05,05%,0%), (07,05, 05,0%) and (05, 03,05,0%,0%) be the NLS parameter
estimates based on partitions (1,7}, Ty, T3, T), respectively (1,7y,7%,T3,T) and
(1,Ty, Ty, T, T3, T). Note that 63,05,05* are all estimating 69, while 65, 05* are
both estimators of 63.

In the light of proving (22), we need to locate the dominating terms in (SSR; —
SSRy) and show that we can pick ¢ and C such they are positive with large
probability for large 7. To that end, let V.(C) be the domain on which some
quantity gr(-) is defined. We will denote g7 ~ O,(T°) P(lgr| > T°) < 7 for
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T > T(n) forsomeb € R and any 77 > 0, where T as defined here is large.
Note that the statement above depends on the choice of C' and €. We will write
qr ~ O} (T*) if plim g is positive (or positive definite for matrices). Similarly,
let gr ~ O,(T%) + ar, if qr — ap ~ O,(T") for some ar, and qr ~ O;(Tb) +ap, if

gr — ar ~ O (T"). Under this notation, equation (22) is equivalent to:
A (SSRy — SSRy) ~ O (1) (23)

because then the probability that (SSR; — SSR») is negative is small. So, for
proving Theorem 2, a proof of (23) suffices.

Step 2: To further simplify the notation, let Iy = [1,T1], I, = [T1 + 1, T3],
2= [T +1,T9, Iy = [T9+1,Ty), I, = [T3+1,T). Recall that Ay = T9 — T} > C,
and denote eZ(04,0p) = u?(04) — u?(0p). Consider SSR; — SSRs first:

AN (SSRy — SSRy) =AM "€l (05%,605) + A1) €l(057,03) = Dy + D
Ies I3
Heuristically speaking, D; involves a “mismatch® in estimators, because 03" is
estimating 69, while 63 is estimating 63. This “mismatch“ is not present in Dy,
because 05* and 63 are both estimating 6. Hence, D; should be dominating D, for
a large enough Ay > C. To see this, note that,for: = 1,...,4, in an interval where
6? is the true parameter value, and § € ©, it can be shown that: u?(f) — u? =
d?(0,60%) — 2u, dy(0,609). Also, the true parameter value on I5 is 63. Then for
any 04,0p € © and t € 12, €2(04,05) = d?(04,09) — d*(0p,03) — 2u; dy(0.4,05).

According to the above, we have:

3
Dy = AU S0 08) — ALY (68, 08) + 2050 S wid(65,057) = 3 D
j=1

I3 Iz Iz

We will find the order of each of the terms above. In the proof of Lemma 2, we
have shown that processes such as {d?(f,609)} satisfy the ULLN. In other words,
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if we pick C' large enough, D;; ~ plimA;! ZI2A [d2(05*,09)] + 0,(1). To find this
limit, note - from the supplemental Appendix - that 6* — 69 ~ O,(T~1/2). So, by

similar arguments as in the proof of Lemma 2(ii), we obtain:

Diy =031 di(657,65) ~ OF (1)
Ig
This will be the only positive dominating term in SSR; — SSR,. For analyzing
Dy, if we pick C' big enough, 65 — 69 ~ o0,(1). Hence, D15 ~ 0,(1). Also,
D13 ~ 0p(1) by Lemma 1. It follows that for large C' and small €, D; ~ O (1) —
op(1) +0p(1) = O (1).

Note that D, is different than D; given that we are summing over a different
interval. For deriving the order of Dy, we have to consider two cases, T3 < T%
and T3 > TY - see supplemental Appendix. For both cases, Dy ~ C7'0,(1).
Since Dy and D determine the order of SSR; — SSRj3, for small ¢ and large
C,AN(SSRy — SSRy) = Dy + Dy ~ OF (1) + C7'0,(1) = Of(1). By similar
arguments as for Dy, it can be shown that A;'(SSRy, — SSR3) = C710,(1),
if we pick C large enough and e small enough. Hence, A;*(SSR; — SSRy) ~
Of (1) = C7'0,(1) = O; (1), provided that C is large enough and € small enough,
for large 7". This is in fact (23), completing the proof. [

Proof of Theorem 3.

As usual for nonlinear consistency proofs, we need to show uniform convergence
of the minimand, and then use uniqueness to establish consistency of parameter
estimates. As a matter of notation, consider some partition of the interval [1, T,
denoted (1,74, ...,T,, T). Let Srp,(0) =T Zt 1, u(0) be the partial sum of
squares in interval I; = [T;_1+1,T;], fori = 1,. .. ,m—|—1, and let I? = [T, 1 +1,T}],
respectively I; = [Tj_y + 1,T}]. Moreover, let I, V I° = (I;\ I®) U (I° \ L),
and define as indicator function ¢; : I; V 19 — {—1,1}, where 4;(t) = 1;; =

1,if t € I; \ I°, and 1;;, = —1, if t € I°\ I, Then Sp1,(0) — Spyo(0) is =
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20y 10 it [T~ Huf] + g v 10 bit [T=1d7(0,07)] + 2o, v 19 bigt [T~'2u, di(0,67)]. By
Theorem 2, there can be no more than 2C' integer values contained in ;v I?. By
ULLN, S7.7.(0) = Sr10(0) = 0p(1). Since we replaced the estimated break-points
with the true breaks, standard nonlinear analysis tells us that under Assumptions
1-4, 6, 2 69, for i = 1,...,m. One can also show - see Supplemental Appendix -
that mean value expansions 7/2 95, ; /90 around 69 are uniformly within o,(1) of
the mean-value expansions using the true break-point estimates. Hence, standard
nonlinear asymptotics shows that 0; have indeed the distribution given in Theorem
3. Asymptotic independence of 6; and éj for ¢ # 7 follows from Assumption 1,

completing the proof. O

Proof of Theorem 4.
The distribution of & depends on the distribution of argming, o, Vr(k,01,02). As-

sume k < ko; the case k > kg can be handled similarly.

k ko
Vp(k,01(k),05(k)) = > [uf(01(k)) — uf(09)] + > [uf(Ba(k)) — up(69)] +
t=1 t=k+1
+ [u2(05(k)) — u2(69)] = 51 + 5s + 5. (24)
t=ko+1

Since we know the convergence rates of k and éz(k), the minimization problem is
defined over a neighborhood of (k, 6;,65). Note that the asymptotic distributions
of ¥; and Y35 do not depend on v, since the difference between the summations
involving the true breaks and the estimated breaks is asymptotically negligible,
uniformly in v. Hence, we can write Vi(k, 0;(k), 65(k)) = © + %5 + 0,(1), where

the 0,(1) term is uniform in v. On the other hand, it can be shown that:

ko kO
Yy = Z d;(65,67) + Z uy dy(65,607) + 0,(1)
t=k-+1 t=k-+1

with the o0,(1) term uniform in v. Continuity of f;(¢) guarantees that the maximum
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of J*(v) is unique almost surely, and we can use CMT to express the distribution

of k as stated in Theorem 4. ]

To prove Theorem 5, we need to show consistency of the break-fractions at a
certain rate, as well as asymptotic normality of parameter estimates. Consistency

is summarized by the following theorem.
Theorem A 1. Under Assumptions 1-5 and 8, PPN N, fori=1,...,m.

Proof of Theorem Al.

The proof of Theorem Al is similar to that of Theorem 1, but modifications are
required to avoid the possibility that 7132 d? % 0 even if a break-fraction
is not consistently estimated. Under Assumptions 1-5 or Lemma 1 and Assump-
tions 2-5, we have: Zthl wdy < O,(T 1/24v) "uniformly over the space of all par-
titions and parameters (71,...,7,,) x 0, with ¥ > 0. On the other hand, by
arguments similar to before, if at least one break-fraction is not consistently es-
timated, Y, d? > 1609 — 62,,]?°0p(T) > CTwi. By Assumption 8, this term
dominates 27~ S0, dyuy, and T-' S0 d? + 27321 dyuy < 0 2 0o, The

latter contradicts equation (5), thus the break-points are consistent. Il
Next, we state the rate of convergence for the break-fractions:

Theorem A 2. Under Assumptions 1-5 and 8, for any n > 0, there is a C > 0
such that, for large T, P(Tw| e — \| > C) <, for any k=1,...,m.

Proof of Theorem A2.
The proof of Theorem A2 proceeds in the same fashion as the proof of Theo-
rem 2, except for convergence rates which are different given shrinking shifts; see

Supplemental Appendix for proof. Il
Theorem A 3. Under Assumptions 1-5 and 8, T'/2( — %) % N (0, ®;(6°)).

Proof of Theorem A3. The Proof of Theorem A3 is similar to that of Theorem

3 and can be found in the Supplemental Appendix. n
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Proof of Theorem 5. Let k < kg, the proof for k > ky is similar. Also let
v=ky—k,0<v < C/v2; by similar arguments as for fixed shifts, using Theorems
A1-A3, Vi (k, 61(k), 05(k)) = D + 0,(1) 4+ By, where the 0,(1) term is uniform in v
and ® is a distribution that does not depend on v. So, even in this case, >y will
govern the distribution of the minimand for shrinking shifts. It can be shown that,
uniformly in v, ¥y = |v|ws; — 2wi/12W1(—v) +0,(1), for v < 0. Since C'/vZ — oo,

it follows that:

k — ko = argmax wi/fwl(—v) — 0.5|v|wQ71] +0,(1) (25)

v<0

Note that the limiting Brownian motions can only be obtained under Assumption
6(iii)-(iv), that is, when {u;F3(0)} is second-order stationary within regimes, and
F,(0) as well. Breaks in the variance of regressors are excluded, unless they coincide
with the true value. By a change in variable in (25) - see Supplemental Appendix,

we obtain the desired result. O

To prove Theorem 6, we need two additional Theorems. Denote by HAZ and QAM
the [T;_; + 1, T;], respectively the [1,T;]- sub-sample estimators of §° where T; is
the i — th break belonging to a certain partition 7% on which 0; were defined as

well. Then:

Theorem A 4. Under Assumptions 2-6 and Hy : m =0,
TV2(0y; — 6°) = oA D~V/2(6°) B,(\:), where D(6) is the common value of D;(6)

in Assumption 4 (1), under Hy.

Theorem A 5. Under Assumptions 2-6 and Hy : m =0,
TV2(6; — 6°) = o[\ — A1) 'DV2(6°) [B,(\i) — By(Ais1)).

Proof of Theorem Aj.
First, HAM 2, 0° because it is just a sub-sample NLS estimator of #° in stable models.
Using the mean value theorem, the desired result follows from Assumptions 2,3,4

and 6. The latter is essential for the limit to be a Brownian motion; thus, no
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breaks in the variance of regressors and errors are allowed. The proof of Theorem

A5 follows the same steps and is omitted for simplicity. n

Proof of Theorem 6.
First, under Assumptions 2-6 and Hy, SSRy/(T — (k4 1)p) 2 ¢2, an immediate

consequence of Lemma 2. On the other hand, it can be shown:

k
SSRy — SSRy = Y Fj,,with Fy, = D(1,i+ 1) = D*(1,i) = DY(i + 1,i + 1)
i=1
where the sum subscript 1,4 indicates summing over interval [1,7;], while ¢ indi-
cates, as before, summing over [T;_; +1,T;], and D®(1,i) = Z“[u?(éu) —u?] and

A

DY (i,i) = Y, [u?(;) —u?]. Using the last two theorems, it can be shown - see Sup-

plemental Appendix - that under Assumptions 2-6, D®(1,4) = —o?||B,(\) 1>/ N,
D10 + 1) = —a?||By(Niy1)[|*/ i1 and DY (i + Li + 1) = —0?(|By(Aip1) —
Bp(/\z)Hz /[)\1_‘_1 — /\1]7 yleldlng

2 INiBy(Xig1) — A1 By (N)]]?
AiA’H-l[Ai-i-l - )\’L]

Fj"iz =0

Proof of Theorem 7.
Under Hy : m = £, compute the estimated break-points, and let SSR(Ti,Tj) be
the minimized sum of squared residuals for the segment containing observations
in the interval [Tl +1, T]],z < 7. We can write:

Fr(6+1]¢) = max s Fp (C+10)/62, (26)

where Fj, (0 +1|¢) = SSR(Ti_1,T;) — SSR(Tj_1,7) — SSR(7,T).
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Using similar arguments to the previous theorem - see Supplemental Appendix:

Fp (0 +1]0) B,(n) — uB,(1)|?
RO [ 1B B0

7; p(l — p)

(27)

Since the regimes considered in SSR(,-) are non-overlapping, Fy (¢ + 1|¢) are
asymptotically independent for different ¢ by Assumption 6. Hence, the result in

Theorem 7. N

Proof of Theorem 8. Recall that Hy : R 605 = 0, implying that 6 = ... =
92+1 =0°. Let A\; = \; — \i_1, for i = 1,...,k + 1. By the uniform convergence
statements in Assumption 6(iii) and (iv), it follows that D;(6;(T;)) = AN D(6°)
and A;(0;(Ty)) 2 AN A(6°), where D(-), A(+) are the common value of D;(-),
respectively A;(-) under Hy. For simplicity, let A(°) = Ay and D(6°) = D,.
Then:

TY(Ty) = [C;' @ Dy'] x [Cr ® Ag] x [C' @ Dy']
TYV2(0,(Ty,) — 6°) = (AN) "Dyt Ay [B,(\) — By(Ais1))]

Putting the last two equations together - see Supplemental Appendix - completes
the proof of Theorem 8. The proof of Theorem 9 follows similar steps and can

be found in the Supplemental Appendix. O
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